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INTRODUCTION 

SOME account of the history of this five-volume course of higher 
mathematics has been given in the Introduction to Vol. I of the 
present English edition. 

The first Russian edition of the present volume appeared (in 1926) 
under the joint authorship of Professor Smirnov and the late Professor 
J . D. Tamarkin but later editions, prepared after Professor Tamarkin 
had settled in the U.S.A. and consisting of a drastic revision of (and 
many additions to) the original material, contained only Professor 
Smirnov's name. This volume is made up of a course of advanced 
calculus which is of great use to students of mathematics and which 
provides the physicists and engineers with a complete set of those 
tools, based upon the theory of functions of real variables, which 
are indispensable for the study of the classical branches of mathe
matical physics. 

I t consists essentially of five distinct parts, although there are 
strong links connecting all of them. There is a full discussion of the 
solution of ordinary differential equations with many applications to 
the treatment of physical problems. This is followed by an account 
of the properties of multiple integrals and of line integrals, with a 
valuable section on the theory of measurable sets and of multiple 
integrals. 

The mathematics necessary to the discussion of problems in classical 
field theories is discussed in a section on vector algebra and vector 
analysis; the methods developed are illustrated not only by applica
tions to physics but also by an account of the elements of differential 
geometry in three-dimensional space. 

After this there comes an elementary but full account of Fourier 
series. 

The principles and techniques developed in these sections are then 
applied to the discussion of the solution of the partial differential 
equations of classical mathematical physics. 

The clarity of Prof. Smirnov's exposition and the width of his 
knowledge of the mathematical techniques effective in the study of 
the physical sciences makes the whole course a most valuable one for 

xi 



xii INTRODUCTION 

the student anxious not only to learn the methods of advanced cal
culus but also to understand the influences which have motivated 
their development. 

I. N. SNEDDON 



PREFACE TO THE SIXTH EDITION 

T H I S edition of the second volume differs considerably from the pre
vious one. The first chapter of the previous edition, containing the 
theory of complex numbers, the principles of higher algebra, and 
integration of functions, was transferred to the first volume. At the 
same time, all material referring to the principles of vector algebra 
was taken from Volume I to Volume II . This material was incorporated 
in Chapter IV, together with vector analysis 

The presentation of the remaining chapters underwent substantial 
changes. This refers particularly to Chapters HI , VT and VII. A special 
paragraph containing the theory of dimensions and the rigorous theory 
of multiple integrals was added to Chapter HI . A certain re-distribution 
of material was carried out in Chapter VI, and a proof was added of 
the closure equation on the basis of Weierstrass' theorem on polyno
mial approximation to continuous functions. Chapter VII now contains 
additional material on the propagation of spherical and cylindrical 
waves and Kirchhoff's formula for the solution of the wave equation. 
The explanation of linear differential equations with constant coef
ficients is introduced at first without using the symbolic method. 

First paragraphs of each chapter have retained their explanatory 
character. The book is arranged in such a way tha t the basic material 
in larger type can be studied without reference to the examples or 
complementary theoretical material printed in small type. 

I should like to express my deep gratitude to Prof. Fikhtengol'ts, 
who has read the manuscript of this edition, for his valuable sugges
tions concerning the style and arrangement of the book. 

V. SMIRNOV 
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PREFACE TO THE FOURTEENTH EDITION 

THE GENERAL arrangement of the present edition is the same as that 
of the previous edition. However, small alterations were introduced 
in many places with the aim of clarifying the style and achieving 
greater readability. 

Most substantial changes were carried out in Paragraph 9 (Chapter 
HI), "Supplementary remarks on the theory of multiple integrals". 

In Chapter VII, devoted to simple problems of mathematical physics, 
the formulation of conditions for the solution of a series of basic 
problems was clarified. References to matters explained in detail in 
Volume IV have been added in several places in Chapter VH. 

V. SMIRNOV 
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C H A P T E R I 

ORDINARY DIFFERENTIAL EQUATIONS 

§ 1. Equations of the first order 

1. General principles. A differential equation is defined as an 
equation which contains, in addition to independent variables and 
unknown functions, derivatives or differentials of the unknown 
functions [1, 51]. If the functions appearing in a differential equation 
depend on a single independent variable, the equation is called an 
ordinary differential equation. On the other hand, if partial derivatives 
of the functions with respect to certain of the independent variables 
appear in the equation, it is called a partial differential equation. 
We confine ourselves to ordinary differential equations in the present 
chapter, the greater part of which is devoted to the case of a single 
equation containing one unknown function. 

Let x be the independent variable, and y the required function of 
this variable. The general form of the differential equation becomes: 

&(x,v,y'y",...,yin)) = o . 
The order of the differential equation is defined as the order n of 

the highest order derivative of the function that appears in the equation. 
We shall consider ordinary differential equations of the first order 
in the present article. The general form of this equation is: 

<%,</, */') = <> (i) 

or, on solving with respect to y'\ 

y ' = /(*,»). (2) 
If a function 

V = <P{x) (3) 
satisfies the differential equation, i.e. if the equation reduces to an 
identity on replacing y and y' by <p(x) and g/(a?), the function tp(x) 
is said to be a solution of the differential equation. 

1 



2 OKDINAKY DIFFERENTIAL EQUATIONS [2 

The problem of finding a solution of a differential equation is 
alternatively referred to as the task of integrating the equation. 

If x and y are considered as the coordinates of points on a plane, 
differential equation (1) [or (2)] expresses a relationship between 
coordinates of points on a certain curve and the slopes of the tangents 
to the curve at these points. A curve corresponds to the solution (3) 
of the equation, the points and tangential slopes of which satisfy 
the equation. This curve is referred to as an integral curve of the given 
differential equation. 

In the simplest case, when the right-hand side of equation (2) does 
not contain y, a differential equation is obtained of the form: 

y = t(x). 
Finding the solutions of this equation is the primary task of the 
integral calculus [I, 86], and the total set of solutions is given by the 
formula: 

y = $f{x)dz+C, 
where C is an arbitrary constant. We thus obtain in this elementary 
case a solution of the differential equation containing an arbitrary 
constant. We shall see that a solution containing an arbitrary constant 
is also obtained in the general case of a first order differential equa
tion; such a solution is referred to as the general solution of the equa
tion. On assigning different numerical values to the arbitrary constant, 
we obtain the various so-called particular solutions of the equation. 

We give in the following sections some particular types of first 
order equation, integration of which leads to evaluation of indefinite 
integrals — or, as it may sometimes be expressed, their integration 
reduces to quadrature.^ 

2. Equations with separable variables. On replacing y' in equation (2) 
by the quotient dy/dx, multiplying both sides by dx, and carrying all 
terms to the left-hand side, we can write (2) in the form: 

M(x9 y) dx + N (x, y) dy = 0, (4) 

which will be more convenient in some cases. Both variables x and y 
play an identical role here in the equation, so that (4) does not bind 
us to the choice of unknown function: we can take either x or y for 
this, as we wish. 

t Evaluation of an integral has a direct connection with evaluation of an 
area, whence the term "quadrature". 
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We assume that each of the functions M(x, y) and N(x, y) consists 
of the product of two factors, one of which depends only on x, and 
the other only on y: 

M^x) M2(y) dx + N^x) N2(y) dy = 0. (*) 
On dividing both sides of the equation by M2(y) N^x), we reduce it 
to the form: 

Mt(x) 
Nt(x) dx + M2(y) dy = 0, (6) 

so that the coefficient of dx now depends only on x, and the coefficient 
of dy only on y. Equation (5) is called an equation with separable 
variables [1, 93], whilst the method itself of reduction to the form (6) 
is called separation of the variables. 

The left-hand side of equation (6) is the differential of the follow
ing expression: 

f Ml{x) dx 1 f N*{v) dv J Nl{x) aX + ) M2(y) ay> 

and the equating to zero of the differential of this expression means 
tha t the expression itself is equal to an arbitrary constant: 

J Nt(x) J M2(y) " (7) 

where C is the arbitrary constant. This formula gives an infinite se 
of solutions and, from the geometrical point of view, is the implici 
equation of a family of integral curves. If 
the quadratures are carried out in (7) and 
we solve the equation with respect to y, 
we obtain the explicit equation of the 
family of integral curves (the solution of 
the differential equation): 

y = cp{x, C). 

F I G . 1 Example. The area OAMN, bounded by the 
coordinate axes, the segment AM of a curve 
and its ordinate MN (Fig. 1), is equal in mag
nitude to a rectangular area OBCN with the same base ON = x and with 
height rj: 

x x 
\ydx = xrj; rj = \y dx. (8) 



4 ORDINARY DIFFERENTIAL EQUATIONS [2 

The magnitude rj is called the average ordinate of the curve in the interval (0, x). 
Let us find the curves whose average ordinates are proportional to the 

extreme ordinate NM. We have on the basis of (8): 

J y dx — kxy, (9) 

where k is the coefficient of proportionality. On differentiating both sides of 
equation (9), we get the differential equation: 

where 
y = ky + kxy\ or xy' = ay, 

1 -k 

(10) 

(11) 

Unwanted solutions may have been introduced on differentiation, since the 
equality of the derivatives implies only that the functions themselves differ 

O2oioc~y2 

+ x 

02c*ic~y2 

FIG. 2 FIG. 3 

by a constant. There are no unwanted solutions in the present case, however. 
It follows from equation (10), obtained by differentiation of (9), that both 
sides of (9) can only differ by a constant; but it is immediately evident that 
both these sides are zero for x = 0, so that the constant in question is zero, 
i.e. every solution of (10) is also a solution of (9). We pass to the integration 
of (10). It can be written as: 

dty 

and the variables can be separated: 

dy dx 
x 
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We obtain on integration: 
log y = a log x + Cx or y = Cxa, (12) 

where C = eCl is an arbitrary constant. 
From (11), as k increases from 0 to +oo , a decreases from + oo to — 1, 

and we must therefore take a > — 1, so that the integral on the left-hand side 
of (9) never becomes meaningless. We have a = 0 for k = 1, and (12) gives 
as the obvious solution a family of straight lines parallel to axis OX. We have 
a = 2 for k = 1/3, which gives the family of parabolas (Fig. 2) 

y = Cx*, 
for which the average ordinate is equal to a third of the extreme ordinate. 
With k = 2, we get the family of curves: 

C 

for which the average ordinate is twice the extreme ordinate (Fig. 3). 

3# Homogeneous equations. A homogeneous equation is defined as an 
equation of the form: 

y'=f{-Vf- ^ 
We preserve the previous independent variable x but introduce a 

new function u instead of y: 

y = xu, whence y' = u + xu\ (14) 

We transform our equation: 

u + xu' = f(u) or x - p - = f(u) — u. 

Separation of the variables gives: 
dx , du ^ 
x * u — f(u) 

We obtain, on denoting the coefficient of d^ by tpi(u): 

logz + §y)1{u)du = C1, 
whence 

x = <7e-S^<u)d" o r x = Cy>(u), 

where C = eC l is an arbitrary constant. 

f We remark that the function <p(x, y) of two variables is a function simply 
of the ratio yjx when, and only when, the magnitude of <p(x, y) is unchanged 
on multiplying x and y by an arbitrary factor t, i.e. (p{tx, ty) = <p(x, y). This 
condition is equivalent to <p(x, y) being a homogeneous function of x and y 
of zero degree [1, 151]. 
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On returning to the previous variable, we can write the equation 
of the family of integral curves in the form: 

x = c^{i)- (15) 

We consider a transformation of similitude in the plane XOY 
with centre of similitude at the origin. The transformation amounts 
to the point (x, y) being transferred to the new position: 

x± = kx; y1-=ky (k > 0) (16) 

or, which comes to the same thing, it amounts to multiplying the 
length of the radius vector to every point of the plane by k whilst 
preserving the direction. If M is the original position of a point, and 
Mx the position of the same point after transformation, we have 
(Fig. 4): 

OM1: OM = x1:x = y1:y = k. 

On applying transformation (16) to equation (15), we get the 
equation: 

Xl = WV (-%-), (17) 

which does not differ from equation (15), in view of the arbitrariness 
of the constant C, i.e. transformation (16) does not alter the total 
set of curves (15) but only moves one curve of family (15) to the posi
tion of another curve of the same family. Any curve of family (15) 
can evidently be obtained from one definite curve of the family by 
using transformation (16), with appropriate choice of the constant 
k. The result obtained can be expressed as follows: all the integral 
curves of a homogeneous equation can be obtained from one integral curve 
by means of the transformation of similitude, with centre of similitude at 
the origin. 

Equation (13) can be written as: 
t a n a = /( tan0), 

where tan a is the slope of the tangent, and 0 is the angle formed 
by the radius vector from the origin with the positive direction of 
axis OX. Equation (13) thus establishes a connection between angles 
a and 6, such that the tangents to the integral curves of a homogeneous 
equation, drawn at the points of intersection of the curves with a straight 
line through the origin, must be mutually parallel (Fig. 4). 

I t follows obviously from this property of the tangents tha t the 
transformation of similitude with centre of similitude at the origin 
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transforms one integral curve to another integral curve, since, on 
increasing the lengths of radius vectors of points of the curve in the 
same ratio, the directions of the tangents at the ends of the radius 
vectors are unchanged (Fig. 5). 

F I G . 4 F I G . 5 

If we apply the above transformation to the integral curve consist
ing of a straight line passing through the origin, we get the same 
line after transformation, so that in this case the above method of 
obtaining the set of integral curves from one of them fails. 

Example. To find the curves such that the length MT of the tangent from 
its point of contact to its intersection with OX is equal to the length OT 
along OX (Fig. 6). 

The equation of the tangent has the form: 

7-y = if(X-x), 
where (X, Y) are the current coordinates of the tangent. We find the intercept 
of the tangent on OX by putting Y = 0: 

0T = & - - £ - , 
y 

and by hypothesis, MT2 — OT2, which gives us [I, 77]: 

whence we obtain the differential equation: 
V

 X

2 _ y2 ' 

which evidently belongs to the homogeneous type. 

(18) 
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We introduce a new function u instead of y, in accordance with the formula: 

y = xu; y' = xu' + u. 
We have, on substituting in equation (18): 

xu' + u = ■ 
2u 

or 1 - u 2 

which gives, on separating the variables: 
da? 

dw 
dx 

u -J- u3 

1 - u 2 = 0. 

1 - t t 2 

a; u - f u3 

Integration gives us: 
x(u* + 1) 

u 

dw = 0. 

= C, 

(19) 

(20) 

or, on returning to the previous variable y: 

x2 + y2-Cy = 0, (21) 
i.e. the required curves are circles passing 
through the origin and touching the axis OX a t 
this point (Fig. 6). 

We divided both sides of equation (19) by 
(u + u3) in order to pass from (19) to (20), and 
we might have lost the solution u = 0, or, what 
comes to the same thing, y = 0. We see on 
substituting in equation (18) that this is in fact 
a solution. The solution is contained in equation 
(21), however; we can obtain it by dividing both 
sides of (21) by (7, then setting C = oo. 

Each circle of family (21) can be got from any one of them by the trans
formation of similitude with centre of similitude at the origin, so that (Fig. 6): 

F I G . 6 

OMx 0M9 OM, 
ONT, 

The differential equation: 

dy 
dx 

ON* 0N9 

= J ax + by + c \ 
,[alx + bxy + c1)t (22) 

reduces to a homogeneous form, as we shall now show. We introduce new 
variables { and rj in place of x and y: 

* = £ + a; y = rj + pf (23) 

where a and f$ are constants which we proceed to define 
Equation (22) becomes in the new variables: 

a£ + brj + aa + bfi -f c 
f + *>in + axa + bjt + c, as JI or r)-
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We define a and p by the conditions: 

act + bp + c = 0 , o ta + bxP + c t = 0. 

The equation now reduces to the homogeneous form: 

° + »i-j 

Transformation (23) corresponds to parallel displacements of the axes, 
with the origin becoming the point of intersection (a, p) of the straight 
lines 

ax + by + c = 0 and ĉ sc -f- 6 ^ + cx = 0. (24) 

The results previously obtained will thus be applicable to equation (22), 
with the only difference tha t the role of origin will be played by the 
point (a, ft). 

If the straight lines (24) are parallel, the transformation mentioned can
not be carried out. But in this case, as we know from analytic geometry, 
the coefficients in equations (24) must be proportional: 

— = - ~ A and atx + bxy = X (ax + by); a o 

on introducing a new variable u instead of y: 

u = ax -f- by, 

it can easily be seen that we obtain an equation with separable variables. 

We shall encounter below an extremely important application of 
homogeneous equations, to the investigation of fluid flow. 

4. Linear equations; Bernoulli's equation. An equation of the form: 

y' + P(x)y + Q(x) = 0. (25) 

is called a linear equation of the first order. 
We start by considering the equation with no term Q(x): 

z' + P(x)z = 0. 

The variables are separable here: 

^ - + P{x)dx = 0, 

and we get: 
z = Ce-Sp(x)6x. (26) 

= / 
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We integrate the given linear equation (25) by using the method 
of varying the arbitrary constant, i.e. we seek a solution of the 
equation in a form analogous to the form (26) for z: 

0 = tte-*p(x)dx, (27) 

where u is no longer a constant, but the required function of x. We get 
by differentiation: 

y' = u'e~lP(x) dx — P (x) ue~ * p<x) dx . 

Substitution in equation (25) gives: 

u'=—Q (x) e$p <x>dx, whence u = C - j Q (x) e* p<x) dx dx . 

We finally get, by equation (27) for y: 

y = e - 1 p ( x ) dx [C - J Q (a;) e* p^x>dx dx]. (28) 

When determining y by this formula, we only need to take one each 
of the values of the indefinite integrals 

j P (x) dx and j Q (x) e* p<x>dx dx, 

since the addition of arbitrary constants to these only changes the 
value of C. 

If we replace them by definite integrals with variable upper limits 
[I, 96], we can re-write (28) as: 

-JP(x)dx 

V = e 
SP(x)dx 

C-$Q(x)eXo dx (29) 

where XQ i s a definite number, though chosen arbitrarily. On sub
stituting the value x — x0 for the variable upper limit, the right-
hand side of the formula written is equal to C, since integrals with 
identical upper and lower limits are equal to zero; in other words, 
the constant C in formula (29) is the value of the function y at x = x0. 
This value, which we denote by yQ, is called the initial value of the 
solution. 

We denote this fact by writing: 

y\x-*. = y0- (3°) 
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If the initial value of the required solution is given for x = xQy (29) 
yields a completely defined solution of the equation: 

- fp(x) d x r x (P(x) dx -i 
y = e " \yo-SQ(x)e* da? L (31) 

Condition (30) is called the initial condition and is equivalent 
geometrically to the integral curve being sought which passes through 
the given point (x0, y0). 

If we take Q(x) == 0, we obtain the solution of the homogeneous 
equation 

y' + P{x)y = 0. 

satisfying condition (30): 
- f P(x) dx 

y = y0e Xo • (3ii) 

I t follows from (29) that solutions of a linear differential equation 
have the form: 

V = <Pi{*)C + (p2(x), (32) 

i.e. y is a linear function of the arbitrary constant. 
Let y± be a solution of equation (25). On setting 

y = Vi + * > 
we get the equation for z: 

z' + P(x)z+ [y[ + P(x)yi + Q (x)] = 0. 
The sum appearing in square brackets is equal to zero, since yx is a 
solution of equation (25) by hypothesis. I t follows that z is a solution 
of the equation when the term Q (x) is absent and is defined by 
(26), whence: 

y = y1 + Ce-*pW*x
m (33) 

We now assume that a further solution y2 is known of equation (25), 
and we let this solution be obtained from (33) with C = a: 

y2 = y1 + ae-SpW«x . (34) 

If we eliminate e~$P ( x ) d x from (33) and (34), we obtain an expression 
for the solution of a linear equation in terms of two of its solutions 
yx and y2: 

y = yi + C± {y2 - yx), (35) 
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where 01 is an arbitrary constant replacing Cja in the previous notation. 
The following relationship follows from (35): 

y-Vi 
cx 

Or '2 9 (36) 

which shows that the ratio {y2—y)/(y—y1) is a constant, i.e. the family of 
integral curves of a linear equation is a family of curves that divide 
the segment of ordinate between any two curves of the family in a constant 
ratio. 

If two integral curves Lx and L2 of a linear equation are known, 
any other integral curve L is defined by the constant value of the 

ratio (Fig. 7) 
AA9 BB9 CG2 _ DDt 

DXD 

FIG. 7 

AXA BXB CXG 

It follows from this equation that 
chords AyBv AB and A2B2 must 
either meet in a single point or be 
parallel. On letting BXB2 approach 
indefinitely near to A±A2, the direc
tions of these chords become the 
directions of the tangents to the 
curves at Av A and A2, and we 

obtain the following property of the tangents to the integral curves 
of a linear equation: the tangents to the integral curves of a linear 
equation at the points of intersection of the curves with a line drawn 
parallel to OY either intersect in a single point or are parallel. 

Examples. 1. We consider the transient current in a circuit with self-
inductance. Let i be the current, v the voltage, R the resistance in circuit, 
and L the self-inductance. 

The following relationship is valid: 
di 

whence we obtain the linear equation for i: 
di R . v = 0. 

We take R and L as constants and v as a given function of time t, and evalu
ate the integrals appearing in formula (31): 

t R, 

J-p*-J-4*-^; jV $Pdt 
dti iJ« d*. 
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If we let i0 denote the initial value of *, i.e. the value of the current at t = 0, 
(31) gives us the following formula for deteimining i a t any required instant: 

i = e (s + 4-p *). 
We have in the case of constant voltage v: 

R, 

♦-=l*«-lrje + 1T 

The factor e ~ ^ L rapidly decreases as t increases, and in practice the process 
an be assumed to have reached the steady state after a short space of time, the 
urrent being then given by Ohm's law: i = v/R. 

I n the particular case of i0 = 0 we get the formula: 

- ? i 
l ~ R H1-"1) (37) 

for the current in a closed circuit. 
The constant L/R is called the time constant of the circuit. 
We consider a voltage v of sinusoidal form, v = A sin cot. We obtain by using 

(31): 

— T-tr A r T-t 
i = e U'0 - |—— e sin cot dt . 

o 

I t is easily seen [I, 201] that: 

Rt 
f £ • e sm 

and therefore: 

,' ?, 

cot dt = 

?«r 

. . * 

1 

\ 

r>T 

RL 
co2L* + R* 

• , w^2 ,1 
sm cot . __ , _ ■ cos cot 

cozL2 + R2 J 

Je onondl-e [ ^ g + R2 sm on - g r p + g cos co* j + C0J&2 

J ' co2 L2 + i?2 ' 

We obtain on substituting in the expression for i: 

Rf {. coLA \ ~Z* RA . A coLA 
= {l*+ co*L* + R*) e + «,*£* + I * 2 SmCOt~ co*L* + R* °°3COt' 

(38) 
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The first term, containing the factor e_/? / 'L, is rapidly damped, and in practice 
the current will be given in a short space of time after t = 0 by the sum of 
the two remaining terms of (38). This sum consists of a sinusoidal quantity of 
the same frequency co as the voltage v, but with different amplitude and phase, 
We also notice that the sum giving the steady-state current does not depend 
on the initial value of the current i0. 

2. The resistance R cannot be reckoned as a constant in switching processes, 
when a spark appears. I t increases from an initial value R0 to infinity (at 
the instant T of breaking contact). 

I t is sometimes permissible to express the relationship between R and t 
by the formula: 

R = - *o =
 Ror 

t_ T — t * 
T 

This leads us to the equation: 

d* ^ L(r-t) L 

To express t in parts of T, we need to introduce a new variable x instead 
of t, according to the formula: 

where x varies from x = 0 (initial instant) to x = 1 (the instant of quenching 
the spark, of breaking contact). The equation takes the form: 

d* , R0r vr v 

with the condition: 

(io=i-) 
On applying (28), we easily obtain the general solution of the equation 

R0r R0T 

i=(l-x) L [-J-Ja —a?) L dx + c], 

where two cases can be distinguished: 

We find in case 1): 

" T T ^ 2)"&-

fl0T 

^ (l-x)+C(l-x) L 

R0r-L 
and we determine the arbitrary constant C on substituting x = 0: 

m i n n - m 
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and finally, 

• ■ - i ^ * 1 - * ^ - a ^ r ) * 1 - ^ L- (40i) 

We proceed similarly and find in case 2): 

i = (1 - x) [t0 ~ log (1 - a)]. (40,) 

Bernoulli's equation is a generalisation of the linear differential 
equation (25): 

y' + P(x)y + Q(x)tr = 0, (41) 

where the exponent m can be considered as differing from zero and 
unity, since the equation is linear in these cases. We divide both 
sides by ym: 

y~my' + P(x)y1"m + Q(x) = 0 

and we introduce a new unknown function u instead of y: 

The equation now reduces to the form: 
u/^P1(x)u + Q1{x) = 0f 

where 
Px (x) = (l-m)P (x) and Qx (x) = (l—m)Q {x), 

i.e. Bernoulli's equation reduces to a linear equation by substituting 
u = y1""1 and is then integrated as a linear equation. 

We remark that integration of the differential equation of the 
form: 

y' + P(x)y + Q (x)i/2 + R(x) = 0f (41J 

known as Riccati's equation, does not reduce to quadrature in the 
case of arbitrarily chosen coefficients. I t can reduce to a linear equation 
if any one particular solution is known. Let y^x) be in fact a solution 
of equation (41x), i.e.: 

Vi + P(x)y1 + Q(x)yl + B(x) = 0. (*) 

We introduce into (41x) a new required function u instead of y, 
where 

y = ft + i ■ 
On substituting in (41x) and taking into account equation (*), we 
obtain a linear equation for u of the form: 

u' - [P (x) + 2Q (x)yi]u-Q(x) = 0. 
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The general solution of this equation has the form: u = C cp(x) + v(x) • 
If we substitute this expression for u in the equation for y written 
above, we get the general solution of Riccati's equation in the form: 

V-
Opx{x) + ipx(x) 
C<p2(x) + y>2{x) 

5. Finding the solution of a differential equation with a given 
initial condition. As we have said, a first order differential equation 

y' = f(v, y) (42) 

consists of a relationship between the coordinates (x, y) of a point 
and the slope y' of the tangent at this point. We assume that f{x, y) 
is a single-valued, continuous function of (x, y). A definite tangent 

with a slope equal to f(x, y) now 
corresponds, by (42), to any point 
of the plane at which /(a?, y) is de
fined. On indicating the direction 
of this tangent by an arrow passing 
through the corresponding point, we 
arrive at a tangent field in the plane, 
every tangent being associated with 
some point of the plane. The integral 
curves of equation (42) are the curves 
the tangents of which are the tan
gents of the field and they may be 
designated the integral curves of the 
given field. 

The magnetic field at the earth's 
surface may be taken as an example. If we regard a portion of the 
earth's surface as a plane, the direction shown by the magnetic needle 
at each point gives us a definite tangent at every point. 

We now turn to the question of finding the integral curves of 
equation (42). The complete definition of the position of an integral 
curve requires the further assigning of some point through which 
the integral curve must pass, e.g. its intersection with the line x = x0 

parallel to O F ; or, what amounts to the same thing, we must assign 
the initial value y0 tha t the required function y must take for the 
specified value x = xQ: 

y\x=Xo = yo-

Yi 

5 0 

I 

L 

k 
p*3 
*o 

A Mo 

A ffl 
A % 

«4 

X 

FIG. 8 
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The integral curve passing through the given point (x0, y0) can be 
drawn approximately by using Euler's method, explained below. 

We mark out a mesh of small equal squares in the coordinate 
plane by lines parallel to the axes, then we draw from the origin, 
in the negative direction of 0Xt the intercept OP, of unit length 
(Fig. 8). We substitute x = x0 and y = yQ in the right-hand side of 
equation (42) and having found the value of f(x0, y0), we mark off 
the intercept OA0 equal to this value on the ordinate axis. The line 
PA0 will evidently have a slope equal to f(x0, yQ) and will therefore be 
parallel to the tangent to the integral curve at the point (x0, y0). 
We now proceed to the approximate construction of the integral 
curve itself in the form of a step line. 

We produce from the point (xQ, yQ) a line M0 Mv parallel to PAQ 

and hence having a slope y£ = f(x0, y0). Let Mx(xv yx) be the first 
point of intersection of this line with any side of our square mesh. 
We cut off a segment 0AX on the ordinate axis equal to f(xv yx), and 
produce through the point M-^x^ yj a line M1M2, parallel to PAX 

[and therefore having a slope y[ = f(xv yx)]f to its first intersection 
at M2(x2, y2) with a side of our square mesh, and so on. This con
struction can be carried out both in the direction of increasing, 
and in the direction of decreasing, abscissae. The step line obtain
ed in this way represents approximately the required integral 
curve. 

We further remark tha t a different scale can be used for drawing 
the intercepts OP and OA 0, 0AV . . . than is employed for the coordi
nates x and y, since the directions of P Z 0 , TA.V . . . are evidently 
independent of the choice of scale for the intercepts. 

This construction makes it clear by inspection tha t one and only 
one integral curve of equation (42) passes through a given point 
(*o> Vo)-

This assertion is susceptible of rigorous proof if the function f(x, y) 
has properties in addition to continuity. For instance, if f(x, y) is a 
single-valued, continuous function of its arguments in the neighbourhood 
of the point (xQ) y0) and has a continuous derivative with respect to y, 
one and only one integral curve of equation (42) passes through the 
point {xQ, y0). 

This theorem, which at present we accept without proof, is usually 
called the existence and uniqueness theorem for the solution of a 
differential equation with a given initial condition. The theorem is 
proved at the end of the next chapter. 
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We supplement the above geometrical explanation with an analytic 
explanation of the theorem in an important particular case, viz, 
in the case where the right-hand side of equation (42) consists of a 
series expansion into positive integral powers of the differences 
(x — x0) and (y — y0) [I, 161]: 

/ («, y) = 2 ap* (x - xo)p (y - y*)q > 

which is convergent if the absolute values of the differences are 
sufficiently small. 

Here, the solution of equation (42) satisfying the initial condition 

2/U*o = 2/o> (43) 
can be written as a Taylor series in positive integral powers of the 
difference (x — x0), the coefficients of the series being completely 
defined by equation (42). In fact, on substituting x ■= x0 and y = y0 

in the right-hand side of (42), we obtain the value y0 of the first 
derivative y' a t x = x0. We get on differentiating (42) with re
spect to x: 

„„ _ 9/(a?, y) , 9/ (x, y) ,. 
y ~ dx ~r dy y > 

if we substitute x = xQ, y = y0, y' = y'0 in the right-hand side of 
this equation, we find the value y^ of the second derivative y" a t 
x = x0. Further differentiation of the equation written above with 
respect to x gives us an equation in y'" and so on. We thus determine 
the Taylor series: 

y = y0+^-(x-x0) + ^(x-x0Y+..., (44) 
which in fact gives, for values of x near x0, the solution of (42) satisfy
ing the initial condition (43). 

The method of undetermined coefficients may be used as an 
alternative to the above method of determining successively the 
derivatives at We replace y on both sides of (42) by a power 
series with undetermined coefficients: 

y = yo + ai(x — xo) +a2(x — x0)2 + . . . (45) 

By expanding the right-hand side in powers of (x — x0) and 
equating coefficients of like powers of (x — x0), the coefficients 
av a2, . . . can be successively determined. I t can easily be shown 
tha t series (44) and (45) are identical. 
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Example. We find the solution of the equation: 

xy 
tf = - 2 ' 

satisfying the initial condition: 

V lx-o = 1 > 

19 

(46) 

(47) 
as a power series: 

s= l 

where the constant term has been taken epual to unity in view of the initial 
condition (47). 

We differentiate the series: 

?/' = J iq ,^ - 1 . 
s = l 

We substitute these expressions for y and y' in equation (46): 

ax -f 2a2 x + 3a3 x* + . . . -|- (n + 1) an+1 xn + ... = 

= y i c ( l + a1a; + a2a;2-f-. . .+ an_t an~* - f . . . ) . 

We equate coefficients of like powers of x on both sides and obtain 
the relationships shown in the table. It is 
clear from these that 

ai = «3 = a 5 = • • • = a2/H 1 = . . . = 0 ; 

; <v J a2n n > 2 U 2 ' •••- - n U i 

i.e. finally [1, 126] 

, , a* , i f*2y , i (x*y , 

+ ...+ 
j _ (z*\n 

n! ( * ) + -
4 

<c° 

a?i 

a* 

X3 

xn 

al = ° 
2a2 = | 

3a3 = y « i 

A
 X 

4 a 4 = y a 2 

(w + i ) % i = y an-i 

6. The Euler—Cauchy method. The approximate construction for an 
integral curve of equation (42) given in the previous article can be 
simplified by using lines only, parallel to O F , instead of the mesh 
of squares. This modified Eulerian method results in a relatively 
simple and handy means of evaluating approximately the ordinate y 
of an integral curve for a previously assigned abscissa x. 
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Let Mo(#0, y0) be the initial point of the integral curve (Fig. 9). 
We produce a line with a slope f(x0, y0) from this point to its inter
section with the line parallel to OY, in the point Mv Let 
y1 be the ordinate of Mv I t is evidently given by the relationship: 

Vi —Vo = /(&o> y o ) ( « i - « o ) . 

since M0N and NMX are given by the numbers (x^—x0) and (yx—y0), 
whilst the tangent of angle NMQM1 is equal to f(xQ, y0) by con
struction. 

We draw Mx M2 with slope f(xv yx) from the point (xv y±) to its 
intersection at M2 with the next line x = x2f parallel to O F . The 

F I G . 9 

ordinate of the point of intersection will be given by a relationship 
similar to the above: 

V*-Vi = f{*v yi){x2-*i)-
Proceeding in the same way from the point M2(x2, y2), we can 

next obtain the point Ms(xZy yz) and so on. The lines PA0, PAV . . . 
have the same role in Pig. 9 as in Fig. 8. 

We now suppose that , for a given value of x, we have to find the 
value y of the solution of equation (42) tha t satisfies the initial 
condition (43). By what was said above, we must proceed as follows: 
we subdivide the interval (x0, x) by points: 

#0 < Xl < X2 < #3 < • • • < Xn-2 < Xn-1 < X (48) 
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and then obtain the ordinates yv yv . . . , yn-\ in accordance with the 
formulae: 

0 i - 0 o = /(*<» 0 o ) ( * i - z o ) ) 

02 - 0i = f (xi> 0i) («s — xi) 

03 - 02 = / («2, 02) (*8 - X2) I ,49x 

0 n - l — 0n-2 ^ / (xn-2» 0n-2) {xn-l ~~ xn-2l 

Y - 0 n - l = / (*n-l> 0n- l ) (» - »n-l) • ) 

With the conditions laid down in [5] for the properties of the 
function f(x, y), if the number of sub-intervals increases, with each 
tending to zero, the quantity Y obtained from (49) will tend to the 
true ordinate y of the required integral curve provided the given x 
is sufficiently close to the initial x0. 

We easily find, on adding equations (49) term by term: 

y~Y = y0 + f(x0, y0){x!-xo)+f(xv 0i) («■ - xi) + • • • + 

+ / (xn-2> Vn-tl foi-1 ~ xn-2) + f (Xn-V Vn-l) (X ~ Xn-l) • (5<>) 

In the elementary case of the equation: 

y' = f(x) 

the formula written takes the form: 

n-l 
0O + ^ / ( ^ ) ( ^ 5 + l - ^ ) -

which, as we know [I, 87], gives an approximate expression for the 
value of the integral yQ + j * f(x) dx, i.e. for the solution of the given 
equation. *° 

The computation in accordance with (49) is carried out in the 
following order. The first of equations (49) gives the difference (yx — y0). 
We add this to y0, obtain the second ordinate yx then find the difference 
(02 ~~ 0i) w&h the aid of the second of equations (49). We add this 
latter to yv obtain the third ordinate y2 then find {y3 — y2) with the 
aid of the third of equations (49), and so on. We find Y by adding all 
these differences to y0. 

Example. We apply the method given to the solution of equation (46) with 
initial condition (47). We shall take all the intervals {x0> xx), (xlt x2) . . . equal 
to 0.1. 
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X 

0 

0.1 

0.2 

0.3 

0.4 

0.5 

0.6 

0.7 

0.8 

0.9 

y 

1 

1 

1.005 

1.0151 

1.0303 

1.0509 

1.0772 

1.1095 

1.1483 

1.1942 

xy 
2 

1 

0.05 

0.1005 

0.1523 

0.2061 

0.2627 

0.3232 

0.3883 

0.4593 

0.5374 

*--£■*! 

0 

0.005 

0.0101 

0.0152 

0.0206 

0.0263 

0.0323 

0.0388 

0.0459 

0.0537 

x* 
4 e 

1 

1.0025 

1.0100 

1.0227 

1.0408 

1.0645 

1.0942 

1.1303 

1.1735 

1.2244 

The results of the computation are shown in the accompanying table. The 
first column contains x, the second contains the corresponding y, the third 
the value of f(xy y), i.e. xy/2, the fourth the difference Ay = ys+x — ys, and 
the last the value of the ordinate of the accurate integral curve y = ex2/4. 

As can be seen from the table, the error with x = 0.9 is less than 0.031, 
i.e. amounts to roughly 2.5%. 

7. The general solution. On altering the value of y in the initial 
condition: 

we obtain an infinite set of solutions of equation (42), or in geometrical 
terms, a family of integral curves depending on the arbitrary constant 
y0, this being the ordinate of the point of intersection of an integral 
curve with the line x = x0. Instead of appearing in the solution as 
the initial value of y, the arbitrary constant can also appear in the 
general form: 

y = <p(x,C). (51) 
Such a solution of (42), including the arbitrary constant, is called 

the general solution of the equation, as already mentioned [1]. I t can 
also appear in implicit form: 

V(x,y, C) = 0. (52) 
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If we assign a definite numerical value to the constant C, we obtain 
a definite solution of (42), which is referred to as a particular solution 
of the equation. To distinguish the curve passing through a given 
point (x0, yQ) from the family of curves of the general solution (52), 
we have to find the numerical value of C from the condition: 

V(«b,yo,0) = O. (53) 

The following is the converse of the problem of integrating a first 
order differential equation: given the family of curves (52), depending 
on a single parameter Cf it is required to form the differential equation 
for which this family is the family of the general integral. 

We get on differentiating the given equation (52) with respect to x: 

dy>(x, yy C) + dy>{x, y , C) ^ _ a ^ 
dx ^ dy 

Elimination of parameter C from equations (52) and (54) gives us 
the required differential equation of family (52): 

#(z,#,*/') = o. 
After solution with respect to the arbitrary constant, the general 

solution (52) can be written in the form: 

co(x,y) = C. (55) 

We obtain the general solution in this form in the case of the 
equation with separable variables [2]. The function co(x, y) on the 
left-hand side of (55), is called a solution of the differential equa
tion (42). 

We must obtain a constant on substituting any particular solution 
of (42) for y in this function, i.e. the solution of (42) is a function 
of x and y such that its total derivative with respect to x is zero, by virtue 
of (42). 

On taking the total derivative with respect to x of both sides of 
equation (55), we get [I, 69]: 

d°>{y> y) , da> (a?, y) . , / _ n 

dx -*" dy y — U> 

or, on replacing y' by f(x} y), inasmuch as y is a solution of (42) by 
hypothesis, we have: 

- ^ L + ^Lf^y) = 0. (56) 
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The function co(x, y) must satisfy this equation independently of the 
precise solution of (42) that we have substituted in this function. But 
in view of the arbitrariness of the initial condition (43) in the exist
ence and uniqueness theorem, we can take any values we please of 
x and y, provided we take all the solutions of equation (42), i.e. 
the function co(x, y) must satisfy equation (56) as an identity in x and y. 
We finally show how a solution of equation (42) can be checked 
when it is given implicity: 

o>ifo») = 0. (57x) 

We obtain as above the equation: 

j * ^ + * ^ f { x > y ) = = 0 > ( 5 ? 2 ) 

which must be satisfied at all points of curve (57J, i.e. equation (572) 
is to be satisfied only by virtue of (57!) and not as an identity in x 
and y: in short, (572) must be a consequence of (57x). 

Example. 
We take, for instance, the equation: 

1 - 3a;* - y* 
y ' = ■ 2xy 

I t is easily shown that the circle: 
x2 + V2 - 1 -»0 

is a solution of this equation. Here, in fact, f(x, y) = (1 — 3#2 — y2)j2xy and 
m\{x> y) ^ x* + y2 — 1> s o tha t (572) reads: 

2* + 2yJ^?!^L=o ( i.e. Lz£i^=o, 
2xy x 

which is evidently satisfied by virtue of the equation of the circle. We show 
that the general integral of the given differential equation is: 

xs + xy2 — x = C. 

We get by substituting in (56) cox(xy y) = xz + xy2 — x: 

3X2 + y2 _ x + 2xy _ _ ! _ = 0 , 

and it is obvious that this equation is satisfied identically for all x and y. 

Let the differential equation be given implicitly with respect to y'\ 

&(x,y, y') = 0. (58) 
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If we solve it for y\ we reduce it to form (42), though f(x, y) can 
now be a many-valued function. We suppose tha t the function has m 
different values, so tha t there are m different values of y' for a given 
x and y, i.e. instead of a single tangent corresponding to a given 
point, we have m different tangents. As a result, we now have m 
different tangent fields in the plane instead of one tangent field. 
An integral curve passes through a given point for each of these 
fields, so that altogether m integral curves of equation (58) will pass 
through the given point. Yet the general integral of (58) will contain 
only one arbitrary constant, i.e. will have the form (52); on the 
other hand, equation (53) must in general give m distinct values, 
and not one value, for C. 

We make up an example in connection with these last remarks, where 
the solution containing an arbitrary constant is not strictly speaking the general 
solution. We take the differential equation: 

y't - Xy' = 0. (59) 

The left-hand side can be factorized, giving y\y' — x) = 0, so that in essence 
we have two distinct differential equations: 

y' = 0 and \f — x = 0, 
with general solutions 

y-C = 0 
and 

y - J L s * - c = o. 

The last two equations can be combined: 

(y-C)(y--±-x*-c}=0, 
giving the general solution of equation (59). Two integral curves pass through 
every point of the plane: the straight line (59x) and the parabola (592). Evidently 
(59x), y = C, gives a solution of (59) containing an arbitrary constant; this 
solution is not the general solution of (59), but only the general solution of the 
equation y' — 0. 

Equation (42), or (58), can have a solution which is not contained 
in the family of the general solution, i.e. cannot be obtained from 
(52) with some particular value of constant C. Such a solution is 
called a singular solution of the equation. We go into the problem 
of finding such solutions, and their geometrical interpretation, in [10]. 

Strictly speaking, the concepts of solution and general solution are 
in need of further explanation. We shall not go into the matter, 

(59,) 

(6»i) 
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however, inasmuch as the existence and uniqueness theorem for 
the solution with a given initial condition is a more natural basis 
for a theoretical treatment of differential equations. Finding the 
general solution, as described above for a particular type of equation, 
certainly offers a very useful practical means of constructing the 
solutions of differential equations. We remark here that if, on passing 
from the differential equation to its general solution, we a t no step 
violate the equivalence of succesive equations, there can be no 
singular solutions, i.e. every solution is contained in the general 
solution, on assigning various numerical values to G. In the case 
when the equivalence of the equations is lost, the singular solutions 
must be sought among the missing solutions, as will be done in [8] 
and [9]. 

By general solution is naturally understood a solution of the dif
ferential equation containing an arbitrary constant, from which can 
be obtained all the solutions defined by the existence and uniqueness 
theorem for initial conditions filling a certain domain of the (x, y) 
plane. This domain is determined by the function f(x, y) appearing 
in equation (42). I t is natural to describe solutions of the differential 
equation as singular solutions when they have the property that the 
conditions guaranteeing the existence and uniqueness theorem are 
not fulfilled at any point of the corresponding integral curve. All 
these definitions require certain assumptions, of course, regarding the 
function f(x, y) or @(x, y, y') appearing in equation (42) or (58). 

On replacing y/ by the arbitrary constant Gx in equation (42) or 
(58), we get the family of curves: 

f{*,V) = C1 or 0(x,yyC1) = O. 

Each curve of this family is the locus of points of the plane 
which are associated with the same slope, the family as a whole 
being referred to as a family of isoclines of the given differential 
equation, i.e. a family of curves of the same slope. In the particular 
case of the magnetic field at the earth's surface, the isoclines are 
lines along which the direction of the magnetic needle is constant. 

The isoclines for the homogeneous equation of [3] were lines 
passing through the origin. 

We shall note the cases in which an isocline is an integral curve 
of the equation, i.e. gives a solution of the equation. We take the 
isocline: 

®{x, y, b) = 0, 
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corresponding to the particular value Cx = 6. At points of the 
isocline, the differential equation gives the same slope, inasmuch 
as y' = b. A necessary and sufficient condition for the isocline to 
be a solution is that the tangent to the isocline is also of slope b at 
every point of it — whence it immediately follows that the isocline 
must be a straight line of slope 6, since y' = 6 gives y = bx + c, 
where c is a constant. Hence, an isocline is a solution only when it is 
a straight line and when the direction of this line coincides with the 
constant direction of the tangents, as defined by the differential equation 
at points of the isocline. 

Example. To find the curves for which the length of the normal MN is a 
constant a (Fig. 10). Use of the expression for the length of the normal [I, 77] 
gives us the differential equation: 

± yVi + y'2 = a. (60) 

We get by squaring both sides of the equation and solving with respect 
to */': 

The right-hand side of the last equation is only defined for | y | < a, i.e. 
in the strip between the lines 

y = a and y = — o, (62) 

since otherwise the expression under the square root is negative; at every point 
inside the strip, y' has two distinct values. 

The variables are separable in equation (61): 

ydy = ± d * . (63) 
/a* - y* 

We easify find on integrating: 

(x — (7)2 + y* = a2, (64) 

i.e. the family of circles with centres on OX and radius equal to a (Fig. 10). 
All these circles are situated in the strip bounded by the straight lines (62), 
with two circles of family (64) passing through every point inside the strip. 

The transition from equation (61) to (63) required division by ya2 — y2't 
and as a result of this the solution y = ± a might have been lost. I t is easily 
seen by direct substitution that this is in fact a solution of (61). The solution 
is represented geometrically by the lines (62), which are not included in the 
family of the general solution (64); in other words, the solution cannot be found 
from (64) whatever the value of constant C, i.e. it is a singular solution. 
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Substitution of the constant Gx for y' in equation (60) gives us the family of 
isoclines: 

These are lines parallel to OX. The tangents to circles (64) along these lines 
maintain a constant direction. 

The lines (62), in particular, are also isoclines, with y' maintaining a constant 
value zero along them, which coincides with the slope of the lines themselves: 
so that the lines are at the same time solutions of equation (61). 

FIG. 10 

Inside the strip given by the lines (62) we have two differential equations 
(61): one corresponding to the ( + ) sign and the other to the ( —) sign. The 
circles (64) inside the strip are obtained in accordance with the existence and 
uniqueness theorem. The theorem becomes inapplicable at points of the lines 
y == -j-a, and these represent singular solutions of equation (60) or (61). 

8, Clairaut's equation. An equation of the type 

y = xy' + <p(y') (65) 

is called a Clairaut equation. Substitution of an arbitrary constant C 
for y/ gives us a family of isoclines of the equation: 

y = xC + <p(C). (66) 

Every isocline is seen to be a straight line, with slope equal to the 
constant tha t we substituted for y', i.e. the direction of each of lines 
(66) is the same as the constant tangential direction defined by the 
differential equation at points of the line. Recalling what was said 
in the previous article, we can assert tha t each of lines (66) is also 
a solution of equation (65), i.e. the family of isoclines (66) is a t the 
same time the family of the general solution of (65). 

We now indicate a second method of obtaining the general solution 
of equation (65), whereby the singular solution of the equation is 
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found, as well as its general solution. We use the notation y' = p, 
and re-write (65): 

y = xp + <p(p). (67) 

I t amounts to finding p as a function of x, say co(x), so tha t on 
substituting p = co(x) on the right-hand side of (67) we get for y 
a function of x such tha t its derivative y' is: y' = p = G>(X). We 
take differentials of both sides of (67), expand the left-hand side as 
dy = y'dx = pdx, and obtain the first order differential equation 
for p: 

pdx = pdx + xdp + y'(p)dp or [x -f y ' (p)] dp = 0. 

We get two cases on equating each factor to zero. The case dp = 0 
gives p = C, where (7 is an arbitrary constant; substitution of p = 0 
in equation (67) again gives us the general solution (66). In the second 
case we have the equation: 

x + <p'{p) = 0. (68) 

On eliminating p from (67) and (68), i.e. from the two equations: 

y == xp + <p(p) and x + *p' (p) = 0, (69) 

we likewise obtain a solution of equation (65), which does not contain 
an arbitrary constant. This is usually a singular solution of the 
equation. 

The geometrical problem of finding the curve, given the properties 
of its tangent, reduces to Clairaut's equation, assuming tha t the 
properties relate only to the tangent itself, and not to the point of 
contact. The equation of the tangent has the form: 

7-y = y'(X-z) or Y = y' X + (y - xtf), 

and any properties of the tangent are expressed by a relationship 
between (y — xy') and y': 

®{y - xtf, y') = o. 

On solving with respect to (y — xy'), we arrive at an equation of 
the form (65). The straight lines composing the general solution of 
Clairaut's equation are evidently of no interest as regards providing 
an answer to our geometrical problem, the answer being in fact 
given by the singular solution of the equation. 
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Example. To find the curve such that the intercept TXT2 cut off its tangent 
by the coordinate axes is of constant length a (Fig. 11). 

The equation of the tangent gives us the projections OTx and OT2 of the 
tangent on the coordinate axes, and this enables us to write the differential 
equation of the required curve as: 

(y - xy'Y 
y'2 + {V — xy')2 = a2 or y = xy' ± ay' 

Yi + y'2 

The general solution is: 

y = xC± aC 
Yl + C2 (70) 

consisting of a family of straight lines, the length of the intercepts of which 
on the axes is equal to a. The singular solution is obtained as a result of eliminat

ing p from: 
ap 

y = xq± 
Vl + C2 

and from the equation 
P2 

(71) 

fl+P2 

x± YI+P2 

1 + p2 

which reduces to: 
a 

= 0, 

x±- = 0. 
(i + p*yi* 

We write p = tan <p, giving 
x == ^f a cos3 q> 

FIG. 11 whilst equation (71) for y gives us: 
y= =p a cos3 (p tan tp ± a sin <p = ± a sin3 9? 

We eliminate 9? by raising the last two equations to the power 2/3 and 
adding: 

2 2 2 
3 1 3 s x +y ==a , 

i.e. the required curve is an astroid, which we mentioned in [1, 80]. The 
straight lines (70) form the family of tangents to it (Fig. 11). 

9. Lagrangian equations. An equation of the form: 

V = aPiW) + V»(in- (72) 
is called a Lagrangian equation, (p<i(y') being assumed different from y'\ 
if (px(y') = y', we get the Clairaut equation just described. 

We use the same method of differentiation for (72) as for the 
Clairaut equation. We write y' = p, so that the equation becomes 

y = x<Pl(p) + <p2(p). (73) 
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We take the differentials of both sides and get a first order equation 
for p: 

pdx = <px (p) dx + X(p[ (p) dp + cp'2 (p) dp. 

Division by dp gives us the equation: 

I>i(p) - p]-^- + rite)X + <P*(P) = o, 

which, on the assumption that a; is a function of p, is a linear differential 
equation. We reduce this to the form (25) by dividing both sides by 
l<Pi(P) ~~ P]> a n ( i obtain its general solution in the form: 

x = Vi{p)C + V2{p). (74) 

Substitution of this expression for x in equation (72) gives us an 
equation for y of the form: 

y = V3(p)0 + y>i(p). (75) 

Equations (74) and (75) express x and y in terms of an arbitrary 
constant G and a variable parameter p, i.e. give the general solution 
of the Lagrangian equation in parametric form. On eliminating 
parameter p from (74) and (75), we get the ordinary equation for the 
general solution. 

When dividing the equation by dp, we may have lost the solution 
corresponding to dp = 0, i.e. corresponding to constant p, or what 
amounts to the same thing, to constant y\ But constant y' leads 
to a first degree polynomial for y, i.e. the missing solutions must 
be straight lines, if they exist. We also note that , for constant p = a, 
(73x) gives a dx = ^ ( a ) d#, i.e. the value of the constant a must be 
defined by the equation (p±(a) — a = 0. 

We give the geometrical interpretation of this last fact. Sub
stitution of constant 01 for y/ in equation (72) gives us the equation 
of the isoclines: 

y = x<p1{C1) + <p2{C1), (76) 

i.e. the isoclines of a Lagrangian equation are straight lines. The solutions 
which are represented by straight lines have to be sought among the 
isoclines. For this, we have to establish the condition that the slope 
q>x(C^) of the isocline is the same as the constant slope C± of the tangent 
along the isocline: 
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On solving this equation and substituting the value found for Cx 

in equation (76), we obtain the required solutions, among which 
must be included the singular solution in question. 

10. The envelope of a family of curves, and singular solutions. 
We have already had two examples in which singular solutions were 
obtained in addition to the general solution. The general solution in 
the example of [7] consisted of the family of circles 

(a? — C)2 + y2 = a2 (77) 

with centres on OX and of fixed radius a. 
The two lines y = ± a , parallel to OX, were singular solutions. 

Any given point of these lines is a point of contact with a circle of 
family (77) (Fig. 10). The general solution in the example of [8] 
consisted of a family of straight lines whose intercepts cut off by 
the coordinate axes were equal in length to the given a, whilst the 
singular solution was the astroid, such that any given point of it 
was a point of contact with one of the lines concerned, i.e. the family 
of straight lines was a family of tangents to the astroid. 

These examples lead us naturally to the concept of the envelope 
of a family of curves. Let the family of curves 

y(x,y,C) = 0, (78) 

be given, where G is an arbitrary constant. The envelope of the family 
is defined as the curve, every point of which is a point of contact with a 
curve of the family, i.e. the tangent at any given point of the envelope 
is also a tangent to the curve of family (78) that passes through this 
point, 

We derive the rule for finding the envelope. We start by finding 
the slope of the tangent to a curve of family (78). We differentiate 
equation (78), whilst taking into account that y is a function of x 
and C is a constant; this gives us 

dtp (x, y, G) . dtp(x, y, G) dy 0 
dx " l " dy dx u ' 

whence [1,69]: 

dy>(x, y, C) 
dy dx 

~dx~ ~~ dy>(x, y, G) 
dy 

(79) 



10] THE ENVELOPE OP A FAMILY OF CURVES, AND SINGULAR SOLUTIONS 3 3 

We assume tha t the required equation of the envelope is 

B{x,y) = 0. (80) 
We can suppose tha t the left-hand side of this equation, R(x, y), 
which is as yet unknown, has the form \p(x, y, C), where C, instead 
of being a constant, is some unknown function of x and y. For any 
given function R(x, y)} in fact, we can write the equality 

R{x,y) = y>(x,y,C), 
which defines C for us as a function of x and y. In other words, we 
can look for the equation of the envelope in the form (78), except 
for G being a required function of x and y instead of being a constant. 
We differentiate both sides of (78), and obtain, since G is no longer 
constant: 

MEg£L d x + ^ y ° ) dy + - M ^ - d C = 0. (81) 

The slope dy/dx of the tangent to the envelope must, by hypothesis, 
be the same as tha t of the tangent to the curve of family (78) tha t 
passes through the same point, i.e. equation (81) must give us 
equation (79) above for dy/dx; but this can only be the case when 
the third term on the left-hand side of (81) vanishes, i.e. when 
(dtp(x, y, G)jdC) dC — 0. The possibility dO = 0 gives us constant C, i.e. 
a curve of the family and not the envelope; so tha t to obtain the 
envelope we must put 

dyj(xyyfC) __ ft 

dC ~""U-
This equation also defines C as a function of (x, y). Substitution 

of the expression obtained for C in terms of x and y in the left-
hand side of (78) gives us the equation (80) of the envelope, i.e. 
the equation of the envelope of family (IS) can be obtained by eliminating 
G from the two equations: 

V(x,y,C) = 0; » < y ° > = 0 . (82) 

As we move along the envelope, we touch different curves of family 
(78), each curve being defined by its value of constant C; this makes 
it clear why the equation of the envelope was sought in the form (78), 
with 0, however, taken as variable. 

We now turn to the singular solution of a differential equation. 
We let (78) be the family of the general solution of the differential 
equation: 

<P(s, V> 2/0 = 0 , (83) 
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i.e. the coordinates >(x, y) and slope y' of the tangent for any given 
curve of family (78) satisfy equation (83). At every pointof the envelope 
x, y and y' will coincide with the x, y and yf for some curve of 
family (78), i.e. the x, y and y' of the envelope will also satisfy (83). 
In other words, the envelope of the family of the general solution is also 
an integral curve of the equation. 

If tp(x, y, C) = 0 is the general solution of equation (83), elimination 
of G from equations (82) leads us to a singular solution in certain 
cases. We add the proviso here, "in certain cases" (and not always), 
due to the following considerations. It was assumed in the above 
arguments that curves (78) have tangents; therefore, if we eliminate 
C from equations (82), it is possible for us to obtain not only the 
envelope, but also the set of all the singular points of the curves of 
family (78), at which the curves do not possess definite tangents 
[I, 76]..Furthermore, it sometimes happens that the envelope itself 
enters into the constitution of family (78). We shall not give a rigorous 
treatment of the theory of envelopes and singular solutions. The 
theory must obviously be closely connected with the existence and 
uniqueness theorem, mentioned in [5]. We confine ourselves to 
explaining the problem in a few examples. 

1. We seek the envelope of the family of circles (77): 

( a : - C ) 2 + t/2 = a*. 

Equations (82) here take the form: 

(x - C)2 -f y* = a2: - 2 (x - G) = 0. 

The second equation gives G = x, and substituting this in the first equation gives 
us y2 == a2, i.e. the set of two straight lines y = ± a , which we obtained pre
viously. 

2. The general solution of Clairaut's equation y = xy' + q>(y') is 

y = xC + <p(C). 

The envelope is obtained by eliminating G from the two equations: 

y = xG + <p (C); O ^ z + ^ C ) . 

These equations coincide with equations (69) of [8], with the trivial replacement 
of the letter pbyC, i.e. we get the previous rule for finding the singular solution 
of Clairaut's equation. 

3. The curve yz — xz is the so-called semicubical parabola (Fig. 12). On dis
placing the curve parallel to OY, we get a family of semicubical parabolas: 

(y + G)* = x*. 
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Each of these curves has a cusp on 0 Y, and there exists a right-hand tangent 
at the cusp, parallel to OX. Equations (82) here take the form: 

Elimination of C gives us x = 0, i.e. axis OY. Axis OF is not the envelope 
in this case, but the locus of singular points of curves of the family. 

4. We consider the family of curves 
2/= 0 ( 3 - 0 ) * . 

FIG. 12 FIG. 13 

We have a parabola for ( 7 ^ 0 , and the axis OX for (7 = 0. Equations (82) 
become: 

y = C (x - C)2; (x -C)(x- 3C) = 0. 

The second equation gives G = x or O = ic/3. Substitution in the first 
equation gives us either y — 0 or y = Ax3/2 7. The first curve y = 0 is axis 
OX, which belongs to the given family of curves; whereas the cubical parabola 
y = 4#3/27 is the envelope of the family. 

5. We take the chords of the circle of unit radius, centre at the origin, that 
are perpendicular to OX and we draw fresh circles with the chords as diameters, 
thus obtaining a family of circles. If x = O is the point of intersection of a chord 
with OXy the square of the radius of the corresponding circle is (1 — O2) (Fig. 
13), so that the equation of the family is: 

(x-C)2 + y2 = l - O2. 

Differentiation with respect to O gives us the equation: 

- 2 {x - G) = - 20; 
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on eliminating G from the last two equations, we get the equation: 

-f+ «.-!. 
i.e. we obtain an ellipse with semi-axes |̂ 2 and 1, with the coordinate axes 
as axes of symmetry. I t is obvious from the figure that this ellipse does not touch 
all the circles of the family. 

11. Equations quadratic in y', We consider in more detail, from the point 
of view of singular solutions, differential equations that are quadratic in t/': 

® (*. v>- \f) = V'2 + 2P (x, y)y' + Q (x, y) = 0, (84) 

where P(x, y) and Q(x, y) are single-valued and continuous, and have continuous 
derivatives with respect to y} throughout the domain; e.g. they may be poly
nomials in x and y. We obtain on solving with respect to y': 

y'=-P(x, y)±YR(x, y)9 (85) 

where we have taken R(x, y) = [P(x, y)Y — Q(x, y). In the part of the domain 
where R(x, y) > 0, (85) is equivalent to two differential equations, and in 
accordance with the existence and uniqueness theorem, two and only two 
integral curves will pass through every point of this part of the domain. Dif
ferential equation (84) will have no singular solutions in this region. In the 
region where R(x, y) < 0, equation (85) does not yield a real y', and there are 
no integral curves in this region. Finally, we consider the equation 

R(x, y) = 0 , (86) 

which can define one or more curves in the domain. I t is only among these 
curves that singular solutions of equation (84) can be found. We remark that 
(86) can be obtained by eliminating y' from (84) and the equation: 

9 $ f e M l - = 0, i.e. , ' + P(M)=0. 
w 

The latter equation expresses the fact that (84) has a multiple root with respect 
to y\ 

1. In the case of the equation 

y = xy' -f y'2, i.e. y'2 + xy' — y = 0 

(86) takes the form #2/4 + y = 0, and the parabola y — — #2/4 is a singular 
solution of the Clairaut equation written. 

2. In the case of the equation 

y'2 -f 2xtf + y = 0 

(86) gives y = x2. This parabola does not satisfy the equation written, so that 
the latter has no singular solution whatever. 
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12. Isogonal trajectories. An isogonal trajectory is defined as the 
family of curves intersecting the curves of the family 

y ( a ? , y , O ) = 0 (87) 
at a given angle. 

If the given angle is a right angle, the trajectory is called the 
orthogonal trajectory. We show that finding an isogonal trajectory 
leads to integrating a first order differential equation. 

On eliminating C from the equations: 

we obtain the differential equation of the given family (87) as in [7]: 

# ( * , V, 2/0 = 0. (88) 

We start by finding the orthogonal trajectory. In this case, the 
tangents to the required curves are perpendicular to the tangents to 
the curves of family (87) a t the points of intersection of the curves, 
i.e. the slopes of the tangents to the trajectory are the reciprocals, 
with reversed sign, of the slopes of the tangents to the given family. 
Hence it follows that , to obtain the differential equation of the orthogonal 
trajectory, we must replace y'by (— \\y') in the differential equation of 
the given family. 

Finding the orthogonal trajectory thus reduces to integration of 
the equation: 

*(*•*>-£) = °. 
where yx is the required function of x. 

We now turn to the general problem of isogonal trajectories. Let 
cp be the constant angle at which the curves of the trajectory intersect 
the curves of family (87). Let yx denote, as before, the ordinate of 
the required curve; on using the formula for the tangent of the 
difference of two angles: 

. . , \ tan v>i — tan w. 
tan <p = tan (Vl - v ) = 1 + £ n y t a i ^ , 

where tan tp = y' is the slope of the tangent to a curve of (87) and 
tan ip± = y\ is the slope of the tangent to the required curve, we 
can write 

yi-y\ = t a n < p , (89) 
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where cp is measured from curve (87) to the required curve. On eliminat
ing y' from the last equation and equation (88), we obtain the 
differential equation of the isogonal trajectory, which then has to be 
integrated. 

We come across orthogonal trajectories when considering plane fluid flow. 
We assume that the fluid flow takes place in a plane, so that a vector v, the 
velocity of motion, is defined at every point (x, y) of the plane. If the velocity 
vector depends only on the position of the point in the plane, and not on time, 
the motion is described as steady or established. We shall confine ourselves to 
this type of motion. We further assume that there exists a velocity potential, 
i.e. that the projections of vector v(x, y) on the coordinate axes are the partial 
derivatives du(xf y)/dx and du(xiy)jdy of some function u(x,y). The curves of 
the family 

u (x, y) = C (90) 

are described in this case as equipotential lines. 
The lines, the tangents to which have, a t every point, the same direction 

as the vector Y(X, y)> are called stream lines and give the trajectories of the mov
ing particles. We show that the stream lines 
form the orthogonal trajectories of the family 
of equipotential lines. 

Let q> be the angle formed by the velocity 
vector v(x, y) with axis OXt where | v | is the 
length of this vector. By hypothesis, du(xty)/dx 
and du(x, y)/dy are the projections of v(xt y) 
on the axes, i.e. 

du (x, y) 
dx 

du (x, y) 

| v | • cos (p and 

| v I • sin (p , 

F I G . 14 

whence we obtain the expression for the 
slope of the tangent to a stream line as: 

du(x, y) 

tany= - ? . . (91) du(x, y) 
dx 

The slope of the tangent to an equipotential line (90) is found by differentiating 
this equation with respect to x: 

du(x, y) 
Bx du (xy y) , du (x, y) , ^ , , 

\ *] _j X if — 0 , whence y' = ^—7 r-
dx ^ dy y du {x, y) dy 

i.e. we obtain a slope which is the reciprocal, with reversed sign, of slope (91). 
Hence it follows that the equipotential lines and the stream lines are orthogonal 
to each other. 
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If a family of curves is a family of equipotential lines, its orthogonal trajectories 
form the family of corresponding stream lines, and vice versa. In the case of a 
plane electrostatic field, the lines of force represent the orthogonal trajectories 
of the family of equipotential lines. 

Example. To find the isogonal trajectories of the family 

y = Cxm. (92) 

On eliminating G from the equations 

y = Cxm; y, = Cmxm~1
t 

we get the differential equation of family (92): 

On substituting this expression for y' in (89), we get the differential equation 
of the required family: 

X 

the constant tan q> being written as 1/&, and writing simply y instead of yv 
This equation reduces to the form: 

km^ + 1 
y< = *-— (93) 

k — m — x 

and is therefore a homogeneous equation [3]. 
If m — 1, (92) is a family of radius vectors passing through the origin, and 

the required curves must cut these at a constant angle, i.e. they are either 
logarithmic spirals [I, 83] or circles. 

If m = — 1 and k = 0, the problem reduces to finding the orthogonal trajec
tories of the rectangular hyperbolas 

xy = C. (94) 

Here, (93) reduces to the equation with separable variables: 

-~- = — or xdx — ydy = 0. dx y v y 

Integration again gives a family of rectangular hyperbolas, referred in this 
case to the axes of symmetry: 

x2 — y* = 0. 

As may easily be seen, this family is obtained from the given family (94) by 
turning it through 45° about the origin. In general, for k = 0, (93) reduces 
to the form: 

dy = x 
dx my 
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and its general solution is: 

my2 + x2 = G , 

i.e. the orthogonal trajectories of family (92) consist, for m > 0 , of a family of 
similar ellipses, and for m < 0, of a family of similar hyperbolas. The orthogonal 
trajectories of the parabolas y = Cx2 are illustrated in Fig. 14. 

§ 2. Differential equations of higher orders; 
systems of equations 

13. General principles* An ordinary differential equation of the 
nth order has the form: 

#(*, v, v', v\ .-.., y(n)) = o, (i) 
or, on solving with respect to y^: 

</<"> = / ( * , y, y', y", . . . , y(»~»). (2) 

Every function y of the independent variable x tha t satisfies 
equation (1) or (2) is called a solution of the equation, whilst the actual 
task of finding the solutions of the equation is described as the task 
of integrating the equation. We take as an example the linear motion 
of a point-mass of mass m under the action of a force F, which depends 
on time t, on the position of the point and on its velocity. If we take 
as axis OX the straight line along which the point moves, the force F 
can be considered as a given function of t, x and dxjdt. By Newton's 
law, the product of the mass of the particle and its acceleration must 
be equal to the force acting. This gives us the differential equation 
of motion: 

d2x T, (. dx\ /oX 
w»-ar= = F l ' ' ! r '-drJ- <3) 

Integration of this second order equation determines the relationship 
between x and t, i.e. the motion of the particle under the action 
of the given force. In order to obtain a definite solution of the problem, 
we must also specify the initial conditions of the motion, i.e. the position 
of the particle and its velocity at some initial instant, say at t = 0: 

x 
I d # 
Lo ~ x°; "dT Lo ~ x«> (4) 
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In the case of the nth. order equation (1) or (2), the initial conditions 
consist in a specification of the function y and of its derivatives up 
to and including the (n — l) th order for a given value of x = x0: 

y|x-* = »o; rix=x0=2/o;-..; i^Vx^itf1-1*. (5) 
The y0, yd, . . . , i / o n l ) here are definitely assigned numbers. 
A uniqueness and existence theorem is valid for the wth order 

equation, as for the first order equation, and can be stated as follows: 
if /(#, y, y\ . . . , 2/(AI_1)) is a single-valued function of its arguments, is 
continuous for all x in the neighbourhood of x0 and for all y, y', . . . , 
i / ( n - 1 ) in the neighbourhood of (5), and has continuous first order partial 
derivatives with respect to y,y', . . . , y^n~x\ a single definite solution of 
equation (2) corresponds to initial conditions (5). 

On varying the constants y0, y&, . . . , yon~^ in the initial conditions, 
we obtain an infinite set of solutions, or more accurately, a family 
of solutions, depending on n arbitrary constants. These arbitrary 
constants can appear in the solution, not as initial conditions, but 
in the more general form: 

y = <P(x,C1,Cz,...,Cn). (6) 

Such a solution of equation (2), containing n arbitrary constants, 
is called the general solution of (2). The equation of the general solution 
can also be written in implicit form: 

y>{x,y,ClyC2,...,Cn) = 0. (7) 

On assigning definite values to constants Cv C2, . . . , Cn, we obtain 
particular solutions of the equation. 

We obtain n equations by differentiating equation (6) or (7) (n — 1) 
times with respect to x then substituting x = x0 and initial con
ditions (5). I t is assumed tha t these equations are soluble with respect 
to Cv G2, .. .,Cn for any given initial conditions (x0, y0, y'0, . . . , 
Vo ) from a certain interval of variation of x0,y0yyo, . . . , 2 / o n l ) -
We thus obtain the solution satisfying conditions (5). If the right-
hand side of equation (2) is a many-valued function, there will be 
several solutions of equation (7) corresponding to initial conditions (5). 
Every solution not included in the family of the general solution, 
i.e. not obtainable from (6) for any values of constants Cs, is called 
a singular solution of the equation. 

The remarks made in [7] in connection with first order equations 
must be borne in mind as regards the concepts of general solution 
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and singular solutions. These concepts have to be related to the 
existence and uniqueness theorem. 

If the right-hand side of equation (2) is expanded into a series 
arranged in positive integral powers of the differences: 

{x - *o), (y - vo), (y' - » 5 ) , . . . ,(2/(n"1) - tfr% 
on the hypothesis tha t the absolute values of these differences do not 
exceed a certain positive number, the solution satisfying initial 
conditions (5) can be represented as a series 

yo + ^(x-Xo)+ J$(*-*o)*+... (8) 

for all x sufficiently near x0. Here, equation (2) itself gives fully defined 
values of the coefficients of the series, as in the case of first order 
equations [5]. In fact, on substituting x = x0 and initial conditions 
(5) in the equation, y0

n) can be found. We then differentiate (2) with 
respect to x, substitute x = xQ and initial conditions (5) and y^n) = 
= J/on)> a n d thus find #on + 1 \ and so on. 

Another procedure can be adopted for finding the coefficients of 
the series, tha t of replacing y on both sides of equation (2) by the 
power series: 

y = y0 + 4;(x-x^+ if-(x-**>)"+ ••• + 
+ ~$^r (x - x,)"-1 + an (x -x0)n + an+1 (x - x0)n* +... 

with undetermined coefficients an> an+v . . . . We arrange the right-
hand side of the equation obtained in powers of (x — x0), then suc
cessively determine the coefficients just mentioned by equating the 
terms in like powers of (x — x0) on both sides of our identity [5]. 

Example. We consider the motion of a particle of mass m along a straight 
line under the action of an elastic force tending to pull the particle back to its 
position of equilibrium and proportional to the displacement of the particle 
from this position. We further assume that the motion takes place in a medium 
whose resistance is expressed as the sum of two terms: the first directly pro
portional to the velocity, and the second proportional to the cube of the velo
city. If we let x denote the displacement of the particle from its equilibrium 
position, we get the differential equation: 

mx" = — hx x — k2 x/ — k3 x'3, 

where klf k2, k3 are positive coefficients of proportionality. 
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We take a numerical example: 

x" a - x - 0.1a;' - 0.1 x'* (9) 

and we look for the solution satisfying the initial conditions: 

^If-o = xo = 15 * If-o = «6 = 1, (10) 

as a series arranged in powers of t. We differentiate equation (9) with respect 
to t: 

x'" =-x' - 0 . 1 a " -0.3x'*x" 
x0v)=^x» —0.lx"' - 0.3 (a'2 a?"' -f- 2a/ x"2) 
x^ = - <z"' - 0.1<r(iv) - 0.3 (6a;' x" x'" + ** x(iv) + 2x"*) 
a;(vi> = - a;(iv) - 0.1a;( v) - 0.3 (12z"2 a/7' + 6a;' a'"2 + $x' of a;(iv) + a/2 a?(v)). 

(11) 

We substitute the initial values (10) in equations (9) and (11), and successively 
compute the initial values of the derivatives: 

x0=l; a ^ = l ; *5 = - 1.2; atf" = - - 0.52; *(iv> = 0.544; 
xp = 0.2160; x(vi) = 3.1453. 

On applying Taylor's formula, we get an approximate expression xx for the 
required solution :f 

xx = 1 + * - 0.6*2 - 0.0867*3 + 0.0227*4 + 0.0018*5 + 0.0044**, 

x{ = 1 - 1.2* - 0.26*2
 + 0.907*3 + o.OOOO*4 + 0.0262*5, 

x\ » - 1.2 - 0.52* + 0.272*2 + 0,036*3 + 0.1311**, 

which gives a good degree of accuracy for t near zero. 

14. Graphical methods of integrating second order differential equations. 
There is a corresponding curve for every solution of a differential equation of 
the nth order, and, as in the case of first order equations, we shall call the 
curve an integral curve of the equation. In the case of a first order differential 
equation, there was a corresponding tangent field [5]. 

We now explain the geometrical significance of the second order equation 

y" = f(v,y,y')- (12) 

f It is to be noted that we obtain the series for x'x and xJ, not by differentiating 
the series for xlf but by applying Taylor's formula to x'x and x": 

x0 £ L , + f£L,+«£!>_<.. . j - ^ + ^ t + j ^ L - ,* + _ !_ , + j a . 
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Let s be the length of arc of the integral curve, and let a be the angle that 
the positive direction of the tangent forms with the positive direction of OX. 
We have [I, 70]: 

dy dx 

and 

but 

and 

dx 

we obtain, on differentiating 

d22/ 
dx2 

da/ds is 

— 1 da __ 
cos2 a da? 

the curvature of the 

the previous equation gives 
1 
R ~ 

a n a ; 

with ] 

1 
cos2 a 

curve, 
da 
~ds~ = 

us: 

cos3 a 

ds 

respect 

da 
ds 

as we 
1 
R ' 

&2y 
dx2 

cos a, 

to x: 

ds _ 
dx 

1 
cos3 a 

know from [I, 71] 

da 
~di~ 

(13) 

(14) 

We take R positive here, if a increases with increasing s, and negative if 
a decreases with increasing s. 

We take, say, OX directed to the right, and OY directed upwards (Fig. 15). 
With this, if jR > o, the curve rises from right to left with increasing s 
(counter-clockwise), and in the opposite direction if R < 0 . 

By (14), the differential equation (12) can be 
Dv n „ ^ rewritten in the form: 
/?>0 R<0 ^ 

—- = f(x, y, tan a) cos3 a. (15) 

I t is clear from this that a differential equation 
of the second order gives the radius of curvature, if 
the position of the point and the direction of the 

X • tangent at this point are given. 
This fact gives rise to the method of approxi-

FIG. 15 mating to the integral curve of a second order 
equation by means of a curve with a continuously 
varying tangent and composed of the arcs of circles. 

This method is analogous to that of approximating to the integral curve of a 
first order equation by means of a step-line [5]. 

We take the initial conditions for the required integral curve as: 

2/lx-o = 2/o; y'\x-o = y'o-
We mark off the point M0 with coordinates (x0i y0) and draw M^T0 through 

the point with slope y/ = tan a = y'Q (Fig. 16). 
Equation (15) gives us the corresponding R = R0. We draw M0C0 perpendi

cular to M0T0 and equal in length to R0, then with <70 as centre construct a 
small arc M0Mt of a circle of radius R0. 

We notice here that the direction of M 0C0 is determined by the sign of 
-Ko> by what was said above. If, for instance, R0 < 0, movement must be clock
wise along the arc of the circle from M0 to Mx (Fig. 16). Let (xv yx) be the co-
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ordinates of point Mx and tan ax be the slope of the tangent MXTX to the circle 
passing through Mx. Equation (15) gives the corresponding R = Rx. We con
struct MXCV equal in length to Rx, and perpendicular to MXTX, i.e. lying along 
the straight line MXGQ, its direction being determined by the sign of Rx; then 
with Cx as centre, we draw a small arc MXM2 of radius Rx. We proceed from M2 
as from Mlf i.e. find from (15) the corresponding R = R2, draw the line M2C2i 
equal in length to R2, etc. 

A straight rule is used for the above construction, with a hole for a pencil 
at one end. The quantity R is measured off on a graduated scale that runs 

Yi 

0. 

y 

1/ 
ft 

X 

FIG. 16 F I G . 17 

along the rule from thi3 hole. One leg of a small tripod device is located at 
the point corresponding to R, whilst the other two legs are on the paper. On 
shifting the tripod along the scale at points Mlf M2 etc. in accordance with 
the variation of R, we do not alter the direction of the tangent a t these points; 
hence we obtain the required curve. 

We now give another method of graphical integration of equation (12), 
providing an approximation to the integral curve in the form of a step line. 
The method is a generalization of that illustrated in Fig. 9. In addition to yt 
we introduce the unknown function z = y'. We now obtain, in place of the single 
second order equation (12), a system of two first order equations with two 
unknown functions y and z: 

dx = z; dx = /(*» ?/> «)• (16) 

We apply the method to be explained in the general case of any two first 
order equations: 

(17) 

We take x as abscissa, and y and z as ordinates in the same coordinate 
system, so that there will be two integral curves corresponding to every solu
tion of system (17). 
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We mark off the unit length OP along the negative direction of the abscissa 
(Fig. 17). The values of /(a?, y, z) and g(x, y, z) are marked off on the axis 0Yt 
using the scale in which OP is unity; a different scale to that used for the 
functions may be used for x, y and z. 

Let the solution of system (17) be required which satisfies the initial condi
tions: 

y\x-x0 = Vo\ 
Z

IX-Xo
 == Z

Q' 

We draw a series of straight lines, parallel to the y axis: 

x = x0; 

x = xx; 

x = #2»* • • 
We mark off points M0 and N0 with coordinates (x0, y0) and (a?0, z0). We 

take OA0 and OB0 along the y axis, equal to g(x0, y0> z0) and/(#0 , y0, z0) respec
tively. The lines PA0 and PB0 will have slopes g(x0, y0, z0) and f(x0, y0, z0), 
and will therefore give the directions of the tangents to the required integral 
curves at the initial points M 0 and N0. 

We now draw from these latter points M0M1 and NQNX, parallel to PA0 
and PB0, to their intersections with the line x = xx. Let (xXi yx) and (xlf zx) 
be the coordinates of the points of intersection Mx and Nv We now mark off 
0AX and 0BX on the ordinate axis, equal in length to g(xv ylt zx) axidf(xlf yv zx). 

From points Mx and Nx we draw MXM2 and NxNt> parallel to PAX and PBly 
to their intersections with x = xz and so on. We thus obtain two step lines 
M0MXM2 . . . and N^NXN2 . . . , representing approximations to the required 
integral curves. 

The construction is simplified in the case of system (16), since g(x> y, z) 
coincides with the ordinate z of the second line N,yNxN2 . . . The second line 
here gives an approximate graphical representation of the first derivative y'. 

The construction is greatly simplified if the differential equation has the 
form: 

V"=/i(*) + /t(0)+/.(V). 
which is often encountered in the investigation of the vibrations of material 
systems with one degree of freedom. 

The equation written is equivalent to the system: 

<*y _ s . 
d* ~" ' 

-3^ = /i (*) + /. (*) + /.(*)• 

If the graphs of the functions fXyf2 and/ 3 are drawn with the same ordinate 
scale, we can determine f(x, y, z) by simple addition of the ordinates of these 
three curves for selected corresponding values of the abscissae x7 y, and z. 

The method described can also be used for systems of n equations of the first 
order with n unknown functions. We remark that it is sometimes more con-
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venient to mark off the unit vector which we denoted by OP, as also the values 
of the functions g(z, y, z) and f(x, y, z), from some other point 0X of axis OY, 
instead of from the origin 0. This is done so as to avoid the lines PA0, PBQy . . . > 
giving the directions of the step line, intersecting with the step line itself. 

Figure 18 illustrates the construction of the solution of equation (9), satisfying 
the initial conditions (10). 

M MofyMaMgM^ 

FIG. 18 

15* The equation y^n) =/(#) The equation: 

y<n)=f(x) (18) 
is a direct generalization of the equation y' = f(x). We start by 
deriving the formula for the general solution of equation (18). Let 
yx(x) be any solution of (18), i.e.: 

yP(x) = f(x). (19) 
We introduce a new required function z in place of y, given by: 

V = Vi (x) + z. (20) 
Substitution in (18) gives us the equation for z: 

2/ln) + *<n) = / (z), 
or, using identity (19): 



48 ORDINARY DIFFERENTIAL EQUATIONS [15 

Since the n th derivative of z must vanish, function z itself is a 
polynomial of degree (n —- 1) with arbitrary constant coefficients: 

z = C1 + C2x + ... + Cnxn-\ 
and (20) gives the general integral of equation (18): 

y = yi(*) + c1 + c2x + ... + Cn**-1, 
i.e. the general solution of equation (18) is the sum of any particular 
solution of the equation and a polynomial of degree (n — 1) with arbitrary 
coefficients. 

I t remains for us to find a particular solution of equation (18). 
We shall seek the solution satisfying the zero initial conditions: 

</'Uco = ° ; \ (2i) 

On integrating both sides of equation (18) from x0 to the variable 
limit x, we obtain: 

y(n-l)_y(n-l)=:Jlf(x)dXf 
x0 

where 2/on_1) is the value of y^1^ for x = x0. 
We have y^"1^ = ^ by the last of conditions (21), so that : 

yC«-D=: ff(x)dx. 
x9 

We obtain #on~2) by again integrating the right-hand side of this 
equation with respect to x between the limits x0 and x, and by proceed
ing in this way, we finally obtain the required function after the nth 
integration. We usually write this iterated integration as: 

y=$dx§dx... $dz$-f{z)dx. (22) 
x0 x0 x0 x0 

The n times repeated quadrature can be replaced by a single quadra
ture, as we shall now show. 

We expand y(x) by Taylor's formula, with the integral form of 
remainder term [I, 126]: 

V (x) = y0 + (x - x0) ^ + (* - x0)2jf- + • • • + 
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where y0, y'Q, y$, . . . , y o " " ^ a r e the values of y and its derivatives 
for x = xQ, whilst t simply denotes the variable of integration. By-
initial conditions (21): 

yo = y0 = yo tft-1) = o, 
whilst y(n\t) — f(t) by differential equation (18); hence Taylor's 
formula above gives: 

y{x) = 1~wl(x-tr^f{t)At. (23) 

Formula (23) gives the solution of equation (18) for the zero initial 
conditions (21), or, what comes to the same thing, gives an expression 
for the repeated integral (22) in the form of a single integral. 

We get the general solution of equation (18) by adding a polynomial 
of degree (n — I) with arbitrary coefficients to solution (23). We notice 
that x appears as the upper limit of integration, as well as under 
the integral sign, on the right-hand side of (23). Integration is carried 
out with respect to t, x being meantime considered constant. Formula 
(23) is obviously also valid for n = 1, provided we take 0 ! = 1. 

16. Bending of a beam. We consider an elastic, prismatic beam, bending 
under the influence of external forces that may be both concentrated anp 
continuously distributed (weight, loading). 

We take OX along the neutral axis of the beam in its undeformed state, and 
OY vertically downwards (Fig. 19). We use the convention that forces acting 
on the beam are positive if directed down
wards. We isolate section N of the beam 
with abscissa x. 

Let y denote the displacement of the 
point on the neutral axis, and R the radius 
of curvature of the deformed axis. I t is 
shown in the theory of strength of ma
terials that, with certain assumption regard
ing the character of the deformation and 
the position of the beam relative to axes OX, 
OY, the equation of equilibrium is to be 
obtained as follows: we neglect the part of 
the beam either to the left or to the right of 
N, and calculate the bending moment M(x), 
equal to the sum of the moments about the neutral line of section N of all 
the external forces acting on the neglected part, these moments being reckoned 
positive if, in the case of neglecting the left-hand part, they have a counter
clockwise rotation, or in the case of neglecting the right-hand part, they have 

FIG. 19 
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a clockwise rotation. The differential equation of the bent axis of the beam 
now reads: 

El 
- g - ^ A f f c ) , (24) 

where E is the modulus of elasticity, and I the moment of inertia of the cross-
section considered about the neutral line contained in it. 

Taking the deformations as in general small, and the axis of the beam on 
deformation as differing only slightly from axis OX, we can neglect the square 
of the small quantity y' in the expression for R [I, 71]: 

(1 + y*)'/. 1 
B = v ~-jr. 

which gives, on substituting from equation (24): 

Mix) 
V"=-±L- (25) 

We now suppose that the only concentrated forces are at the ends of the 
beam, being equal respectively to P0 and Pt (in the case of Fig. 19, P0 is nega
tive) ; in addition to these, there are bending couples at the ends, the moments 
of which will be denoted by M0 and M^ The distributed loading per unit length 
of the beam is denoted by f(x). 

We find the sum of the moments of the external forces acting on the part 
NL of the beam (Fig. 19). The loading from any element df with abscissa f 
is /(£) d$, and its moment about N is 

( ! - * ) / ( £ ) df, 

so that the total moment from the full loading of this part is: 

x 

On adding the moment of the force P/ , equal to (I — x) Pt, and the couple 
of moment Mly we get: 

M{x) = J (f - x) f (S) d* + (J - x) Pi + Mt. (26) 
o 

If we calculated with the above sign convention the sum of the moments 
of all the external forces acting on the part ON of the beam, we should get: 

M(x) = J (x - S) f (S) d | + xP0 + M0. (27) 
X 

I t is easily verified directly that both these expressions are equal. In fact, 
the equation 

/ x 
S(Z-x)f (£) « + V - *) Pi + Mi = J (x - f) / (|) & + xPQ + MQ x o 
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reduces to the following: 

I / ( | ) d | + P0 + P, j | / ( f ) d | + Z P , - M 0 + A/( = 0, 

which is in turn an immediate consequence of the equations: 

J/(*)df + P0 + P, = 0, (28) 

j Zf&^ + lPi + Mt-M^O. (29) 

The first of these expresses the vanishing of the sum of all the external forces, 
whilst the second equates to zero the sum of the moments about the point 
O of all the external forces acting on the beam, i.e. they simply express the 
conditions of equilibrium. 

On recalling the expression in [15] for an iterated integral in the form of a 
simple integral, we can write, by (27): 

M(x) = f dx i / (x) dx + xP0 + M0, (30) j \ 
d o 

whence 

dM(x) 
dx S{x)= f/(*)df-f-P0. 

o 

dm (x) 
dx2 

(31) 

(32) 

\ p 

1 

r i 

X 
1 

!■ 
i 

A 
'L 

\P 

X 
9* 

F I G . 20 

The quantity S(x), equal to the sum of all the external forces acting to the 
left of section N, is called the shear at section N. Equation (31) shows that the 
shear is equal to the derivative of the bending moment. 

Equation (32) has the same form as (25), if we replace in the latter the unknown 
function y by M(x) and the right-hand side M(x)/El by f(x). This substitution 
is of great importance in graphical statics. 

Examples. 1. A beam is constrained at the end O and subjected to a con
centrated vertical force P a t the end L (Fig. 20); the weight of the beam can 
be neglected. We have in this case: 

/ (x) = 0 ; Pt = P; Ml = 0; M (x) = (l — x)Pl, 

and the equation of equilibrium (25) becomes: 

* " = j ^ < * - * ) • 
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The sag must be zero at the constrained end x = 0, and the tangent to 
the bending axis must coincide with OX, i.e. we have the initial conditions: 

y |x.o = ° a n d y' lx-o = o, 
so that we find [15]: 

y-1 <*-«-£-»-{> <u = w ( t e ' " T ( " - * ) • 

The sag a t the end L of the beam is given by: 

PI* 
h = y x-/- ZEI 

The supporting reaction will operate only at end O. Noting that continuous 
loading is absent here and that Mi = O, we have from equations (28) and 

(29): E0 — P0 = —P (reaction force); M0 = IP{ (reac
tion couple). 

2. We find the curve of bending of a girder, rest
ing on two supports A and B (Fig. 21) and subjected 
to a head of water whose level is opposite the upper 
support (dam). The forces acting on the girder here 
amount to (1) the continuously distributed head of water, 
and (2) the reactions at the supports. 

Let b be the width of the girder and Q be the weight 
per unit volume of water. If we take a strip of the girder 
of breadth da; a t a depth x below the level of the water, 
the head of water at the strip is the weight of a column 

of water with its base equal to the base-area of the strip and its height equal 
to the depth of submersion of the strip, i.e. 

MA 

&B 

FIG. 21 

Q * b • da? • x = kx dx (k = Qb). 

Thus we have in this case: f(x) = —kx. 
The problem therefore amounts to investigating the bending of a supported 

beam under the action of continuously distributed loading f(x) = — kx. 
We start by calculating P0 and Ph the reactions of the supports. The total 

loading is 

Jfc|d| = fc/2 
2 

The reactions at the supports O and L due to the elementary loading fc£d| 
are, in accordance with the usual law of levers: 

kHl- ■f) At A k& At —- d | and —=— d£. 
l 
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Hence obviously: 

Po _/.H<!pJL„_.£_±,, , , - , - , . _ £ , 
0 

We have further, by (26): 
/ 

o 
(x) = - f (f - x) Mdf + (Z - x) Pt = 

= - k J ( | - x) | d | + y P{1 - a?) - - | - (x3 - Z2*)-
X 

Differential equation (25) of bending now becomes: 

with the obvious conditions: 

*/!x-o = °; i/Ix-r = °-

The general solution is: 

-h ( x* Z2*3 , n . n \ 

Constants Gx and C2 are found from conditions (34): 

7 
60 C2 = 0; C1 = - ^ - ^ , 

whence finally: 

V = 3 " ^ (3*5 - 10/2 ^3 + 7/%). 

To find the position and value of maximum deflection we put x = It, and 
re-write the above expression for y as: 

y = 36osr ( 3 < 5-1 0 t 3 + 7t) ( °<«< 1 ) -
The derivative of the polynomial in brackets: 

15*4 _ 30t* + 7 

has only one zero in the interval (0, 1): 

*0 = y i - 2 ^ - j g - ~ 0 . 5 1 9 . . . , 

which corresponds to a maximum for \y\. 

53 

(33) 

(34) 
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Maximum deflection thus occurs towards the end L and not at the centre, 
its value being: 

^ — l/lx-if. — 360 jB7 / (<«o - 10i0 + 7*o) ~ 3 6 0 j 5 7 / - 2 . 3 4 8 - I 8 Q J M - • 

17. Lowering the order of a differential equation. We notice a 
number of particular cases in which the order of an equation can be 
lowered. 

1. Let the function y and a certain number of consecutive derivatives 
of y:y',y", . . . , y**""1*, be excluded from the equation, which has 
the form: 

&(xyyW,y(k+1\.. .,yW) = 0. 

We introduce the new variable z — y^k\ thus lowering the order 
of the equation by k: 

0(x,z,zr9...,4n-k>) = O. 

On finding the general solution of the last equation: 

z = (p(x,CvC2,...,Cn_k), 

we can find y from the equation: 

yM = <p(x,CvC2,...,Cn-k)f 

which we discussed in [15]. 
2. If the equation does not contain the independent variable x, 

i.e. has the form: 

#(^yV. . ,v ( n ) )==o, 
we take y as independent variable and introduce the new function 
V = </'• 

If we take p as a function of y, and dependent on x via y, and use 
the rule for differentiation of a function of a function, we get the 
following expressions for the derivatives of y with respect to x: 

y dx dy P 
dp dp 
d# dy 

y - d^ l dx V) ~ dy { dy Pj P - 6y* P + { dy j *' 

and it is clear from these that the order of the equation is (n — 1) 
in the new variables. 
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If the transformed equation is integrated: 

P = 9?(^C'1,C2,...,Cn_1), 

the general solution of the given equation can be obtained by a quad
rature: 

dy = p dx = <p(y, Cv C2,..., C ^ ) dx, 

whence: 
f dV _ r , p 
J ^ , ^ ( 7 , C M ) ^"t-^n-

One of the arbitrary constants, C„, appears as an addition to x, 
which is equivalent to the fact that any integral curve can be displaced 
parallel to OX. 

3. If the left-hand side of the equation: 

*(»,y,y / , . . . ,» ( n )) = o 
is a homogeneous function [I, 154] of arguments y> y\ . . . , y^n\ the 
introduction of a new function u(x) in place of y, given by the formula 

cudx 
y = e> , 

results in an equation of order (n — 1) for u. This follows from the 
obvious formulae: 

/ cudx „ cudx / / , 9x 

y' = e* u; y" = & (u + u2);. . . 
and from the fact that, after substituting in the left-hand side of the 
equation, a certain power of the exponential function written above 
can be taken outside (by the condition of homogeneity) and can then 
be cancelled out. The arbitrary constant of the integration in the 
power of e is an arbitrary factor of y, 

Examples. 1. An equation of the form: 

V"=f(v) (35) 
belongs to case 2. I t can also be integrated directly. We multiply both side 
by 2y' dx = 2dy: 

2y'y"dx = 2f(y)dy. 

The left-hand side is obviously the differential of y'2> and integration gives 
us: 

y 

V'2 = J V (y) dy + Cx = A (y) + Cv whence - g - = Yf, (y) + Ox; (36) 
y0 
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We separate the variables and integrate: 

y 
x + C2= f ,_ dy (37) 

If the initial conditions are: 

y |x-x. = Voi V' lx-x. = t/6 > 

we obtain, on substituting x = x0, y = y0, y' = y' in (36) and (37): 

and the required solution becomes: 

dy - j 
*2/(y)dv + ir; 

Let a particle move along the x axis under the action of a force F(x) which 
depends only on the position of the point. The differential equation of motion 
is [13]: 

Let xQf vQ be the initial abscissa and initial velocity of the particle at t = 0: 

da? 
If-o ~ *°» dt = v0 

If we multiply both sides of the equation by (dxjdt) dt and integrate, we 
get: 

x x 

Tm(l&f-limv» = $F{x)6x or Ym[wf-iF{x)dx==Tm^ m 

The first term on the left-hand side, m(d#/d£)2/2, consists of the kinetic 

energy, and the second term j — J F (x) dx\ of the potential energy of the 

moving particle; and it follows from (38) that the sum of the kinetic and potential 
energies remains constant throughout the motion. We obtain the relationship 
between x and t by solving (38) with respect to d£ and integrating. 

2. If the bending of a beam is too large to allow for the second derivative 
y" being taken instead of the curvature [16], we have to take the accurate 
equation (24) instead of the approximate equation (25). Our problem now 
amounts to the following: to find the curve whose curvature is a given function 
of the abscissa, 

- i - = ?>(*). (39) 
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This is a second order differential equation: 

(l + y'2)*i* = <p(z). 

On writing p — y', we get a first order differential equation with variables 
separable: 

( i + ^ / a ^ y ( x ) d a ; ' 
and integration gives us: 

x 
, V = \<p(x)dx + C1, 

whence 
x 
J 9?(x) da; -f Ĉ  

* = - £ - = i / = g — « — — ^ = * * > ■ (40) 
L/1-[ l ^ ^ d ^ + c j 2 

r x0 
and finally: 

x 
y=$y>(x)dx + C2. 

X0 
For the case when the beam is supported rigidly at the end x = 0 and is 

subjected to concentrated loading at the other end x = I, we have [16]: 

M(x) = (l-x)P; <p(x) = -(Z ~fP = 2k(l -x)(k = - j ^ - ) . 

The equation becomes 

(l+y'*)*l* 
with the initial conditions: 

= 2k(l - a?), 

?/|x-0=-0; iyVo = o. 
On setting x0 = 0 in (40), we must also set Cx = 0 by the second initial 

condition, so that we now have: 

x 
f 2k(l - x) dx 

dy o ^ J2 __ (i _ ^z _ 

** lA [ j>.» - - - Vi-*■[*■-<!-*>■? . 2k(l - x) dx]2 

x(2l — x) 
(41) / l -k*x*(2l-x)2 

We find y by integrating again and using the condition y | x = 0 = 0: 

f a- 2/ - a ) 
?/ = —■ dx. 

J / l - f c 2 x 2 ( 2 / - a 0 2 
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The integral written is not expressible in terms of elementary functions. 
The curve corresponding to equation (41) is called an elastic curve. 

3. We take the equation: 

& yy" = (y — %y')2> 

both sides of which are homogeneous functions of yt y\ y". On substituting 

we get: 
a;J(u'-fw2) = (1 — xu)2, 

which gives us the linear equation for u: 

u' + — u - \ = 0 . 
X X

2 

Integration of this latter gives: 

u = ar2 (Cx + x)=Cl x~2 + ar1 . 

On substituting for u in the expression for y, we get: 
y = e-Clx-i+ logx + C 

or 

y = CtxeCLx-if 

where we have written <72 = e c and replaced (—C7X) by Cv 

18. Systems of ordinary differential equations. A system oi n first 
order equations with n unknown functions has the form, on solving 
with respect to the derivatives: 

Ax 

dy2 
da; 

dt/n 
da; 

= / i ( * . 

= / l ( * 

= /„(* 

VvV*--

- Vv y* ■ 

v»y»-

■ - y„). I 

■ . y n ) . \ 

■ ,yn)- j 

An existence and uniqueness theorem is valid as in the case of a single 
equation: if 

//(z, 2/i,2/2> •••,</*) {*>= l , 2 , . . . , n ) 

are single-valued functions of their arguments, continuous for all x 
near x0 and all y{ near y\°\ and with continuous first order partial 
derivatives with respect to yif there exists one and only one solution of 
system (42), 
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satisfying the initial conditions: 

vi Ix-x, = vi0)i y* Ix.x. = <40); • • •; yn Ix-x, = ̂ 0) • (&) 
We can vary the yf^ in the initial conditions, so tha t the general 
solution of system (42) contains n arbitrary constants. Instead of 
appearing in the solution as initial values y\°\ the arbitrary constants 
can also appear in the general form: 

Vt = Vi (*> Cv C2,..., Cn) (i= 1, 2 , . . . , n) . (44) 

We obtain particular solutions of system (42) on assigning definite 
numerical values to the arbitrary constants Cv C2, . . . , Cn. To isolate 
the solution satisfying conditions (43) from this family, we have to 
determine the arbitrary constants from the equations 

!#> = Vt {x0, Cv C2,..., On) (« = 1, 2 , . . . , n) (44x) 

and substitute the values obtained in (44). 
On solving equations (44) with respect to the arbitrary constants, 

we obtain formulae which give the general solution of the system in 
the form: 

VtfayvV2>--->yJ = Ct ( * = l , 2 , . . . , n ) , (45) 

with the essential proviso that these equations are soluble with 
respect to yv y2, . . . , yn- Any equation of set (45) is called an integral 
of system (42), and n such integrals have to be found to make up 
the general solution of the system; thus it follows that equations (45) 
must be soluble with respect to yv y2t . . . , t/n-

We can re-write system (42) as a series of proportions: 

d s = dyi = dy* = • • • 
A (*> Vv Vv--> Vn) A (*» Vv Vv • • •» Vn) 

(46) 
fn(x,yvyv->yn) 

On multiplying all the denominators by the same factor, we get 
a function of variables x, yv y2, . . . , yn instead of unity in the denomi
nator of the first fraction. If we denote the variables as cCj, x2, . . . f 

xm xn+1 for the sake of symmetry, the system of differential equations 
(42) can be written in the form 

dxl dx2 drrn d#n+i . . 
Xx X2 Xn Xn+1 

where Xv X2, • . . , Xm Xn+1 are given functions of variables xv 

x2, . . . , xn, xn+1. The symmetry of the new form (47) of system (42) 
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is convenient for later discussions. In particular, which of the (n + 1) 
variables xv x2i . . . , xn+1 is to be taken as independent variable is no 
longer fixed with (47). The integrals (45) of the system become in 
the new notation: 

<Pt(xv x2, xn+1) = Ci(i=l, 2, . . ., n). (48) 

When the number of the arbitrary constants that appear in the 
solution (44) is determined, there must be no question of lowering 
this number. For instance, the three arbitrary constants in the 
formulae 

y1 = (Cf
1 + 01)a? + Os; y2 = C3a?; y^ = x* + Czx + Ox + C2 

can be reduced to two by putting C1~{- C2 = C. The criterion for the 
impossibility of such reduction and for equations (44) giving the 
general solution of the system, consists in our being able to satisfy 
any initial conditions by suitable choice of arbitrary constants, 
i.e. in tha t system (44x) is soluble with respect to Cv 02, . . . , Cn 

for any choice of the initial values y^ of the required functions. We 
assume here tha t the right-hand sides of equations (42) satisfy the 
conditions mentioned above. 

We now turn to a more detailed consideration of the integrals of 
the system. Suppose that we have h integrals of system (47): 

<Pi[xv x2y . . . , xn+1) = Ci(i=l, 2, . . . , k). (49) 

The function^ <pi(xv x2, . . . , xn+l) themselves, and not the equations 
(49), are sometimes referred to as integrals of the system, i.e. a 
function cp(xv x2, . . . , xn+1) is called an integral of the system if it becomes 
a constant on substituting in it any solution of the system. Of course 
it is assumed here that cp(xvxv .-..9xn+1) is not itself a constant. 
Since we can have what initial conditions we please for the solution, 
the values of this constant can be taken arbitrarily. If we make up 
an arbitrary function F(cpv <p2, . . . , <pk) of the left-hand sides of 
equations (49), substitution of any solution of the system will make 
all the <pif and therefore the new function, constant, i.e. in addition 
to integrals (49) we have the integral 

F{cpv <p2, . . . , <pk) = C, (50) 

where F is an arbitrary function of its arguments. In other words: 
an arbitrary function of any integrals of the system is also an integral 
of the system. Equation (50) is not a new integral, being a consequence 
of integrals (49). 
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Suppose we have n integrals (48) of system (47}. They are said to 
be independent, if equations (48) can be solved with respect to any n 
of the variables xv x2, . . . , %n+v Such a solution gives us n functions 
of a single independent variable, i.e. formulae similar to (44), the 
formulae being solved with respect to the arbitrary constants in the 
form (48), i.e. n independent integrals (48) of the system are equivalent 
to the general solution of the system. I t can be shown tha t the con
dition for the integrals (48) to be independent is equivalent to there 
being no one integral which is a consequence of the rest in the sense 
indicated above, or that there exists between the left-hand sides of 
equations (48) no relationship of the form 

®{<PV <P2> • • • > <Pn) = 0> 

which is an identity with respect to xv x2, . . ., xn+v 

We have given no test in the above by which we might judge whether integrals 
(48) are independent. Take the case n == 2: 

<pt (xv xv x3) = C,; <p2 (xv x2, x3) = C2. (51) 

If we recall the implicit function theorem of [I, 159], we can say tha t a 
sufficient condition for equations (51) to be soluble with respect to x2 and 
x3 is that the expression 

X2' **{(Pv Vt) dx2 dx3 dx3 dx2 

should differ from zero. Similar statements apply as regards x3, x± and x±, x2. 
Assuming that <px and <p2 and their first order derivatives are continuous, it 
can be shown that the necessary and sufficient condition for the independence 
of integrals (51) is that at least one of the expressions 

'^
J
X2» X3 " X l » X2 

should not be identically zero. We discuss in Volume III the question of the 
independence of a system of functions with any number of variables. 

19. Examples. 1. We take the system: 

d# _ dy __ dz (52) 
xz yz — (x2 -f- y2) 

On cancelling out \\z in the equation 
dx _ dy 
xz ~ yz 

we obtain an equation with separable variables, integration of which gives: 

log x = log y — C , i.e. log — = G , 
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which is equivalent to 

X
 1 

We take as the second equation of the system 

da? _ dz 
xz ~~ — (x2 -f- y2) 

and use the solution obtained to substitute in it y = Gx x. We have on cancel
ling out l/x: 

which is the second solution of the system. 
The two solutions of the system are therefore: 

X = C l; z*+y* + z*=Ct. (53) 

2. The system of differential equations of motion of a material particle of 
mass m under the action of a given force has the form: 

d2x __ d2y __ d22 _ / r , . 

where X> Y, Z, the projections of the force on the coordinate axes, are dependent 
on time, the position of the particle, and its velocity, i.e. on the variables 
t, x, y, z, x't y\ z\ 

On taking the derivatives x\ y', z' of #, y, z with respect to t as the unknowns, 
system (54) leads to the system of six first order equations: 

da; , dy , dz , dx' „ dy' v dz' 
dt dt * ' dt dt dt dt 

The general solution of this system contains six arbitrary constants, the 
deterniination of which requires the position of the particle and its velocity 
to be specified at the initial instant. 

The following three equations follow from equations (54): 

( d2z d2y\ 
m[y-d^-z^-)=yz-zY 

( d2x d2z\ _ _ 
m[Z-di2--X-d^)-zX-xZ 

m{x^-y^)=xY~yX> 

Integration gives: 
(1+C?) *■ + *« = (7, 

or, on substituting Cx = y/x: 
x*+y* + z* = C2. 

i.e. (l+Cl)xdx + zdz = 0. 
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(55) 

which can obviously be written in the form: 

£-(•-£—-£-)-»*-" 
d f da; dz \ v „ 

Let the force be centralized, i.e. always pass through some fixed point, 
called the centre, which we take as origin. Since the projections of a vector 
are proportional to its direction cosines, and the vector in the present case 
passes through the origin and the point (x, y, z), we have 

X 
x 

Y 
y 

z 
z 

the right-hand sides of equations (55) now vanish, and we have the three integrals 
of system (54): 

[y dz 
dt 

dy 
dt 

dx 
"ST 

dz 
dt C2; 

(56) 

They express the fact, familiar in mechanics, tha t the areal velocity of the 
projections of the moving particle on the coordinate planes is constant. 

I t follows from equations (56) that 

whence it is evident that the trajectory is a plane curve. The plane of the 
trajectory is obviously determined by the centre of the force and by the velocity 
vector at the initial instant. 

Now let X, Y, Z be partial derivatives of some function U, depending on 
x, y, z. We call U the potential of the force, whilst (— U) is the potential energy 
of the particle: 

X = dU 
dx 

dU 
z = dU 

dz 

If we multiply the equations 

d*x 
dx 

d*y 
dt* dx ' dt2 

by dx/dt, dy/dt, dz/dt and add, we get: 

d*y 

W_ 
dy 

d*z 
dt* 

dU 
dz 

or 

(dx 
{ dt 

d 
dt 

d* x dy 
~d72~ + "dT d*2 + 

dz 
d; 

d2z 
dt2 

\ __ dU 
) ~ dt ' 

m 
~2~ m'Athm\ dU 

dt 
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whence we obtain the integral 

T-U = C, (57) 

where 

*-T[(-£),+(*}'+(£},]--i-~ 
is the kinetic energy of the particle. 

Equation (57) expresses the fact that the sum of the kinetic energy T and 
the potential energy ( — 17) is constant throughout the time of the motion. 

3. We consider a system of n particles, inter-related in such a way that the 
coordinates of any given particle are defined as functions of the independent 
parameters Qlyq2, . . . , #&, and of time t: 

*i = <Pi (Qv to" - •' 9k> 0; Vi = Wi (Qv Vv • • • »&» <) J «/ = ™i (qv Qv • • • > Â» 0 
(t = l ,2 , . . . , a ; ) . (58) 

Let the system be acted on by forces of potential U, depending only on the 
position of the particles; then the projections X(, Y(, Zif of the forces acting 
on the ith particle on the coordinate axes, are the partial derivatives of U 
with respect to xt, yt, zt. Let the masses of the particles be mv m2, . . . mn. 
By using equations (58), we can write the kinetic energy: 

and the function U, in terms of parameters qv g2, . . . , q^ the motion of the 
system being then defined, as is well known from mechanics, by the following 
Lagrangian equations: 

d W ^ W ( — 1 , 2 , . . . . * ) (59) dt V dq's) 9gs dqs 

The function T is clearly a second degree polynomial in the derivatives 
<?i> <Z2> • •"' 4k °^ *^e P a r a m e t e r s with respect to time, and (59) consists of k 
second order equations, which is equivalent to 2k first order equations; inte
gration of equations (59) gives us expressions for the qk as functions of t and 
of 2k arbitrary constants. 

Let us suppose that equations (58) do not contain t. Then t will also be absent 
from T and U. We multiply equations (59) by qv q'2, — , q'k respectively and 
add: 

V . d ( dT \ * , dT dU / R m 

We notice the obvious equality: 

* , d ( dT \ * , dT d * , 

* ,, dT * dT 

dT 
dq's 

s = l fys fLi dqs 
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In the present case, T is a homogeneous polynomial in q's and 

k Qrp 

s f i oqs 

by Euler's theorem regarding homogeneous functions [I, 154]. Hence 

* d ( dT \ * dT _ 

and (60) gives us: 

9 ^ ft dT dT dT 
^ _ j u.fr V vc/.« / * _ i viy<r dt dt dt 

dT dU 
dt dt ' 

whence the integral of (59) is obtained (total energy integral): 

T - U = G. 

4. Knowledge of the integral of the differential equations of motion of a 
system sometimes enables us to solve the problem of the stability of small 
oscillations of the system about the position of equilibrium. We state the 
problem mathematically whilst simplifying the discussion by confining ourselves 
to the case of three unknowns a?, y, z, which satisfy the system of differential 
equations :f 

dx dy dz __ 
-dT~x> -dT~Y> -df-z> (61) 

where X, F , Z are known functions of x, y, z, and t, vanishing for 

x = y = z = 0. (62) 

With this, system (61) has the obvious solution (62), which corresponds to 
the position of equilibrium. The position of equilibrium [or simply solution 
(62)] is said to be stable if, for any given positive e, there exists an rj such that , 
for any solution of system (61) satisfying the initial conditions: 

<4-o = *o ; f / l / -o = Vo5 s|l-o = «o» 

we have 
|a>|, |f/j ,and|z|<e, (63) 

provided only that 

|a?0|, |*/0|and|z0|<*;. (64) 

Let system (61) have an integral 

<p(x, y , z) = C, (65) 

not containing t, and such that the function (p(x, y, z) has a maximum or a 
minimum for x = y = z = 0. We show that, with this, the position of equi-

f There are six unknowns in the case of the motion of a single material 
particle. 
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librium is stable. By changing the sign of <p if necessary, we can assume that it 
has a minimum; and by adding a constant to 99, we can assume that the minimum 
is zero. 

Function cp now vanishes at the point x = y = z = 0 and is positive at all 
points (x, y, z) near to, but not at, (0, 0, 0). We take a cube 6e with centre 
at the origin and with a side of length 2e. The continuous function <p is positive 
at the surface of the cube and therefore attains a least positive value m, so 
that over all the surface 

cp > m > 0. (66) 

We now take a concentric cube 6^, about the origin, with length of side 
2rjy such that the inequality is valid within the cube 

<p<m, (67) 

which is possible since <p(0, 0, 0) = 0. Let the point (x, y, z) be situated inside 
cube £ at the initial instant, i.e. condition (64) is fulfilled. Inequality (67) 
will be valid not only at the initial instant, but throughout the time of the 
motion. By (65), in fact, <p preserves the constant value C during the motion. 
But given this fact, point (x, y} z) cannot cross the boundary of cube de during 
the motion, since inequality (66) must apply at the boundary, which contra
dicts (67); condition (63) must thus be satisfied for all t > 0, which is what 
we required to prove. 

The unknowns x, y, z can be any geometrical or mechanical values, and 
we only considered them as the coordinates of a point for the sake of clarity 
of proof. Suppose, for instance, that T and U in equations (59) do not contain 
time t, so that the total energy integral is valid. Let the equations apply for 
gs = 0 (s= 1,2, . . . , & ) : 

dU"= dU = ^ dU 

Equations (59) now have the evident solution: 

qs = q's = 0, (68) 

to which the position of equilibrium of the system corresponds. If it also happens 
that the potential energy (—f7) is a minimum for the qs = 0, we can assert 
tha t (T — U) is also a minimum for values (68), since T> which cannot be 
negative, now vanishes, i.e. is also a minimum. Hence we see that the position 
of equilibrium corresponding to minimum potential energy is stable with respect 
to the qs and q's (Lagrange—Dirichlet theorem). 

20. Systems of equations and equations of higher orders. We con
sider the relationship between a system of first order differential 
equations and a single higher order equation. If we have, for example, 
one differential equation of the third order: 

y"' = f(x,y,yf,y'), 
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we can replace it on writing y = yv y' = yz, y" = yv by a system 
of three equations of the first order: 

^ = * ; % = * ; ^ = / ( * , * , * , * ) . 

We have already carried out a similar substitution in [14]. Likewise, 
if we are given a system of two second order equations, for instance: 

y " = / i 0&, y> y'> *>«'); *" = h (x> y> y'> *> *')> 
where y and z are required as functions of x, we can replace this by a 
system of four first order equations; here we introduce the four 
required functions: y = yx; y' = y2; z = y2; z' = y4. 

The first system above can be written in the form: 

"l£~ = y* ~"l£~ = A (*' ̂ ' ^' ^' ^ ) ; 

Conversely, we show that integration of a system can in general 
lead to integration of a single higher order equation. We shall only 
consider the case of a system of three first order equations solved 
with respect to the derivatives: 

yi = A ( 3 . yv y* 2/3); y'2 = f*{v> yv y» Vz); 
(69) 

y'* = Ufa Vv y* %)• 
Let the first equation contain y2, and let us solve for this: 

y2 = col(x, yv y[, yz). (70) 

On substituting in the remaining two equations of the system 
we shall obtain equations of the form: 

-Q^ + -o^yi + -Q^y3 + -Q^yl = n(^yv y» 2/3); 

yi = vs(*. t/v yi> y-i)-
On substituting for y'z from the second equation in the first, then 
solving the first equation for y\, we get a system of two equations 
with two required functions yx and yz, of the form: 

yl = <p(x, y v y[, y 3 ) ; y'z = ^{x, y v y{, y z ) . (71) 

Let the first equation contain y3; we solve for this and get 

y 3 = co3 (x, y v y ' v y{); (72) 
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on substituting in the second of equations (71), we obtain a third 
order equation in yv which may be written as: 

y'i'F(x,yvy[,yl). (73) 

Suppose that we have managed to integrate this equation: 

yx = 0(x, Cv C2, <73). 

We obtain yv on substituting in equation (72); if we then sub
stitute in (70), we obtain y2, without further integration. If the first 
of equations (71) does not contain yv we already have a second order 
equation for yv and its general solution will contain two arbitrary 
constants. On substituting this general solution in the second of 
equations (71), we get a first order equation for y3, and integration 
of this introduces a third arbitrary constant. Finally, y2 is determined 
from (70) without further integration. 

21. Linear partial differential equations. We have so far considered 
differential equations containing derivatives of functions of a single 
independent variable. As already mentioned, such equations are 
called ordinary differential equations. We now consider a class of 
partial differential equations which is directly related to the theory 
of systems of ordinary differential equations. 

We return to the system of differential equations (47): 

d*i _ i^2_ _ _ dx"+1
 n/L, 

An equation 
(p (xv x2, . . . , xn+1) = G 

or a function cp(xv x2, . . . , xn+1), not identically constant, is called an 
integral of system (74) if, on substituting in it any solution of the 
system obtained in accordance with the existence and uniqueness 
theorem, we obtain a constant. 

Thus, let xx be the independent variable, and x2, xz, . . . , # n + 1 be 
functions of x± representing a solution of system (74). A constant 
must be obtained on substituting these functions in the expression 
cp{xv x2, ...,xn+1), i.e. the independent variable must go out as a 
result of substitution; hence the total differential with respect to xx 

must be equal to zero [I, 69]: 

dy_ i _9̂ __d̂ 2_ i _ ^ i ^ 3 « | d(p dxn+1 __ 
dxx ' dx2 da?1 ' dx3 da^ " • " • • • ' dxn+l dxt ' 
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or 
^ d * , + -^d*,+...+_£-d*„+1 = o. (75) 

But the differentials dxs must be proportional to the Xs, since we 
have substituted a solution of system (74); hence we obtain the 
following equation for 99, on replacing the dxs in (75) by the pro
portional Xs: 

The function (p(xvx2, •••>^n+i) must satisfy this equation inde
pendently of the precise nature of the solution of system (74) that 
we have substituted in the function. If we take all the solutions of 
(74), we can give variables xv x2, . . . , xn+1 whatever values we please, 
in view of the arbitrariness of the initial conditions in the existence 
and uniqueness theorem, i.e. <p(xv x2, . . . , xn+1) must satisfy equation 
(76) as an identity in (xv x2, . . . , xn+1). Hence we obtain the following 
theorem. 

THEOREM. If cp(xv x2, . . . , xn+1) = C is an integral of system (74), 
the function cp(xv x2, . . . , xn+1) must satisfy the partial differential 
equation (76). 

The converse is easily proved. 
THEOREM. If cp(xvx2, . . . , x n + 1 ) is any solution of equation (76), 

cp(xv x2, . . . , xn+1) = C is an integral of system (74). 
We need only substitute any solution of system (74) in (p(xv x2> . . . , 

xn+1) and take the total differential: 

d<p(xv x2, . . . , a ? n + 1 ) = ^ d x 1 + ^ d f l ^ + . . . + - g ^ d a ; n + 1 . 

Since a solution has been substituted, the dxs can be replaced by 
the proportional Xs by (74), i.e. we write dxs = X Xs, where A is a 
coefficient of proportionality. Hence: 

But by hypothesis, 99 satisfies equation (76) identically i n x-y, x2f • » . , 
xn+v so that d t p ^ , x2, . . . , xn+1) = 0. The expression for the first 
order differential is independent of whether the variables are inde
pendent or not [I, 153]. In the present case, after substituting a 
solution of the system, cp will be a function of a single independent 
variable, say xx; the differential of the function 99 was equal to zero, 



70 ORDINARY DIFFERENTIAL EQUATIONS [21 

i.e. the derivative with respect to xx (after substitution) is identically 
zero, so that cp no longer depends on xv i.e. is constant. I t follows 
from this that cp is an integral of the system, which is what we required 
to prove. 

The two theorems just proved establish the equivalence of an 
integral of system (74) and a solution of the partial differential equa
tion (76). If 

9>i = 0 i ; <P2 = C2; . . . ; q>k=Ck 

are 1c integrals of the system, the arbitrary function F(cpv cp2, . . . , (pk) 
is also an integral of the system, as we have seen, and we can therefore 
assert that an arbitrary function of any solutions of equation (76) is 
also a solution of the equation. If 

(Px(xv x2, . . . , xn+1) = Cx; . . . ; <pn(xv x2, . . . , xn+1) = Cn (77) 

are n independent integrals of system (74), the arbitrary function 
F(cpv (p2, . . . , cpn) is a solution of equation (76). 

This can be verified directly by substituting cp = F(cpv cp2, . . . , cpn) 
in equation (76) and noting the fact that functions cpvcp2i ...,(pn 

satisfy the equation. We do not dwell on the proof of the fact that 
this is the general solution of equation (76). The following rule is 
obtained for integrating (76): to find the general solution of the linear 
partial differential equation (76), we must form the corresponding 
system of ordinary differential equations (74) then obtain n independent 
integrals (77) for the system; the general solution of (76) is then 

<P = F (<Pv <P2, • • •, <Pn) i 

where F is an arbitrary function of its n arguments. 
A linear partial differential equation of the form (76) has two 

characteristics: its coefficients X( do not contain the required function 
cp and its free term is zero. The general case of a linear equation has 
the form 

r i£+* . -£ - + ••■+r--£ + ̂ « = <>. (78) 
where Yv Y2, . . . , F n + 1 contain xv x2, . . . , xn and cp. We seek the 
family of solutions of equation (78) as the implicit function 

co (xv x2, . . . , xni <p) = C , (79J 
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where G is an arbitrary constant. By the rule for differentiation of 
implicit functions: 

dco 
d<p dxi 
dxi 3co ' 

"W 
on substituting in (78), we get the equation for co: 

* . £ + ' ' . £ + ••■+*.■£+*.«£-<>. (79.) 
which has the two characteristics indicated above. We note tha t the 
variables cc-ty ceo? . . •, Xfiy w can have any values in view of the arbitra
riness of C in (79x), and hence it follows, as above, that equation (792) 
must be satisfied identically with respect to xv x2, . . . , xnj cp. I ts 
solution leads to integration of the corresponding system of ordinary 
equations. Having found co, (79x) gives us cp. I t can be shown that , 
given certain general assumptions regarding the Yk, all the solutions 
of equation (78) can be found in this way. 

We notice that the general solution of a partial differential equation 
contains an arbitrary function, whilst only arbitrary constants appear 
in the general solutions of ordinary differential equations. 

We consider linear partial differential equations in more detail in 
Volume IV, and establish the corresponding existence and uniqueness 
theorem. 

22* Geometrical interpretation. We give a geometrical interpretation 
of the above theory in the case of three variables. Suppose we have a 
tangent field in three-dimensional space, i.e. a direction is defined 
for each point of the space. On taking any system of rectilinear 
axes, every direction (or tangent) is defined by three numbers, 
proportional to the direction cosines of the tangent, i.e. the cosines 
of the angles formed by the tangent with the coordinate axes. Generally 
speaking, we have different tangents at different points, and the 
complete tangent field is defined by three functions: 

u(x, y, z)> v(x, y, z), w(x, y, z), (80) 

such that the direction cosines of the tangent at a given point (x, y, z) 
are proportional to magnitudes (80). 

We consider the same problem as in the case of a first order equation, 
that of finding the curves in space whose tangents are those defined 
by the field. We know from [I, 160] that the direction cosines of a 



72 ORDINARY DIFFERENTIAL EQUATIONS [22 

tangent are proportional to dx, dy, dz, whilst if two directions coin
cide, quantities proportional to their direction cosines must themselves 
be proportional, i.e. we have the following system of differential 
equations for obtaining the required curves in space: 

dx dy dz 
(81) 

Integration of this system amounts to finding its two independent 
integrals: 

<Pi (a, y , z) = Cx\ cp2 (x, y , z) = C2, (82) 
i.e. such tha t equations (82) are soluble with respect to any two 
variables. These two equations define a certain curve in space [1,160]; 
we obtain a family of integral curves of system (81) on assigning 
various numerical values to Cx and 02. Initial conditions amount to 
specifying tha t the required curve should pass through a given point 
(#o> 2/o> zo)- The arbitrary constants Cv G2 are determined by the initial 
conditions. 

We now turn to the geometrical interpretation of the linear partial 
differential equation. We again take functions (80) as defining a 
certain tangent field, as above. I t is required to find a surface such 
that, given any point of it, the corresponding tangent plane contains 
the direction defined by the field a t the point. Let the equation of a 
family of the required surfaces be: 

<p{?> V, z) = C. 

From [I, 160], the direction cosines of normals to these surfaces are 
proportional to 899/80:, dcp/dy, dy/dz, whilst the direction of the normal 
must be perpendicular to the direction defined by magnitudes (80), in 
order tha t this latter may lie in the tangent plane. We apply the usual 
condition for two lines to be perpendicular [I, 160], and obtain a 
linear partial differentia] equation for determining cp: 

U(x, y , z ) ^ + v(x, y,z)-^-+ Mx, y,*)^r = o. (83) 
The system of ordinary differential equations corresponding to this 

last equation is (81), so that the general solution of (83) has the form: 

<p = F((pv<p2), 

whilst the general equation of the required surfaces is 

F(<Pv 9?2) = 0, (84) 



23] EXAMPLES 73 

where F is an arbitrary function of its arguments. We do not need to 
write an arbitrary constant G in view of the arbitrariness of func
tion F, whilst cpx and q>2 are the two independent integrals (82) of 
system (81). If we make a definite choice of function F, surface (84) 
will evidently be the locus of the integral curves of system (81) on 
which the values of the constants in equations (82) are connected by 
the relationship: 

F(Clt C2) = 0. (85) 

The solution of equation (83) is generally speaking made precise 
if we stipulate that the required surface should pass through a given 
curve in space (L). The stipulation represents initial conditions for 
partial differential equation (83). The required surface will evidently 
be composed of the integral curves of system (81) which start from 
points of the curve (L), i.e. the initial conditions of which are deter
mined by the coordinates of points of (L). We obtain a definite surface 
in this way, in view of the existence and uniqueness theorem for 
system (81). This excludes the case when (L) is itself an integral 
curve of system (81), when the above procedure leads us to (L) itself 
and not to a surface. 

I t can be shown that in general an infinite set of surfaces <p = 0 
passes through the curve (L), where cp satisfies equation (83). A de
tailed discussion will be found in Volume IV. 

Let the equation of (L) be given as a set of two equations: 

^i(z,y,z) = 0; v>2 (x, y, z) = 0. (86) 

If we eliminate variables x, yy z from the four equations (82) and 
(86), we obtain a relationship between Gx and C2 which, by (85), 
also determines the form tha t function F must take in order tha t equa
tion (84) may give the required surface passing through curve (86). 

23. Examples. 1. We consider the partial differential equation: 

« - £ + * - £ - < « ■ + »■>-£- = <>■ (87) 
The corresponding system of ordinary differential equations is: 

dx __ dy dz 
xz yz — (x2 + y2) 

We found its two independent integrals in [19] above: 

y 

(88) 

= C i ; & + iP + z* = Cr (89) 
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The first equation gives a family of planes passing through the z axis, whilst 
the second gives a family of spheres with centres a t the origin. The integral 
curves of system (88) will be a family of circles lying in these planes with their 
centres at the origin. The general solution of equation (87) is 

v=sF[iT' xZ + y2 + z2)- (9°) 
where F is an arbitrary function of its two arguments. Let us find the form 
of F such that the surface 

F(-^> x*+y*+z*}=0 (91) 

passes through the straight line 

x = l; y = z. (92) 

We eliminate x, y and z from equations (89) and (92). The first of equations 
(89) gives, together with (92): 

a? = 1; S/ = Ci; 2 = Ci; 
substitution in the second of equations (89) now gives the relationship between 
Cx and <72: 

1 + 2CI - C2 = 0, i.e. F(GV C2) = 1 + 2C\ - C2. 

With this form of function F> (91) becomes the equation of the required 
surface: 

1 + 2 - ^ (x2 + y* + z2) = 0 or x2 + 2*/2 - x2(x2 + y2 + z2) = 0. 

2. Let the tangent field defined by a system of differential equations be 
such that its direction is the same at all points of space. Let (a, 6, c) be numbers 
proportional to the directioncosines of this fixed direction. The system of 
differential equations will be: 

— — or c da; — a dz = 0; c dy — b dz = 0, 
a b c 

which yields at once the two integrals: 

cx — az — Crf cy — bz — C2. 
The integral curves are obviously parallel straight lines with the fixed direc

tion referred to. The corresponding partial differential equation 

-£-+»-S-+-S-» <"> 
defines the surfaces <p(x,y, z) = 0, representing the locus of certain of these 
straight lines, i.e. (93) is the equation of certain cylindrical surfaces. I ts general 
solution has the form: 

cp = F(cx — az, cy — bz), 
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where F is an arbitrary function, and the general equation of the cylindrical 
surfaces whose generators have the fixed direction is 

F(cx — az, cy — bz) = 0. 

3. Let the tangent field be such that its direction at any given point 
M(x, y, z) coincides with the direction of the radius vector from a fixed point 
A(a, by c) to the point M(a?, y> z). The projections of the vector on the coordinate 
axes are 

x — a, y — b, z — c 
and these quantities are therefore proportional to the direction cosines of the 
given direction at ikf. The corresponding system of differential equations is 

dx _ dy dz 
x — a y — b z — c 

and we have the two obvious integrals: 
x — a ^ c . y - b ^ c 
z — c p z — c 2* 

I t is geometrically obvious that the family of straight lines passing through 
A (a, by c) is a family of integral curves. The corresponding partial differential 
equation 

<■- )-g-+<,-«-g-+(.-. i-g-o 
defines conical surfaces with vertex at A, the general equation of these surfaces 
being 

a y - b rW = 0, 
c z — c 

where F is an arbitrary function of its two arguments. 
We remark that generally only one conical surface can be drawn through 

a given curve in space (L)f generated by the radius vectors from the point A 
to points of (L). If, however, (L) is one of the integral curves of the system, 
i.e. is a straight line passing through the point A, an infinite set of conical 
surfaces can be drawn to contain (L). 

4, We take another system of differential equations of the form: 
_Ax = dy d» 
cy — bz az — ex bx — ay 

On equating all three ratios to the differential d£ of a new variable t, we can 
write: 

da; = (cy — bz) dt; dy « (az — ex) dt; dz = (bx — ay) dt. (95) 

Hence two equations are easily obtained, integrable directly. The first equation 
is obtained by multiplying equations (95) respectively by a, 6, c and adding, 
whilst for the second we multiply equations (95) by x, y, z respectively then 
add. This gives us the two equations: 

a dx -f- b dy + c dz = 0, x dx -{- y dy -{- z dz = 0, 

integration of which yields the two integrals of the system: 
ax -[- by + cz = C\; x2 -f y2 + z2 = C2. (96) 
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The first integral gives a family of parallel planes, the direction cosines 
of the normals to which are proportional to the numbers (a, 6, c). The second 
integral gives a family of spheres with centres at the origin. The intersections 
of these planes and spheres represent the family of integral curves of system 
(94), which evidently consists of circles lying on the planes and with centres 
on the straight line 

— = - f = - . (97) 
a b c v ' 

which in turn passes through the origin and is perpendicular to all the planes. 
I t can easily be shown that the corresponding partial differential equation 

(cy - te) 3L + <« - «■) -g- + (to - ay) -g- = 0 
defines the surfaces of revolution which have (97) as axis of revolution, the 
general equation of these surfaces being 

F(ax + by + cz, x* + y2 + z2) = 0, 

where F is an arbitrary function of its two arguments. We remark that the 
form of the denominators in system (97) could be obtained from geometrical 
considerations by suitably specifying the tangent field as was done in pre
vious examples. 

5. The problem of orthogonal trajectories in space leads to a linear partial 
differential equation. Suppose we are given a family of surfaces 

co (x, y, z) = O, (98) 

dependent on the parameter (7, so that , in general, one and only one surface 
of the family passes through every point in space. We require to find the 
surface 

<p(x,y,z)*=Cv (99) 

which intersects all the surfaces (98) a t right angles. The condition that the 
normals to surfaces (99) and (98) should be perpendicular gives us a linear partial 
differential equation for the required function <p: 

dco d(p dco dcp dco dq> 
~dx ~dx~*"~dy ~dy+~dz~ ~dz ' 

The corresponding system of ordinary equations: 

dx dy dz 
dco dco dco 

~azT Ify" dz 
(100) 

defines the curves, whose tangents at every point are normal to surfaces (98) 
passing through the point concerned. If 

Vi (x> V> z) = # 1 ; 9>2 (a, y> z) = C2 

are two independent integrals of system (100), the equation of the required 
surfaces has the form: 

F(<pv<p%) = 0. 
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LINEAR DIFFERENTIAL EQUATIONS. 
SUPPLEMENTARY REMARKS ON THE THEORY 

OF DIFFERENTIAL EQUATIONS 

§ 3. General theory; 
equations with constant coefficients 

24. Linear homogeneous equations of the second order. The simplest 
part of the theory of differential equations is tha t dealing with linear 
equations; these have received the most detailed treatment and are 
the most commonly encountered in applications. We dealt with the 
solution of linear equations of the first order in [4]. We consider 
linear equations of any order in the present chapter, starting with 
those of the second order. 

An equation of the form 

P(y) = y" + P(X) y' + q(*) y = o, (1) 

is called a linear homogeneous equation of the second order, where 
the left-hand side is denoted by P(y) for brevity. 

I t follows from the linearity of P(y) with respect to the function y 
and its derivatives that , given arbitrary constants C, C± and C2, 

P(Cy) = CP(y); P(CX yx + C2 yt) = C, Pfa) + G% P(y2). 

If y = y± is a solution of the equation, P(y±) = 0, and obviously 
P(@yi) — 0, so tha t y = Cyx is also a solution. Similarly, if yx and y2 

are solutions, 

y = Ciyi + C2y2 (2) 

is also a solution, with arbitrary constants Gv G2. Thus, further solutions 
of the linear homogeneous equation (1) can be obtained by multiplying 

77 
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existing solutions by arbitrary constants and adding. I t is obvious that-
linear homogeneous equations of any order will possess the same 
property. When we refer below to a solution of equation (1), it will 
be assumed to differ from the trivial solution y = 0. 

The existence and uniqueness theorem can be stated very simply 
for equation (1), as we prove in a later paragraph: if the functions 
p(x) and q(x) are continuous in the interval a < x < 6, and if x0 is 
any x belonging to the interval, there exists one and only one solution 
of equation (1) satisfying the initial conditions 

2/|x-x0
 = 2/o5 y lx=xo = 2/()> 

where y0 and y'0 are any given numbers. This solution exists throughout 
the interval a < x < b. 

We shall in future consider the solutions of equation (1) with x 
varying in the interval of continuity of p(x) and q(x). In view of the 
arbitrariness of x0> y0, yi in the existence and uniqueness theorem, 
equation (1) has no singular solutions. 

Two solutions yx and y2 of equation (1) are said to be linearly 
independent if no identity with respect to x exists of the form 

«1yi + a«yi = o, (3) 

where a± and a2 are non-zero constant coefficients. In other words, 
the linear independence of y1 and y2 implies tha t the ratio y2\yx is 
not a constant, i.e. tha t the derivative of the ratio 

d f y2 \ _ yxMi - y2vi u\ 
dx { yx ) y\ ^ 

is not identically zero. 
We introduce into the discussion the expression 

^(2/i 2/a) = 2/i 2/2 ~ 2/2 2/i, (5) 

called the Wronshian of the solutions yx and y2. A characteristic of 
the Wronskian is tha t : 

J ( ^ 2 ) = J 0 e - / p ( x ) d x , (6) 

where A0 is a constant, equal to the value of A(yv y2) at x = x0. 
We prove this by finding the derivative: 

= Vi2/2 + 2/i2/2 — vWi - 02 i/i = 2/i2/S - 2/22/1-
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Since yx and y2 are solutions of equation (1), we can write: 

yl + p{z) y'i + qix) Vi = °; yl + p{v) y* + g(&) 2/2 = 0. 
We multiply the first equation by (—y2) and the second by yx 

and add: 
2/1 yl - 2/2 yl + P(X) {Vi y'i - 2/2 yl) = 0, 

so that 
_^Ay^L + p(x)A(xvy2) = 0. (7) 

This is a linear homogeneous equation in A, and we obtain (6) at 
once on applying (31-^ of [4]. 

I t follows from this formula tha t A(yv y2) is either identically zero, 
if the constant A0 is zero, or is non-zero for all values of x, since the 
exponential function does not vanish. We assume here tha t p(x) is 
continuous. 

By (6), we can write instead of (4): 

— fp(x) dx 
d ( y2\ _ ^(yt» y8) __ A

 e *° 
d * U J ~ ~ yl ° yl " ' 

and hence it follows tha t two solutions yx and y2 of equation (1) are 
linearly independent when, and only when, A(yv y2) differs from zero, 
i.e. when A0 ^ 0. 

We now show that , if yx and y2 are linearly independent solutions 
of equation (1), (2) gives us, with suitable choice of constants Cx 

and C2, the solution of (1) satisfying any previously assigned initial 
conditions: 

y|x-x0 = yo; 2/'lx=x0 = 2/J- ( 8 ) 
Let y10, y2Q, y{0, y20 denote the values of y1 and y2 and their derivatives 

for x = x0. To satisfy the initial conditions (8), we have to determine 
the C1 and C2 in (2) from the system of equations 

Ci 2/io + C2 y20 = y0; Cx y'10 + C2 y'20 = y'0. 

I t follows from the linear independence of yv y2 tha t 

^o = 2/io2/2o- 2/201/io T^O, 

so that the system written gives us fully defined values for C1 and C2, 
which proves our assertion. 

But by the existence and uniqueness theorem [3], every solution 
of equation (1) is fully defined by its initial conditions, and we can 
therefore state the following proposition: if y± and y2 are two linearly 
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independent solutions of equation (1), all the solutions of the equation 
are given by (2). 

The problem of integrating (1) thus reduces to finding two linearly 
independent solutions. Let yx be a solution, and y2 any other solution. 
We get by integrating relationship (7): 

* - 4 . J . i or fc-4.ftJ. *■; (9) 
thus, if a particular solution of equation (1) is known, its second 
solution can be found by using (9), where AQ is a constant which can 
be set equal to unity. 

I t must be remarked tha t it proves impossible to find this solution 
explicitly, or even with the aid of a quadrature, in the general 
case when p(x) and q(x) are functions of x. We shall see, however, 
tha t the solutions are obtainable explicitly in some particular 
cases, including tha t when p(x) and q(x) are constants, and not 
functions of x. 

We also give later a method of constructing solutions which is 
often used in applications, viz., the construction as an infinite series. 

25. Non-homogeneous linear equations of the second order. An 
equation of the form: 

u" + p{x) u' + q(x) u = f(x). (10) 

is called a non-homogeneous linear equation of the second order. 
If p(x), q(x) and f(x) are continuous in an interval a < x < b, 

we have, as will be shown later, exactly the same existence and 
uniqueness theorem as for the homogeneous equation (1). Below, 
we shall consider the solutions of equation (10) in the interval of 
continuity of p(x), q(x) and f(x). 

Let u = ux be a solution of the equation, so tha t : 

< + p(*) < + q{x) % = /(«)• ( i i ) 

On introducing a new function y instead of u: 

u = y + u1. (12) 

and substituting in (10), we get: 

[y" + v (*)y' + q{x)y] + [< + P(*X + 9 (x) %] = /(*) > 
or, by (11), 

y"+p(x)u, + q{x)y = 0. (13) 
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This last equation is called the homogeneous equation corresponding 
to equation (10). If y1 and y2 are two linearly independent solutions 
of (13), we have, by (12) and the proposition of the previous article, 
the formula: 

u = C1y1 + C2y2 + u1, 

where Cx and C2
 a r e arbitrary constants, giving all the solutions of 

equation (10). The property can be stated thus: the general solution 
of a non-homogeneous linear equation of the second order is equal to 
the sum of the general solution of the corresponding homogeneous equation 
and any solution of the non-homogeneous equation. 

The above proof is obviously also applicable to non-homogeneous 
linear equations of any order, so tha t these possess the same property. 

The knowledge of two linearly independent solutions of the homo
geneous equation (13) enables us, as we shall now see, to find a parti
cular solution of equation (10), and hence its general solution. We use 
here the method known as Lagrange's method of varying the arbitrary 
constants [4]. 

Let y± and y2 be two linearly independent solutions of (13). The 
general solution is expressed by (2), as we know. 

We shall seek a solution of (10) in the same form, except for taking 
Cx and C2 as required functions of x instead of as constants: 

u = v1(x)y1 + v2{x)y2. (14) 

Since we have two required functions, and not just one, we can 
subject vx(x) and v2(x) to a further condition, apart from (10). We lay 
down the following condition: 

vi(z)yi + v'2(x)y2 = 0. (15) 

On differentiating (14) and using (15), we obtain: 

q(x)-\u =v1(x)y1 + v2(x)y2 

p (x). \u' = vx (x) y[ + v2 (x) y'2 

1 • U " = *i (x) y{ + v2 (x) yn
2 + v[ (x) y[ + v2 (x) y'2. 

We substitute in the left-hand side of (10), and get: 
vi (*) [y{ + p(x)y'1 + q (x) y j + v2 (x) [j£ + p(x)y'2 + q (x) y2] + 

+ v'1(x)y'1 + v'2(x)y2 = f(x). 
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Bearing in mind that y1 and y2 are solutions of homogeneous 
equation (13), and recalling (15), we have the system of equations 

«'i (x) Vi + V2 (x) y2 = 0; v[ (x) y[ + v'2 (x) y'2 = / (x) (16) 

for determining v[(x) and v2(x). 
By the linear independence of solutions y1 and y2, 

so that system (16) fully defines v[{x) and v2(x). We find v±(x) and 
v2(x) by carrying out the integrations, then substitute in (14) and 
obtain the solution of equation (10). 

26. Linear equations of higher orders. Higher order linear equations 
possess many of the properties of second order equations. We state 
these without dwelling on their proof. 

An equation of the form 
y(n) + pi (x) y(n-l) + ^ {x) y(n-2) + . . . + p ^ {x) y> + 

+ pn(x)y = o. (") 
is called a linear homogeneous equation of the n~th order. 

If yv y2y .. .,yk are solutions, the sum 

C1yi + C2y2 + ... + Ckyk 

where Cv C2, . . . , Ck are arbitrary constants, is also a solution. The 
proof of this is exactly as for second order equations [24]. 

The statement of the existence and uniqueness theorem is also as 
for second order equations, with the initial conditions taking the form: 

y lx=x0 = Voi y' \x=xo = y'o'> • • •; 3 / ( n - 1 ) U * 0 = ^n_1)• 
Solutions yv y2, . . . , yk are said to be linearly independent if there 

exists no identity in # of the form: 

with constant coefficients av a2, . . . , ak, not all of which are zero. 
Ifyv y2) . . . , yn are n linearly independent solutions of the equation, 

all the solutions are given by the formula: 

y = C1y1 + C2y2 + ... + Cnyn, (18) 

where the Ct are arbitrary constants. The solution satisfying the initial 
conditions given above can be obtained by suitable choice of the C/. 
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A non-homogeneous linear differential equation of the n-th order has 
the form: 

u(n) + Pi (x) VP-V + p2 (x) u^-V +... + 
+ Pn-l(x)* + Pn(x)u = f(x). ( 1 9 ) 

If % is a solution of this equation, and yv yv . . . , yn are linearly 
independent solutions of the corresponding homogeneous equation 
(17), the general solution of (19) is given by 

u = C1y1 + C2y2 + . . . + Gnyn + ux, 
where the C{ are arbitrary constants. 

With this, if yv y2, . . . , yn are known, the solution of (19) can be 
found from the expression: 

u = vx (x) y1 + v2(x)y1 + ... + vn (x) yn, 

where the v't{x) are determined from the system of first degree equa
tions: 

< (x) y1 + v2
f(x)y2 + ... + v'n (x) yn = 0 

v[(x)y[ + v2(x)y2 + . . . + v'n (x)y'n = 0 

v[ (x) y<?-V + v'2 (x) y2
n~» + ... + v'n(x) j4n-2> = 0 

v[ (x) i/[n-» + v'2 (x) y2
n~V + mmm + v'„(x) */<?-x> = f(x). 

It may be pointed out, to the reader familiar with determinants, that the 
necessary and sufficient condition for linear independence is precisely analogous 
to that given above for second order equations. Let y^y^ . . . , 2/n be solutions 
of (17) as before. The following nth order determinant is called the Wronskian 
of these solutions: 

^(l/i,l/2,. ••>!/„)= 
yl 
l/i> 

1/2-

1/2,-
n 

1/2-

Vn 

yn 

and an expression can be derived for this, analogous to (6): 

<4(!/i>!/2'--"<//*) = ^ o e 
-J Pi (x) dx 

where A0 is the value of A at x = x0. It follows from this expression, as above, 
that A is either identically zero, or does not vanish for any value of a;. A neces
sary and sufficient condition for the linear independence of solutions yvy2> 
. . . , yk is that the Wronskian should not be identically zero. With this, the 
arbitrary constants of (18) are fully defined for any initial conditions. As in 
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the case of second order equations, the existence and uniqueness theorem 
gives the solution throughout the interval of continuity of the coefficients 
Pi(x)> Pz(x)y • • • y Pn(x) °f t n e equation. 

27. Homogeneous equations of the second order with constant 
coefficients. Before dealing with equations with constant coefficients, 
we prove a formula of the differential calculus which will be required 
later. We are familiar with the formula for the derivative of the 
function e™, where r is a real number: 

(erx)f = rerx. 

We prove tha t the same formula applies when r is complex and x 
is the usual real variable, i.e. 

(e<a+w)x)' = (a + bi) e<a+W)x. 

I t follows from the definition of an exponential function with complex 
exponent [I, 176] that : 

e(a+bi)x = ea*(C 0 s fa _[_ { S i n fay 

We get by differentiation in accordance with the usual rules: 
(e{a+bi)xy _ aeax (CQg fa _|_ ^ g j n fa) _|_ feax ( _ g j n fa _|_ ^ CQg fay 

or, on taking i outside the second bracket and noting that \ji = — i, 
(e(a+bl)xy __ aeax (CQg fa _|_ f g j n faj _|_ foeax (CQg fa _|_ ^ g j n ^ __ 

= (a + bi) eax (cos bx + i sin bx) = (a + 6/) e<fl+w>*, 

which is what we wished to prove. 
We now turn to the solution of a linear homogeneous equation 

of the second order with constant coefficients: 

y" + py' + gy = o, (20) 

where p and q are given numbers. We substitute a function of the 
form e1* for y in the equation, where r is a real or complex number 
which we require to find: 

y = erx. (21) 

We get by differentiating and taking erx outside the bracket: 

erx (f2 + pr _|_ q) = Qy 

so tha t (20) will be satisfied if r is a root of the quadratic equation: 

r2 + pr + q = 0, (22) 
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this latter being called the characteristic equation of equation (20). 
If the quadratic equation has two distinct roots, r = rt and r = r2, 
(21) gives us two linearly independent solutions of the equation: 

Vi = ^ x , 2/2 = e r 'x. (23) 

This follows easily from the fact that the ratio er*x: er ,x = e
( r i~" r , )x 

is not a constant. We now take the case when (22) has equal roots, 
i.e. when p2 — 4q = 0, the single root of the equation being given 
here by: 

ri = r2 = - -f- . (24) 

Since the method described has led us now only to the one solution 
y± = eflX, the other solution remains to be found; this is done by 
applying the following argument. 

We slightly alter the coefficients p and q so tha t the roots become 
distinct; for instance, we may let the root rx keep its former value 
(24), whilst the root r2 is made slightly different. With this, two 
solutions (23) are obtained. We subtract these two solutions and 
divide by the constant (r2 — rx), which again gives us a solution [24]: 

er2x _ erxx 
y= r , - f l • ( 2 5 ) 

We now let the altered coefficients p and q tend to their original 
values, for which equation (22) had a double root. With this, r2 tends 
to rv and both numerator and denominator tend to zero in (25), 
so tha t the fraction as a whole tends to a limit equal to the derivative 
of e7* with respect to r a t r = rv The second solution of the equation 
is thus y2 = ;reriX. Hence, in the case of equal roots of equation (22), 
we have the following two linearly independent solutions: 

J/i = e r ix; y2 = xer*. (26) 

We can verify by direct substitution that y2 is in fact a solution 
of the equation. The left-hand side of (20) becomes: 

(r\ xenx + 2rx er*x) + p{rx xeriX + e1"1*) + qxeriX= 

= xeriX (r\ + pr± + q) + eri* (2r± + p). 

The first term on the right is zero, since r = rx is a root of (22), whilst 
the second term is zero by (24); hence y2 is a solution of equation (20). 

We consider the coefficients p and q as real numbers. But the 
roots obtained on solving the quadratic equation (22) may be either 
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real or complex. If (22) has real and distinct roots, (23) gives two 
linearly independent real solutions, and the general solution of the 
equation is: 

y = C1er^ + C2e^x. (27) 

Let equation (22) have complex roots; they must be complex con
jugates [I, 189], i.e. rx = a + fii and r2 = a — pi, and (23) gives 
the solutions: 

yx = e(a+^*>x = eax (cos (ix + i sin fix); 

y2 = e ( a - # ) x = eox (cos /te — i sin fix). 

We obtain further solutions by taking the linear combinations of 
these solutions: 

-g-(y± + ya) = e ° x c o s P * > ~2i (2/1 - y*) = e ° x s i n /&. 

These two solutions are also linearly independent, so tha t in the case 
when equation (22) has complex roots r = a + fti, the general 
solution of the equation is: 

y = e
a x (C± cos fix + C2 sin fix), (28 

Finally, if (22) has equal roots, the general solution is, by (26): 

y=(C1 + C2x)e'i\ (29) 

We also note the particular case of (28), when equation (22) has pure 
imaginary roots, i.e. when a == 0. We must have p = 0 here, whilst 
q must be a positive number. If we write q = 1c2, we have roots ±'ki 
for (22), and the equation 

y" + fc2y = 0 (30) 

therefore has the general solution: 

y = C^eosite + C2 sin ice. (31) 

28. Non-homogeneous linear equations of the second order with 
constant coefficients. We now take the non-homogeneous equation 

y" + py' + qy = m, (32) 
where p and q are given real numbers as before and f(x) is a given 
function of x. To find the general solution of this equation, it is sufficient 
to find any particular solution and add this to the general solution 
of the corresponding homogeneous equation (20). Since the general 
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solution of the homogeneous equation is known, the particular 
solution can be found with the aid of a quadrature by using the 
method of variation of the arbitrary constants [25]. Let us take as 
an example an equation of the form: 

y' + k*y = f(x). (33) 

The general solution of the corresponding homogeneous equation 
is given by (31), and we must seek the particular solution of equation 
(33) in the form: 

u = vx (x) cos kx + v2 (x) sin Jcx, (34) 

where vx(x) and v2(x) are required functions of x. Equations (16) now 
lead to a system of two linear equations for the derivatives of these 
functions: 

v[ (x) cos kx + v2 (x) sin kx — 0 

— v[ (x) sin kx + v2 (x) cos kx = -jrf(x)-

Solving these gives us: 

v[ (x) = -r- f(x) s*n kx> v2 (x) = ~T~f(x) c o s ^x 

We write the primitives as integrals with variable upper limits and 
with the variable of integration denoted by f: 

X X 

v, (x) = - - L J7({) sinfcf d{; v2 (x) = - L J/({) ooskS df, 

where x0 is a fixed number. Substitution in (34) gives us the particular 
solution: 

cos foe 
u = — 

J/(f) sin ft£ d£ + - 2 ^ ? L J/(f) cos I f df (34x) A; 
x0 x9 

or, on taking under the integral sign the factors independent of the 
variable of integration: 

X 

u = -i"J/(f) sin i (* - f) df, (34,) 

and the general solution of (33) becomes: 
a; 

y = CX cos for + C2 sin kx + -j- f/(f) sin k(x — f) df. 
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We notice one point in connection with (342). The variable x has a 
double role on the right-hand side of this expression. Firstly, x is 
the upper limit of the integral, and secondly, it appears as an additional 
parameter (and not as variable of integration) under the integral 
sign, being reckoned constant whilst the integration is carried out. 
I t is easily shown tha t the particular solution (342) satisfies zero 
initial conditions at x = x0, i.e. 

t*Uc, = 0, « ' U = 0 . (343) 

The first of these equalities follows directly from (342), since the 
upper and lower limits of integration coincide at x = x0, and the 
integral vanishes. The second equality is obtained by finding u' from 
(34!), bearing in mind that the derivative of an integral with respect 
to its upper limit is equal to the integrand at the upper limit. We 
get after obvious cancelling: 

X T 

u' = sin kx | /(£) sin &| df + cos lex J /(£) cos fc£ df, 
a? , xQ 

whence the second equality of (343) follows at once. 

29. Particular cases. With special forms of the right-hand side of equation (32), 
the particular solutions can be found much more simply, without recourse 
to the method of variation of the arbitrary constants. We start by proving a 
lemma. Let the right-hand side of (32) be the sum of two terms: 

tf + Ptf + W- / i (*) + ft (*). (35) 
and let ul(x)t u2(x) be particular solutions of the non-homogeneous equations 
whose right-hand sides are respectively fx(x) and/2(#), i.e. 

"i + vui + aui — /i (*); u2 + vui + qu2 = /2 (x). 
We obtain on adding: 

(«*i + V + P("i + u2)' + 9(«i + «i) = /i (^) + /2 (*)» 
so that {uv + tij) is a particular solution of equation (35). 

Let us now take a non-homogeneous equation of the form: 

fT + P l f + ffl/ = «e** (36) 
where a and k on the right-hand side are given numbers. We make use in future 
of an abbreviated notation for the left-hand side of equation (22), writing 

(p{r) = r2 + pr -f q. (37) 

We shall seek a solution of (36) in the same form as its right-hand side, i.e. 
in the form: 

y sa at ekx, 
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where a1 is a required numerical coefficient. On substituting this in (36) and 
cancelling e**, we get an equation for ax which, by (37), can be written in the 
form: 

q>(k) ax = a. 

If k is not a root of (22), i.e. (p(k) ̂  0, this last equation gives us ax. Now let 
& be a simple root of (22), so that <p(k) = 0 but (p'(k) ^ 0 [I, 186]. We shall 
seek the solution of (33) here in the form: 

y = ax xekx. 

We obtain on substituting in the equation and cancelling e**: 

(p(k) axx -\~ qf (k) ax = a, 

or, since <p(k) = 0, 
<p' (k) ax = a, 

whence we find av since <p '(k) ^ 0. Finally, if k is a double root of (22), so that 
<p(k) = (p'(k) = 0, it is easily shown, as above, that the solution of the equation 
is to be sought in the form: 

y = ax x2 ekx. 

The same method can be used for finding the solution in the more general 
case, when the right-hand side has the form P(x) e**, where P(x) is a polynomial 
in x. If k is not a root of equation (22), the solution is to be sought in the form: 

y = P1 (x) e** (38) 

where Px(x) is a polynomial of the same degree as P(x) and the coefficients 
of Px(x) are required to be found. On substituting (38) in the equation, cancelling 
out e**, and equating coefficients of like powers of x, we obtain equations 
for the coefficients of Px(x). 

In the case of k being a root of equation (22), the right-hand side of (38) 
has to be multiplied by the factor x or x2, depending on whether A; is a simple 
or a double root of (22). 

We now turn to the case of a right-hand side containing trigonometric func
tions. Let us take the equation, to start with: 

\f + PV' -f qy = ©** (̂  °oa lx + 6 sin Ix). (39) 

By using the expressions [I, 177]: 

e/x/ + e-/x/ e^-e-*' 
cos lx = s , sm lx = —. , 

2 2% 
we can put the right-hand side of equation (39) in the form: 

Ae(k+U)x + Be<k-U)xf 

where A and B are constants. If the complex numbers (k ± U) are not roots of 
equation (22), the solutions must, in accordance with the above, be sought in 
the form: 
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or, as can be seen on returning from exponential to trigonometric functions via 
the formula 

e±lxi -_ c o s fa _£_ i s m ix f 

the solution of (39) is to be sought in the form: 

y = e** (at cos Ix -f- bx sin Ix), (40) 

where ax and bx are required constants. Similarly, it can be shown that the right-
hand side of (40) must be multiplied by x if (k + U) are roots of (22). The 
constants av bx are obtained by substitution of expression (40) in equation (39). 
We remark that, if say only cos Ix appears in the right-hand side of (39), we 
still have to take both the cos Ix and the sin Ix terms in the solution (40). 

We note a more general result, without dwelling on its proof. If the right-
hand side has the form: 

ekx [P (x) cos Ix -f Q (x) sin Ix] , 

where P(x) and Q(x) are polynomials in x, the solution must be sought in the 
same form, 

ekx [Pt (x) cos Ix -f- Qt (x) sin Ix], 

where Px(x) and QY(x) are polynomials in x of degree equal to the greater of 
the degrees of P(x) and Q(x). If (k + li) are simple roots of equation (22), a 
factor x must be written in front of the solution. 

30. Linear equations of higher orders with constant coefficients. 
We state without proof in the present section properties of higher 
order equations analogous to the above. Later on, we explain the 
general theory of linear equations with constant coefficients by 
using a special method, known as the method of symbolic factors. The 
present properties will then be proved. 

A homogeneous equation of the nth order has the form: 

yin) + piyn-i + . . . + pn_lV' + pny = 0 , (41) 

where pv p2, . . . , p „ are given real numbers. We write down the 
characteristic equation, analogous to equation (22): 

rn + pi rn-i +mmm + Vn_lT + pn = 0. (42) 

For every simple real root of this equation, r = rv there is a correspond
ing solution y = e r 'x . If the root has multiplicity s, the following s 
solutions will correspond to it: 

erix, xeriX, . . . , # s - 1 e r i X . 

The solutions 

eax cos fix and ea xsin/fa. 
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correspond to a complex conjugate pair of simple roots r = a ^ /^. 
If the roots are not simple but have multiplicity s, the following 2s 
solutions correspond to these: 

eax cos fix, xeax cos fix, . . ., xs~l eax COR fix 
eax sin fix, xeax sin /fa, . . . , Xs"1 e°* sin px. 

In this way, all the roots of equation (42) lead us to solutions of 
equation (41). On multiplying these solutions by arbitrary constants 
and adding, we get the general solution of the equation. 

To discover a particular solution of the non-homogeneous equation: 

V{n)+Pilfin-l)+... + Pn-ilf+PnV = f(*) 
we make use of the method of variation of the arbitrary constants [26]. 

If the right-hand side has the form P(x) e**, where P(x) is a polynomial and 
k is not a root of equation (42), the solution of the equation can be sought 
in the form y = Px(x) e**, where Px(x) is a polynomial of the same degree as 
P(x). If & is a root of (42) of multiplicity 8, we have to put y = xs Px(x) ekx-
If the right-hand side has the form 

/ (X) = e** [P (x) cos Ix + Q (x) sin lx\ , (43) 

and (k ± li) are not roots of equation (42), the solution is to be sought in the 
same form: 

y = e>kx^p1 (x) cos Ix + Qx (x) sin lx\ , 

where the degrees of polynomials Px(x) and Qx(x) must be taken equal to the 
greater degree p of polynomials P(x) and Q(x). 

On the other hand, if (k ± li) are roots of (42) of multiplicity s, the factor 
xs must be written in front of the right-hand side of the last formula. 

Examples. 1. We take the equation 

y" — by' -j- 6z/ = 4 sin 2x. 

The corresponding characteristic equation 

r2 - 5r + 6 = 0 

has roots rx = 2 and r2 = 3. The general solution of the homogeneous equation 
becomes 

Cxe** + C a e 3 \ (44) 

The particular solution of the equation is to be sought in the form: 

y = ax cos 2x -f- bx sin 2x. 

We get on substituting in the equation: 

(2ax — I0bx) cos 2x + (16ax — 4bx) sin 2x = 4 sin 2x , 

which gives 
2ax - 1061 = 0; \%ax - 462 « 4 , 
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whence ax = 5/19 and bt = 1/19, i.e. the particular solution is: 

5 1 
?/ = -j^- cos 2z + — sin 2x. 

We obtain the general solution of the equation on adding this to (44). 
2. We take the fourth order equation: 

i/(,V) - 2y"' + 2z/" - 2 t / ' + v » * sin x. 

The corresponding characteristic equation 

r4 — 2r3 -f- 2r* — 2r -f 1 = 0 

can be put in the form: 

(r* + l ) ( r - l ) J « 0 

which has a double root rt = r2 = 1 and a pair of imaginary conjugates r8, r 4 = 
= ± i . The general solution of the homogeneous equation becomes: 

(0X + Ct x) e* + C3 cos x + CA sin x. (46) 

On comparing the right-hand side with (43), we see that here k = 0, I = 1, 
p = 1, and k ± # = ± t are simple roots of the characteristic equation, so 
that the particular solution must be sought in the form 

y = x [(ax -f- b) cos x + {ro -f- d) sin x] = (ox* + bx) cos # + (ex1 + efo) sin a?, 

where we require to find the coefficients a, 6, c, <2. 

31. Linear equations and oscillatory phenomena. We indicate the 
importance of linear equations of the second order with constant. 

coefficients in the study of oscillatory phenomena 
We denote the independent variable by t (time) and 
the function by x; this notation will often be used 
in future. 

We consider a body of mass m suspended from a 
spring and oscillating vertically about its position of 

FIG. 22 equilibrium, where the weight of the body is exactly 
balanced by the elastic force of the spring. 

Let x be the vertical distance of the body from the equilibrium 
position (Fig. 22). Suppose that the motion takes place in a medium 
whose resistance is proportional to the velocity dx/dt. 

The following forces will act on the body: (1) the restoring force 
of the spring, tending to return the body to the equilibrium position, 
which we shall take as proportional to the displacement x of the body 
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from the equilibrium position, and (2) the resistive force, proportional 
to the velocity and acting in the opposite direction. The differential 
equation of motion becomes: 

d2 x , dx d2x . , da? . ~ 
m — = - b - w - c x , or TO_ + & _ + C x = 0 . 

We consider as a second example the motion of a simple pendulum 
of length I in a medium of resistance proportional to the velocity. 
The differential equation of motion becomes, as is familiar from 
mechanics: 

ml-^r = - mg sin 0 — 6-^-, (46) 

where 0 is the angular displacement of the pendulum from the 
equilibrium position. If the oscillations of the pendulum about the 
equilibrium position are small, we can take the angle 0 for sin 0, 
and equation (46) reduces to: 

m Z - ^ - + 6 - ^ - + m ^ = 0. (47) 

If there is an additional external force, depending on time, acting 
on the pendulum, we get a non-homogeneous equation instead of (47): 

The motion in both the above cases is defined by a linear differential 
equation of the second order with constant coefficients. 

We shall write this equation in future in the form: 

d*x +2A-4r+ k2x=0 (49) dt* ' dt 
or 

-*£- + 2*-g-+*«* = /(*). (50) 
We generally arrive at such an equation when considering the 

small oscillations of a system with one degree of freedom about its 
position of equilibrium. The term 2h dxjdt comes from the resistance 
of the medium or from friction, h being called the coefficient of 
resistance; the term k2 x comes from the internal forces of the system, 
tending to return it to the equilibrium position, k2 being referred to 
as the coefficient of restoration; and the term f(t) in equation 
(50) is due to the external disturbing forces tha t act on the system. 
An equation of the type written is encountered, not only in the study 
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of the oscillations of mechanical systems, but also in other problems 
of oscillatory phenomena in physics. We take as an example the 
discharge of a condenser of capacity C through a circuit with resistance 
R and inductance L. If v is the voltage across the plates of the con
denser, we have for the circuit 

v=Bi + L-^-y (51) 

where i is the current in the circuit. In addition, the relationship 
is known to hold: 

i=-C^. (52) 

Let there also be a source of electromotive force E in the circuit, 
which we shall take to be positive if it acts in opposition to the 
direction of i. We have in this case instead of (51): 

On substituting (52) in the equation written, we get the differential 
equation: 

K7-S-+JW-J- + . - * 
or 

d«t> R dv ■ * _ E 
d ^ " i " " L " " d T i " T 0 " "" ~LC' < M ' 

On comparing this equation with equation (50), we see that the 
term (R/L) dv/dt is analogous to the term due to resistance, the term 
v\LC is analogous to that due to the restoring forces, whilst the 
term EjLC corresponds with the term from the disturbing force. 

If we find v from equation (53), we can also find i, by substituting 
in (52). 

32» Free and forced oscillations. We consider the homogeneous 
equation 

x" + 2hx' + k2x = 0, (54) 

corresponding to the case when no external forces are present. The 
solution of this equation gives the free, or proper, vibrations. The 
corresponding characteristic equation will be: 

r2 + 2hr + k2 = 0. (55) 

We split up the further discussion into separate cases. 
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1, Damped vibrations. In most cases the coefficient of resistance 
h is fairly small compared with the coefficient of restoration ifc2, 
so tha t (h2 — k2) is negative: h2 — k2 = —p2. Equation (55) has in 
this case conjugate imaginary roots: rltr2 = —h ± pi, and we have 
for the general solution of (54): 

x = e~ht (Cx cos pt + C2 sin pi). (56) 
On setting 

Gx = Asia cp; C2 = A cos cp, (57) 

solution (56) can be written in the form 

x = Ae~ht sin (pt + <p), (58) 

or, if we write p = 2TT/T, 

x=Ae'htsin(^+(p\. (59) 

Here, r is the period of free vibration, A is the initial amplitude, 
and cp is the initial phase. If the resistance of the medium is neglected, 
i.e. we put h = 0, the roots of equation (55) are r = ±ki, and we 
obtain in place of (58): 

x = A sin (kt + <p). (60) 

This gives us a pure harmonic oscillation of period r = 2njk. 
Formula (59) represents damped oscillations [I, 59], the speed of 
damping being characterized by the factor e~ht. In an interval of 
time equal to the period, the amplitude decreases in the ratio e_/IT. 
The values of the constants Cx and C2 in (56), or what amounts to 
the same thing, constants A and cp in (58), depend on the initial 
conditions. Suppose the initial conditions are: 

X\t*=Q == Xo'> X |f=0 ~ XQ- (61) 

On substituting t = 0 in (56), we get Cx = x0. We now differentiate 
(56) with respect to t: 

x' == — he~ht (C1 cos pt + C2 sin pt) + pe~ht (— Cx sin pt + C2 cos pt), 

whence we find, on substituting t = 0: 

p a?o + hx0 
'2 V 

(62) 

and the solution satisfying initial conditions (61) is finally: 

x = e - w (x0 cos pt x'° + hx<> sin pt ] (63) 
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We notice that the coefficient of damping h and the frequency of 
oscillation p = yk2 — h2 in solution (63) are completely defined by 
the coefficients in equation (54). As regards the amplitude A and 
initial phase <p, which are dependent on the initial conditions, we can 
write, by (57): 

A sin <p = x0; A cos cp = x° x° , 

from which A and cp may be determined. If h = 0, p must be replaced 
throughout by k. 

2. Aperiodic motion. If (h2 — Jc2) is positive: 

h2-1c2 = q2, 

the roots of (55) will be: 

r1= - h + q; r2 = - h - q, (64) 

and we^have [27]: 

x = Ci.efo-W + C2 e-to+M. (65) 

Since we obviously have here q < h, both roots of (64) are negative, 
and x therefore tends to zero On indefinite increase of t. 

We differentiate equation (65) with respect to t: 

x' = C1(q- h) e<«-W - C2 (q + h) e-<«+/*. (66) 

On putting t = 0 in (65) and (66), we get two equations for Cx and C2 

in terms of the initial conditions (61): 

Ox + C2 = x0; (q -h)C1-(q + h) C2 = ^ , 

whence 

n __ (q 4- h) x0 + X'Q # n _ (q — h)x0 — xp 
° l - Yq > U* ~ ¥q " 

3, Special case of aperiodic motion. If, finally, h2 — k2 = 0, equation 
(55) has a double root rx = r2= —h, and we get [27]: 

z = = e - w ( < ? 1 + C72*). (67) 

Since te~ht tends to zero on indefinite increase of t [I, 66], expression 
(67) also tends to zero. 

The non-homogeneous equation 

x" + 2hx' + k*x = f(t)9 (68) 
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in which the right-hand side f(t) is due to external forces, defines 
forced vibrations. In the case corresponding to pure harmonic free 
vibrations, we have: 

x" + k2x = f(t) (69) 
and the general solution here is [28]: 

t 

x = C1 cos let + C2 sin kt + ~r- f(u) s^n W ~~ u) &u> 
o 

where the last term on the right gives the pure forced vibrations, 
i.e. the solution #f equation (69) satisfying the zero initial conditions: 

4 - o = x' l/-o = 0. (70) 

It can be shown, by using the method of variation of the arbitrary 
constants, that in the case when the free vibrations are damped, the 
particular solution of (68) satisfying initial conditions (70) is 

x0 (t) = — e-w fe*u/(tt) sinp(* - u) du, (71) 
Jr J 

0 

In the aperiodic case, the particular solution becomes: 
* t 

x0 (t) = JLe^-ft>« f e<*"«>"/(«) du — - ^ e<«+fc>f Je^+ft>"/(w) dw. (72) 
o o 

We leave the proofs to the reader. 

33. Sinusoidal external forces and resonance. In practice, the right-hand side 
is often found to be sinusoidal: 

x" + 2hx' + k2x = H0 sin (tot + tpQ). (73) 

We shall seek the solution here in the form of a sinusoidal quantity, of the 
same frequency co as the right-hand side [29 ] : 

x = N sin (cot + <p0 -f <50). (74) 

We need to define the amplitude N and phase displacement of this vibration. 
W e substitute expression (74) in equation (73): 

— co2 N sin (cot + q>0 + S) + 2hco N cos (cot + cpQ + 3) + 

+ k2N sin (cot + cp0 + 6) — H0 sin (cot + cpQ). 

W e write the argument of the trigonometric functions on the left of this 
last equation as the sum of the two terms (cot + <p0) and 8. W e now use the 
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formulae for the sine and cosine of a sum, and obtain: 

[(k2 — co2) N cos S — 2hcoN sin <5] sin (cot -f cp0) + 

-f [2hcoN cos d + (k2 — co2) N sin S] cos (cot -f <p0) = H0 sin (cot + g?0). 

On equating the coefficient of sin (cot + (p0) to the constant H0, and the 
coefficient of cos (cot + <p0) to zero, we get two equations for N and <5: 

(fc2 - co2) Ncosd — 2hcoN sin (5 = H0; 2hcoN cos £ + (k2 - co2) AT sin S = 0. 

We solve these with respect to cos <5 and sin (5: 

, (k2-co2)H0 . - 2^coH0 

N[(k2 - co2)2 + 4:h2 co2] ' N[(k2 - co2)2 + 4/*2 co2] ' 

Squaring both sides of each and adding gives: 

1 N2 [(k2 - co2)2 + ±h2 co2] 

whence we find 

N = . _ ° = - . (75) 
Y(k2 - co2)2 -f £h2 co2 

On substituting this value for N in the above expressions for sin <5 and cos d, 
we obtain the formulae for d: 

. A;2 - ft)2 . . 2hco 
cos o = — - ; sin d = -;.~ --z. . wo) 

Y(k2 -co2)2 -f 4ft2 w2 /(/c2 - co2)2 -f 4/i2 ft)2 

Having found AT and <5, (74) now gives the sinusoidal part of the solution 
of equation (73), whilst its general solution becomes 

x = Ae-ht sin (pt + <p) + N sin (co* + <p0 + d), (77) 

where 4̂ and 95 are arbitrary constants, determined by the initial conditions. 
We assume here that h2 — k2 = —p2 < 0, i.e. that the free vibrations are 
damped. The first term in (77) rapidly decreases with increasing t, due to the 
presence of the factor e~ht(h > 0), so that this term only has a noticeable 
influence on x for t close to zero (transient process); afterwards, x is deter
mined almost exclusively by the second purely sinusoidal term, which is inde
pendent of the initial conditions (steady-state process). 

We now investigate expressions (75) and (76), which define the amplitude 
N and the phase difference <5 between solution (74) and the right-hand side of 
equation (73). 

If the right-hand side of equation (73) consisted only of the constant H0, 
the equation would be 

of + 2hx' -f k2x = H0 

and would have an obvious particular solution, in the form of a constant: 
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This is the statical deflection, which would be produced by a constant force. 
We introduce into the discussion the ratio 

X- N 

So 

which gives a measure of the dynamical susceptibility of the system to the 
action of external forces. W e get b y using (75) and the expression for | 0 

A = - k* 
Y(k2 - a>2) + 4&2 a,* ]I( o>*y 4ft* co* 
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I t is clear from this last expression that A depends only on the two ratios 

a) 2h 

The mechanical significance of the first ratio may be explained as follows. 
If there were no resistance, the free vibrations would be given by (60): 

x = A sin (kt -f <p) 

and the period would be T = 2njk. Let the period of the disturbing force be 
denoted by T = 2n/co. We now have for q: 

T (79) 
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i.e. q is equal to the ratio of the period of free vibration of the system without 
resistance to the period of the disturbing force. 

We now have for A: 

A « l =^, (80) 

where q is as described above, whilst the constant y is obviously independent 
of the action of external forces from its definition. Since h is small, y is usually 
small, and if q is not close to unity, the value of A is approximately 1/(1 — q2). 
Figure 23 illustrates A as a function of q for various given values of y. 

On dividing numerator and denominator in expressions (76) by k2, we get 
the formulae: 

cos(5 = (l - £ 2 ) A ; ] 
sin o e — yq/., J 

These give the phase difference between the external force and the disturbance 
produced by it. 

Since A depends on g, it is indirectly dependent on the period T of the external 
force. Let us find the maximum of A as a function of q. All we need for this is 
to find the minimum of 

- 1 . = (1 _ g*)« + ytgt 

as a function of q2. Itis easily shown that the minimum occurs with q2 = 1 — 
— y2/2, and is equal to (y2 — y4/^)- Hence it follows that maximum A occurs 
with 

V'-4 (82) 

and is equal to 
x - 1 
Amax — M 

For y small, the q corresponding to maximum A is near unity, i.e. the period 
of the external force which, with a given amplitude, produces the greatest 
effect is close to the period of the free vibration. The difference between these 
periods, which depends on y, is due to the presence of resistance. 

If there is no resistance, y = 0, and maximum A is infinity, occurring at q = 1. 
In this case, characterized by the conditions h = 0 and co = Jct equation 

(73) becomes 
of -f. lc2 x = H0 sin (H + <p0), (83) 

and its solution cannot in fact be sought in the form (74). 
We suggest that the reader prove that equation (83) has the solution 

rx 
" -°- t cos (kt + 9>0)» 2k 

which contains t as a factor [29]. 
We return to the case when resistance is present, i.e. h ^ 0. As is clear from 

the graph, A increases rapidly before the maximum, and decreases rapidly 
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afterwards. This is also easily seen from (80), with small y. On substituting in 
(81) Amax and the expression for q of (82), we get: 

cos S ■-

F? 
sin S: r 1 -

1 -

whence it is clear that, for greatest effect of the external force, and for small 
y, the phase difference <5 is close to (— jr/2). 

We now return to (77). Even for fairly small values of t, the first term, giving 
the free damped vibrations, will be small compared with the second. We shall 
now vary o>, i.e. the period T of the disturbing force. By what has been said 
above, the following effect will now be obtained: as T approaches a certain 
value, the forced vibrations will rapidly increase, attain a maximum, and then 
rapidly fall off as T passes the value concerned. This phenomenon is called 
resonance. It is encountered in a great variety of processes of an oscillatory 
nature: in mechanical vibrations, electrical oscillations, sound, etc. 

We now suppose that the right-hand side of the equation contains the sum 
of several sinusoidal quantities: 

m 
x" -f 2hx' + k* x = £ H{ sin (co/£ -f <pt). (84) 

For every term on the right, there is a corresponding proper forced vibration 
of the form 

Nt sin {aofi -f- (pi -f <$/) (i = 1, 2, . . . , m), 

where Nt and dt are given by (75) and (76), if the right-hand side of the equation 
is known. The sum of the above forced vibrations will correspond to the sum 
of the external forces, i.e. the 
particular solution 
(84) is [29] 

of equation 

: 2Ni sin {Wit + <fi + Si). (85) 
~X 

We now show how the ampli- YIG, 24 
tudes and phases of the terms on 
the right-hand side of equation 
(84) can be found when they are unknown, by observing the forced vibrations. 

Suppose that we are able to vary k2, i.e. the period T of the free vibration. 
The following effect will now occur: as T approaches a certain value rly the 
amplitude of the forced vibrations will rapidly increase, reach a maximum, 
then fall off on further variation of T; it will now remain small until T approaches 
a new value T2, corresponding to a second maximum of amplitude of the type 
just described, and so on. 

These maxima are due to resonance with the individual external forces appear
ing on the right-hand side of equation (84), and the values of rlt T2, . . . give 
approximately the periods of the external forces. If we plot the periods of 
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the free vibrations along the axis of abscissae, and the amplitudes of the forced 
vibrations on the axis of ordinates, we obtain a curve with several maxima 
(Fig. 24). 

For T == T: (or k = k; = 2^/Ty), the term for which co* is near k: will be 
large compared with the other terms in the sum (85). By observing experimentally 
the maximum values of the amplitudes of the forced vibrations, and taking 
these as approximately equal to the Nt, we can use the formulae: 

J Y(kj - a*jY + 4/t2 ay) 

whilst bearing in mind that ki is close to cy.-, to find the approximate values of 
the intensities of the forces: 

Hj~2hkjNj. 

34. Impulsive external forces. We consider forced vibrations without friction, 
Qf - f £2 x = f (t) (g6) 

and take a special type of external force f(t), acting only in a short interval 
of time, from t = 0 to t = T, which rises from zero at the beginning of the 
interval, reaches a positive maximum, then diminishes to zero (Fig. 25). 

The general solution of equation (86) has the form [32]: 

x = Gx cos kt -f- C2 sin kt -f — / (u) sin k (t — u) du. 
0 

Let the system be in the equilibrium position with zero initial velocity at 
t = 0: 

* U = *'l<-o = °' (87) 
We know that the particular solution 

corresponding to these initial conditions is: 

x = — / (u) sin k (t — u) du , 

F I G . 25 
which we shall now investigate. 

When t > T the integral reduces to the integral over the interval (0, T), 
since by hypothesis 

/ ( u ) = 0 for u>T. 
Consequently, 

T 

x = — f(u) sin k(t — u) du for t > T. 
o 

or 
T T 

x = -T- sin kt f(u) cos ku du — cos kt f(u) sin ku du. 
0 0 
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Since the function f(u) is positive by hypothesis in the interval (0, T), we 
can apply the mean value theorem [I, 95] to the integral written: 

T T 
J f(u) cos ku du = cos kQl T j " f{u) du 
o o 

(O<0 t and 0 2 < 1) 
T T 
J* f(u) sin ku du «= sin k$2 T J f(u) du. 

o o 

Let the duration T of the action of the external force be small compared 
with the period of free vibration T = 2njk. 

Since kT = 2n Tjr now becomes a small quantity, we can replace cos kBxT 
by unity and sin kO^T by zero, so that we get: 

x = — I s i n t o , (88) 

where 

I = J/(*)d« 
o 

is the magnitude of the impulse of the external force. 
I t is easily verified that (88) is identical with the formula for the solution 

of the equation: 
x" + k* x = 0 

with the initial conditions [32]: 

s|,-o = 0 ; * ,|/-o = ^-
i.e. if the action of the external force is of small duration compared with the period 
of free vibration, the vibration of the system on cessation of the external force will 
occur as a free vibration with the system driven from its equilibrium position 
with initial velocity I. 

35. Statical external forces. We now make a different assumption about the 
force f(t)\ we let the total interval of action of the force, (0, T), be split into 
two intervals (0, Tt) and (Tv T), such that the force is increasing in the first 
and decreasing in the second sub-interval; and we further suppose that the 
period of free vibration T = 2n/k is small compared with the duration of the 
increase (and decrease) of the force. 

We now solve equation (86) with initial conditions (87). We get by integration 
by parts, and on noting tha t / (0 ) = 0: 

1 1"=' 1 f 
x = -jj- f(u) cos k(t — u)\ — — / ' (u) cos k(t — u) du = 

(89) 

= ~w,{t) ~ ~w\r {u) cos k(t ~ u) du-
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The first term J(t)jk2 is called the statical deflection, produced by the force 
f(t). We get this expression from (86) by neglecting the term a?", i.e. neglecting 
the dynamic nature of the action of the force. 

The second term is the correction that has to be given to the statical effect 
in order to obtain the actual dynamic effect of the force. This second term 
can be put in the form: 

t 

—- /' (u) cos k (t — u) du = 
o 

t t 

= jTj- cos kt /' (u) cos ku du — sin kt /' (u) sin ku du, (90) 
0 0 

Let us consider the interval of increase of the force, so that we have t < Tx. 
In order to simplify the argument, we shall assume that the first derivative 
f'(t), which is positive in the interval (0, Tx), is diminishing, i.e. that the growth 
of the force becomes slower in the course of time. We show that, given this 
assumption, the two integrals on the right-hand side of equation (90) are small 
in absolute value. We shall only discuss the integral containing sin ku, since 
the other integral can be treated in a like manner. 

We subdivide the total interval of integration (0, t) into half-periods of the 
free vibration, T/2 = njk, and let the number of full half-periods included 
in t be m, so that: 

-J- <*<(m-fl)-J-. 
We now have 

J J r 
J /' (u) sin ku du = J /' (u) sin ku du -f j /' (u) sin ku du -f... + 

o o r_ 
2 

m T t 
+ J f (u) s u l &t* du -f- J /' (**) sin ku du, 

(m_l) _ m _-

and the last interval (WT/2, t) will in general be less than T/2. 
Since sin ku does not change sign in each of the sub-intervals into which 

the total interval has been divided, we can apply the mean value theorem 
[I, 95] and, bearing in mind that kt = 2n, we can write 

(s+i)-f <«+I>Y 

/' (u) sin ku du = f'(us) sin ku du = 

= -r-J'(us) [cos ku] — 

^ ~~ ~Yr {Us) [ c o s ( * + 1} n ■"cos87c] = ( ~ l)ST~f'(Us) = * ( — ^ 7 ' ' ("«>» 
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where 

s-f- <",< (« + l)-J-(« = 0, 1, 2,....ro-l). 

Similarly, we have for the last interval: 

f 

f / ' (u ) s in fcudu=: ( - i ) m - l -0 / ' (u m ) , where 0 < 0 < l a n d m - ^ - < u m < * . 
T 

Hence we have: 

f 

J > (a) sin &u du = -J- [/' («0) - /' («,) + f (u2) - . . . + 
o 

+ (~ l ) m _ 1 f («m-i) + ( - 1 W («m)]. 
In view of our assumption regarding f'(t), the terms of the alternating series 

decrease in absolute value on moving away from the initial term; the total 
sum therefore has the ( + ) sign but is less than the first term [I, 123]: 

t 
0 < / ' (u) s i n k u &u < T / ' (Mi)-

o 

For T small, T/'(W1) is approximately equal to the increment of f(u) in the 
interval (uv ux + T) [I, 60], i.e. rf'(u^ is roughly equal to the change in the 
force in an interval of time equal to the period of free vibration. 

If this interval is so small by comparison with the total interval of increase 
of the force that the above change in the force can be reckoned negligible, 
the integrals 

t t 
j" /' (u) sin ku du and f /' (w) cos ku du 
o 6 

will be small in absolute value, and the second term on the right-hand side of 
equation (89) will, by (90), be a small quantity compared with the first term. 
Precisely the same argument applies for the interval in which the force is 
decreasing. Hence, if the period of free vibration is small compared with the 
total duration of the action of the forcet the deviation produced by the force can be 
found from the statical deviation. 

It follows from the above discussion that T must be so small by comparison 
with T that the change in the force during the interval T can be neglected. 

If the derivative f'(t) is not always decreasing during the interval of increase 
of the force, but has a single maximum, as is often the case in practice, the argu
ment remains the same in essence as that given above. The only difference lies 
in the fact that, in summing the alternating series, it has to be divided into two 
parts, and the prevailing term in the sum will be a middle term, corresponding 
to the particular interval in which the maximum of f'(t) occurs. 

The possibility, of determining statically the deflection due to the external 
force is of importance in devices designed for recording this force. We shall 
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take as an example the indicator of a steam engine. This amounts to a 
cylinder with a close-fitting piston. The latter is subject to the pressure of 
the steam and compresses an elastic spring. 

Let s be the area of the piston, fx(t) the pressure of the steam, k2 the rigidity 
of the spring, m the mass of the piston, and x its displacement. The equation of 
motion of the piston is 

mx" = — k\x + sft (t), or xT + k2x = /(*), 
where 

k* = -^£- and fit) = -2^WL . m in 
The value of x is given by (89). The second term on the right-hand side of 

this expression represents the instrument error. For the error to be small, 
the period of free vibration of the piston on the spring must be small compared 
with the duration of the action of the force. Given this, the reading of the indi
cator will approximate closely to the curve off(t)> i.e. to the curve of the external 
force (to within a constant factor). If the pressure increases so rapidly, however, 
that the change in pressure is significant during an interval equal to the period 
of free vibration, the indicator readings will diverge considerably from the 
pressure curve.| 

36. The strength of a thin elastic rod, compressed by longitudinal forces 
(Euler's problem). If a thin, straight elastic rod AB, the ends of which can 

move along the line AB (Fig. 26), is subjected to two 
forces P, acting on its ends and compressing it along its 
axis, distortion of the axis of the rod, leading to its collapse, 
can occur at a critical value of the force. The problem of 
finding the force capable of producing such distortion (the 
problem of the so-called "longitudinal bending'' of the rod) 
was first stated and solved by Euler. 

Let I be the length of the rod AB, E the modulus of elas
ticity of the material of the rod, and I the moment of iner
tia of its cross-section, which we can take as constant over 
all its length [16]. 

Let OX be taken from the end A along the axis of the 
rod to the end B} and let y denote the ordinate of the 
elastic curve of the rod. The differential equation of the 

elastic curve becomes in this caseift 

&*y El dx2 -Py 
or, putting q2 = P/EI: 

dx2 + q2y = 0. 

(91) 

(92) 

f A more detailed account of this problem may be found in A. N. Krilov's 
article, "Nekotorie zamechaniya o kresherah i indikatorah" in Izvestiya 
Akademii Nauk, 1909. 

ft The bending moment of one of the forces P is evidently (—Py) for any 
section of the rod. 

FIG. 26 
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The general solution of this equation is: 

y = Cx cos qx + C2 sin qx. (93) 

The fact that the ends A, B must remain on axis OX gives us the condi
tions: 

Vlx-o = Vlx-l = 0. (94) 
We notice that these are not initial conditions. Initial conditions specify 

the value of the function y and of its derivative y' for a definite value of x. 
Conditions (94) specify only yf though for two values of the independent variable, 
at the ends of the interval (0,I); they are called, in fact, boundary conditions. 

We substitute x = 0 and x = I in the general solution (93): 

0 = 0^ 0 = Clcosql + C2sinql and Cl=0; C2sinql = 0. (95) 

These equations have the obvious solution Cx = C2 = 0, which, by (93), 
gives y = 0, i.e. the straight form of the rod. For distortion of the axis to be 
possible, we must have C2 T̂  0, which means that sin ql = 0. Hence q must 
take one of the values: 

? = - ^ - ( * = 0, 1, 2 , . . . ) . (96) 

The first solution 8 = 0 makes q and y zero, and again gives the straight 
elastic curve. The least non-zero value of q is obtained for 8 = 1: 

n 
?, = — • 

On substituting this value in the equation q2 = PI El, we get the least value 
of the force capable of producing distortion: 

P1 = SJgf = - ! ! l f L , (97) 

or the so-called critical force (Euler's formula). 
The curve along which the rod bends for P = Px will have the equation: 

y = C2 sin — x. 

i.e. consists of a half sine wave (Fig. 26). The state of equilibrium is unstable, 
and considerable deformations are possible. 

We find, on setting * = 2 in (96): 

< ? , = — • 

The equation of the axis of bending of the rod now becomes: 

y*=C2 sin —j- x, 

and the bending curve consists here of two half waves. 
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The force P2 needed to produce this deformation is: 

P 2 = EIq\ = Z2 

and is thus four times greater than the previous force. 
On giving successive integral values to s, we get all the possible equilibrium 

forms of the bending axis of the rod. These will consist of a corresponding 
number of half sine waves, whilst the forces required for the appearance of 
these distortions will be proportional to the square of the number of half waves. 

It may be pointed out that differential equation (91) is approximate, in the 
sense that the curvature of the bending axis of the rod is taken equal to the 
second derivative; the equation therefore only applies in regard to small deforma
tions of the rod. The conclusions drawn from general solution (93) of the equation 
are not justified as regards forces P which produce considerable bendings of 
the rod, and can clearly lead to absurd results. 

Numerous experiments with long, thin rods have shown that the rod at 
first preserves its straight shape with gradually increasing P, then suffers con
siderable distortion of its axis on P reaching a value near Plt as defined by 
(97); the bending thereafter increases with great rapidity as P continues to 
increase. 

The role of the boundary conditions (94) must be mentioned. Given the initial 
conditions, the solution of a linear equation is uniquely defined. A different 
situation arises with boundary conditions, as we have seen. Particular values 
(96) of the coefficient q in equation (92) exist, such that, given boundary condi
tions (94), the equation has, apart from the obvious solution y = 0, solutions 
which are defined up to an arbitrary constant factor. We shall meet with the 
same situation in the example below [37]. 

37. Rotating shaft. Experiment shows that the following effect occurs on 
rapid rotation of a long, thin shaft: as the angular velocity increases, it reaches 
a certain value co = ca1 at which the shaft no longer remains straight but begins 
to wobble; as co increases further, stability is again achieved for a time, then is 
lost again at co = co2, and so on. We explain the reason for this effect and the 
method of calculating the critical velocities: colt a>2, . . . 

Generally speaking, a rotating shaft has a straight shape at equilibrium, 
but at the above-mentioned critical velocities the shaft can have a bent dyna
mical equilibrium shape in addition to the straight equilibrium shape; with 
this, any chance factor can lead to distortion of the shaft, which causes it to 
wobble. 

Let the shaft be supported at its ends x = 0 and x = Z, and let y denote 
the amount of bending, as usual. Each element dx of the bent rotating shaft 
is subjected to a centrifugal force (pig) cohj cLc, where p is the weight per unit 
length of the shaft and g is the acceleration due to gravity. On taking this 
force as a continuously distributed load, we obtain from equations (25) and 
(32) [16]: 

dx* q 
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or, writing 
4 

** (98) 
gJEl ' 

we have: 
y(") — q*y = 0. (99) 

The corresponding characteristic equation r4 — q4 = 0 has roots: ± 2 , +grt, 
and the general solution of (99) becomes: 

y = C1 e?x + <72'e~9* + C3 cos g# + CA sin ga\ 

The deflection and bending moment must both be zero at the supported 
ends; we thus have the four boundary conditions: 

y 
d*y 

■y x-/ da;1 8=0 , 
x-i dx2 

These can easily be seen to reduce to the system of equations: 

Cl etf + C2 e~4 - Cz cos ql - C4 sin ql = 0;\ 
Ox e<7* + C2 e~tf + Cz cos ql + CA sin g/ = 0; I (100) 
C^+C. + C.-O; ^ + 0 , - 0 , - 0 . ) 

The solution 
^ i = ^ 2 = ^ 3 = ^ 4 = 0 (101) 

corresponds to the obvious identity y = 0, i.e. to the straight shape of the shaft. 
We now find the values of q for which system (100) has solutions differing 
from (101). 

The first two equations give: 

^ = - 0 , ; 0 , - 0 . 
We get by substitution in the last two equations: 

Cl=C2 = Cz = 0; <74 sin ql = 0. 

If GA zfi 0, we must have sin ql = 0, which gives the values for q: 

ff=-y-(«=l,2f...)- (102) 

On using (98), we get the following expression for the critical velocities: 

38. Symbolic method. We now come to a fresh method of integrat
ing a single linear equation or a set of linear equations with constant 
coefficients. The method can be applied, with suitable generalization, 
to more complex problems. I t consists essentially in a symbolic 
notation for the operation of differentiation with respect to the 
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independent variable t, by writing a D to the left of the function to 
be differentiated. Thus, if x is a function of t, 

Dx- dx 
dt ' 

and in general, for any positive integral s: 

DSx = ^ - <103) 

If a is a constant, obviously 

Ds(ax) = aDsx, (104) 

i.e. the law of transposition holds for the product of a symbolic 
factor and a constant. If F(D) is a polynomial in D with constant 
coefficients: 

F(D) = a0 Dn + a± Dn^ +... + an^ D + an, 

the operation F(D) x is defined as: 

F(D)x=^ a0Dnx + a1Dn~1x + . . . + an_xDx + anx = 
dn x dn_1 x dx 

= a» ~di»~ + a i ~ d F » ~ + • • • + o n - i - d T +*„*• 

If q>{D) is the product of two polynomials (p^D) and (p2(D), we 
have, using (104) and the obvious equality D"1 {If* x) = D" '+" 2 x: 

<Pl(D)[<Pi(D)x] = <p(D)x> 

where the factors cpi(D) and cp2(D) can be transposed. 
Evidently, in the same way, 

[cp1(D) + (p2(D)]x = (Pl(D)x + (p2(D)x9 

and the result obtained is independent of the order of the terms 
cp^D) and cp2(D). 

The ordinary rules of addition, subtraction and multiplication thus 
extend to the symbolic polynomials now introduced. 

By (104), a constant factor can be taken outside the sign of a 
symbolic polynomial, so that , along with (104), we have 

F(D) (ax) = aF (D) x; 

of course, this is not permissible with factors dependent on t. We now 
prove the formula: 

F(D) (emt x) = emt F(D + m)x, (105) 
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where m i s a constant. The expression indicates tha t a factor of the 
form emt can be taken outside the sign of a symbolic polynomial after 
substituting (D + m) for D in the latter. 

The expression F(D) (emt x) consists of terms of the type 
an-sIf (emt x), and it is sufficient to prove (105) for all such terms, 
i.e. we need only prove 

Ds (em 'z) = emt (D + m)sx. (106) 

If we use Leibniz's formula for differentiating a product, we can 
write [I, 53]: 

Ds (emt x) = dS(l™!X) = (em ')(s) x + Ci (emt)(s~» x' + 

+ C2 (em ' ) ( s - 2 ) x" + . . . + Ck (emt)(s-V X(K) + mt%emt x(s)} 

where the superscript in brackets indicates the order of the derivative 
with respect to t, and Ck

s is the number of combinations of k from s 
elements. Since (em ') (p) = mpemt and x^ = If x, we can write, on 
taking emt outside the brackets: 

Ds (emt x) = emt (msx + Clm^Dx + C2
sms-2D2x + ...+ 

+ Ck
sms'kDkx+ . . . + Dsx) = emt(ms + C1

sms~1D + 

+ C2ms~2D2 + . . . + Ckms-kDk + ... + Ds)x. 

But the right-hand side is identical with the right-hand side of (106); 
(106) is thus proved, which amounts to proving (105). 

We now define negative powers of D as operations the inverse of 
differentiation, i.e. we define D~s f(t) as the solution of the equation 

Dsx = f(t), (107) 

where, in order to give a precise meaning to the symbol D~s f(t), 
we agree to take the solution which satisfies the zero initial con
ditions: 

4-*. = x' U . = • • • = *<s_1) U*. = o. (io8) 

In other words, we shall take [15] 

D-s1{t) = l^ny](t-uf-->-f(u)du. (109) 
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The general solution of equation (107) now becomes [15]: 

t 

x = D~*f(t) + P 5 _ 1 (t) = j ^ j y ^ t - uf-if{u) &u + P s _ x (0, 
"'• (110) 

where Ps^x (t) is a polynomial in t of degree (s — 1) with arbitrary 
coefficients. 

We define the more general operation (D — a)~s f(t) as the solution 
of the equation 

(D-a)sx = f(t), (111) 

satisfying conditions (108). To find this solution, we bring in a new 
unknown z instead of x, where: 

x = eatz. (112) 

On substituting in (111) and using the rule expressed by (105), we 
obtain the equation for z: 

eat(D + a-a)sz = f(t) or Dsz = e~ntf(t). (113) 

The solution of this equation, which satisfies the conditions: 

4-f . = * L,„ = • • ■ = a*-" |,_„ = 0 , (114) 

can be determined in accordance with (109), provided we write 
e~at f(t) here in place of f(t): 

t 

to 

But it follows from the formulae: 

DJx = DJeaiz = eat(D + a)1z(j = 0, 1, 2 , . . . , 5 - 1 ) 

that, if z satisfies conditions (114), x, as defined by (112), satisfies 
conditions (108). On substituting the expression found for z in (112), 
we get the required solution of (111): 

t 

(D - a)~sf(t) = — ^ J(* - uf-^-««f{u) du. (115) 
to 
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The general solution of this equation is obtained if we multiply 
the general solution of equation (113) by eat, i.e. the general solution 
will be: 

x = iD-a)-f(t) + 4«Ps_1(t) = 
t (116) 

where Pg^ (t) is a polynomial in t of degree (5—1) with arbitrary 
coefficients. 

In particular, setting f(t) = 0, we get the general solution of the 
equation 

(D-a)sx = 0 (117) 
as 

* = e«'P5 .1(<). (118) 

39. Linear homogeneous equations of higher orders with constant 
coefficients. A linear homogeneous equation of the nth order with 
constant coefficients is of the form: 

*<n> + a±a**"1) + . . . + 0 » - i a ' + anx = 0. (119) 

If we denote differentiation with respect to t by the symbolic 
operator D and introduce the polynomial: 

<p(D) = Dn + a1D»-i+... + an_xD + an, 

we can write the equation as: 

(p(D)x=0. (120) 

The characteristic equation corresponding to equation (119) is: 

fi + airn-i + . . . + an^r + an = 0, (121) 

with, say, roots rv r2, . . . , rm of multiplicities kv k2, . . . , km, where 

*i + *a + . . . + tOT = w . (122) 
On factorizing the polynomial <p(D), we can write equation 

(120) in the form: 
(D - r i)*i (D - r2)*« . . . (D - rm)k>*x = 0. (123) 

The equation 
( D - r m ) * « z = 0, (124) 

has, by (118) [38], the general solution 

* = ^ V i ( « ) . (125) 
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where Pk x(t) is a polynomial of degree (km — 1) with arbitrary 
coefficients. 

Function (125) will clearly also be a solution of equation (123). 
We see this by substituting (125) in (123), when we get zero as a 
result of the operation (D — rm)km; the operations 

(D - ri)*i (D - r2)*a. . . (D - r ^ ) * - - * , 

multiplied by zero, evidently also give zero. We could now transpose 
the factors so tha t some other factor, say (D — rs)k\ stood next 
to x. I t may be seen, by means of this device, tha t a series of particular 
solutions exists: 

*s = e ^ P f e - i W (s = 1, 2 , . . . ,m) , (126) 

where Pk ^(t) is a polynomial of degree (1cs — 1) with arbitrary 
coefficients. 

By assigning to s all the values from 1 to m in (126), and adding 
all the solutions thus obtained, we arrive at the solution of equation 
(123) [26]: 

x = e * Pkl-X (t) + e ^ 2 V X (*) + . . . + e ^ P k m ^ (t). (127) 

Each polynomial P^^t) of degree (lcs — 1) with arbitrary coefficients 
contains altogether lcs arbitrary constants, and therefore, by rela
tionship (122), solution (127) contains in all n arbitrary constants. 
In view of this, it may be surmised tha t (127) represents the general 
solution of equation (119), i.e. tha t every solution of this equation 
is included in (127). 

This was proved above by expression (118) of [38] for the case of 
m = 1, so tha t it remains to show that , if our assertion is justified 
for the case of (m — 1) factors of the form (D — rs)k% it is also justified 
for m factors. The proof is as follows. Equation (123) can be rewritten 
as: 

(D - ri)k* (D - r2)k\ . . (D - iw-i)*--1 y = 0, 
where 

y=(D — Tm)k~x. 

We suppose tha t our statement is proved for (m — 1) factors, 
so that we have the general solution for y: 

y = (D- rm)f t- x = e * Qkr.1 (t) + e'.' Q^ (t)+...+ 
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where the Qk _x(£) are arbitrary polynomials of degree (lcs — 1). 
On writing 

a; = er*'z, (128) 

taking eTmt outside the sign of the symbolic polynomial, and dividing 
both sides of the equation by eTfn\ we get: 

Dkm z _ e(ri-rm)t Q^ (f) + e(r2-rm)* Q ^ ( * ) + . . . + 

We get the general expression for z on integrating the right-hand 
side Jcm times with respect to t and adding a polynomial of degree 
(km — 1) [15]. Now we know [I, 201] tha t the integral of the product 
of the exponential function eat and a polynomial of degree h in t is 
of the same form. Thus, z must be of the form: 

z = eCi- '-* PH_t (t) + e<"- ' .» Pkr_1 (t) +... + 

+ e^~^' Pkm_f_l (t) + Pka^ (t). 

On using (128), we see tha t x must be as given by (127), which is 
what we required to prove. 

In particular, if the roots of the characteristic equation are all 
simple, all the Pkt^±(t) are polynomials of zero degree (ks = 1), in 
other words, they are arbitrary constants Cs; here, the general solution 
of the equation has the form: 

x = C1Gr^t + C2er* + ... + Cner*f. 

Assuming tha t the coefficients of equation (121) are real, some of 
its roots may nevertheless be complex. The terms in solution (127) 
corresponding to these complex roots are easily reducible to real form 
by passing from exponential to trigonometric functions. Suppose tha t 
(121) has a pair of conjugate complex roots (y i M) of multiplicity Jc. 
The solution corresponding to these will be of the form 

e<H** Sk^ (t) + <><*- *» Tk_x (t) = e* [e*' Sk^ (t) + e - « " T H (*)], 

where S^tf) and Tk^x(t) are polynomials of degree (1c — 1) with 
arbitrary coefficients. If we write 

edti — cos dt + i sin dt; e^6ti = cos dt — i sin dt, 

we obtain the solution in the form 

ey< [ £ 7 ^ (t) cos dt + Vk^x (t) sin dt], 
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where Uh-\(t) and Vu^t) are polynomials of degree (lc — 1) with 
arbitrary coefficients, related to S^it) and Th^t) via the expressions 

Uu-x (t) = V - i (t) + Tk^ (t); Vk_x (t) = i[Sfc_a (*) - Tk_, (t)]. 

The above discussion leads us to the following rule [27]: equation 
(119) must be integrated by first forming the corresponding characteristic 
equation (121) and finding its roots. For every real solution r = r' of 
multiplicity lc', there is a corresponding solution of the form: 

where P^^t) is a polynomial of degree (lc' — 1) with arbitrary coef
ficients; and for every pair of conjugate complex roots /* = (y ± di) of 
multiplicity lc, there is a corresponding solution of the form 

evt [Uk__1 (t) cos dt + Vk__x (t) sin dt], 

where Uu-^t) and Vu^t) are polynomials of degree (lc—1) with 
arbitrary coefficients. Addition of all the solutions thus obtained gives 
us the general solution of equation (119). The polynomials reduce to 
arbitrary constants in the case of simple roots. 

40. Linear non-homogeneous equations with constant coefficients. 
A linear non-homogeneous equation is of the form 

<p(D)x = f(t), (129) 

where f(t) is a given function. Its general solution is obtained [25] by 
adding to the general solution of the corresponding homogeneous 
equation, which we know already how to obtain, a particular solution 
of it, which we must now proceed to find. We use the symbolic method 
and split the rational fraction l/(p(D) into partial fractions [I, 196]: 

9(D) s^^jD^Ttf' 

Let the function f(<) be defined by 

m k, A (?) 
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the meaning of this expression being fully defined since, in accordance 
with (115) of [38], each member of the right-hand side has a definite 
meaning: 

to 

I t is easily shown tha t (130) in fact gives a solution of (129). We 
consider 

By definition of the symbol (D — rs)-q, if we operate on the right-
hand side of (131) with (D — rs)q, the result is A{q)f{t). Since the 
polynomial <p(D) is divisible by (D — rs)q, we have <p{D) = (psq(D) 
(D — rs)q, where (psq(D) is a polynomial. Hence we can re-write the 
previous formula as: 

<p(D)S(t)=2 2 AM<psq{D)f{t). 

But it immediately follows from the expansion of \jcp(D) tha t 
m k, 

Ii I Aq)<Psq(D) = h and therefore <p(D) £(t) = f(t), 

so that a solution of equation (129) is actually given by (130). 
We see from this that finding a solution of (129) for any given 
function f(t) reduces to splitting a rational fraction into partial 
fractions and then integrating. 

The particular solution of equation (129) is found more simply in 
some particular cases by the method of undetermined coefficients, 
as demonstrated in [29], than by the general formula (130). 

We remark that formulae (71) and (72) of [32] are easily derived 
by using the above symbolic method. 

41. Example. We take as an example the equation 

x( iv) -f2a" + a? = tcos#. (132) 

Here, the characteristic equation becomes 

r* 4- 2r2 4- 1 = 0 or (r2 4- l)2 = 0. (133) 

This has a pair of conjugate, double roots r = ± i . The general solution of the 
homogeneous equation corresponding to (132) is 

(Cxt 4- Ct) cos t 4- (C2t 4- CJ sin t. (134) 
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We see by comparing the right-hand side of the given equation with (43) of 
[29] that here, k = 0, I = 1, and P(x) = 1, Q(x) = 0. The numbers k + li = ±i 
coincide with the pair of double roots, so that the solution of (132) must, by 
[29], be sought in the form 

x « t2 [(at -f b) cos t + (ct + d) sin t]. (135) 

The problem will be simplified by writing the right-hand side of (132) in the 
exponential form. If we do this, and a t the same time write the left-hand side 
in the symbolic form, (132) becomes: 

(D2 + I)2 x = - ~ e " + 4" e~"- (136) 

We shall have to look for the solution in the form 

x = t2 (at + b) e(t + t2 (ct -f- d) e~u. (137) 

We substitute this expression in the left-hand side of the equation: 

(D + if (D - i)2 t2 (at + b) en + (D + i)2 (D - i)2 t2 (ct + d) e'if = — e'f + y e"'7. 

On taking e1"' and e~ u outside the symbolic polynomials in accordance with 
rule (111), we get: 

e" (D + 2i)2 D2 (at* + bt2) + e-n (D - 2i)2 D2 (ct3 + dt*) = 4 e" + ~ eu , 

or, on writing the second derivative instead of D2: 

e" (D2 + UD - 4) (6a/, + 2b) + GUt(D2 - UD - 4) (Set + 2d) = y e" + y e'if. 

We carry out the differentiations: 

[ - 24a* + (24ot - 86)] e" + [ - 24c*,- (24c^ + 8d)] e~u = - i - e" + - ~ e" r t . 

Hence, by the method of undetermined coefficients: 

- 24a = - i - ; 24ai - 8fc = 0; - 24c = - i - ; 24ct + 8d = 0, 2 ^ 
or 

1 . 1 . 1 , 1 . 
a = = - l 8 - ; 6 = =T^ ; c = " l 8 - ; d s = lg - f " 

On substituting in (137), we obtain the solution: 

x = — cos£ £-sin£, (138) 
24 © 

and the general solution of equation (132) becomes 

24 
t3 t2 

x = (Cx t -f- C8) cos * + (<78 * -f 0A) sin * - -HT- cos t g- sin L (139) 
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42. Euler's equation. This equation has the form 

tnxW + axtn~xx<n-V + . . . + an_x tx' +anx = 0, (140) 

where av a2, . . . , an are constants. We show tha t it reduces to an 
equation with constant coefficients on replacing the independent 
variable t by r, defined by the expression 

t=±er. (141) 

We denote differentiation with respect to t by the symbolic factor D 
as previously, whilst symbolic d will denote differentiation with 
respect to r. We obviously have 

dx dec dt T dx 
dr ~~~ dt ' ~dr~ ~~6 dt ' 

or, in symbolic notation: 
Dx = e-rdx. (142) 

If we operate on the left-hand side with J>, and on the right-hand 
side with the equivalent e~T d, we get: 

D2 x = e-xd(e-r d) x. 

On taking the factor e~T outside the d sign, in accordance with the 
rule of (111), we find: 

D2x = e~2r(d- l)dx = e-2rd(d- l)x. 

This expression, together with (142), suggests the following general 
formula: 

Dsx = e-Srd(d- l ) . . . ( ( 5 - s + l)x. (143) 

We have to show that , if the formula is true for s symbolic factors, 
it is true for ( 5 + 1 ) factors. Let (143) be assumed true, and let us 
operate on the left-hand side with D, and on the right-hand side 
with the equivalent e~T <5; we get: 

Ds+1x = e~Td [e-STd (d - 1). . . (<5 - s + 1) x], 

whence, taking e~ST outside the d sign: 

Ds+1 x = e-Te~ST(d — s)d(d — 1). . .(d — s + 1)x = 

= e~<s+1>T d (d — 1 ) . . . (<5 — s + 1) (d — s) x, 

which shows that (143) is true for any s. 
On writing t for eT, the formula becomes: 

tsDsx = d (d — 1)...((5 — s+ l)x. (144) 
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I t follows that , as a result of transformation (141), every term 
an-sf #(5) on the left-hand side of (140) is replaced by a term 

an_sd(d-l)...(d-s+l)x, 

which does not contain the independent variable r; hence we obtain 
the linear equation with constant coefficients: 

[d (d - 1 ) . . . (d - n + 1) + aj (d — 1 ) . . . (d - n + 2) + . . . + 
A . i A ( 1 4 5 ) 

The characteristic equation corresponding to this will be: 

r(r— 1 ) . . .(r —?i + l) + a 1 r ( r — 1). . .(r — n+ 2 ) + . . . + 
(146) + an_! r + an = 0, 

so that the general solution of (145) is: 

x = e v Pkl^ (r) + e"* P , 2 _ 1 (r) + . . . + e v p ^ (T), 

where the rs are roots of (146) of multiplicity ks and the Pk^1(x) 
are polynomials of degree (lcs — \) with arbitrary coefficients. 

On returning to the original variable via (141), we get the solution 
of equation (140) as: 

x = ^ / V i t f o g * ) + t*Pki_1(logt)+.. . + * r «iV-i ( log*) . (147) 

If the roots of equation (146) are all simple, the solution of 
(140) becomes: 

x = Cx tr* + C2tr* + ... + Cntrn. (148) 

Equation (146) is obtained, as is easily seen, if the solution of 
(140) is sought in the form x = f. 

Given a non-homogeneous equation of the form 
tnx&> + att"-1 x(n-V + • • • + a>n-iix' + anx = taP(logt), (149) 

where P (log t) is a polynomial of degree p in log t, it may easily be 
seen, by using transformation (141), that the solution can be sought 
in the form: 

x = (logt)staQ(logt), (150) 

where Q (log t) is a polynomial of degree p in log t and s is the number 
of roots of equation (146) equal to a. 

We can take, instead of (140), the more general equation of the 
type: 

(ct + d)n *<"> + ax (ct + d)"'1 x<n~V + • • . + 

+ Q>n-x (ct + d) x' + an x — 0. 
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The variables must here be transformed by the formula: 

ct -f d = eT, 

instead of by (141), whilst instead of (144) we now have the expression: 

(ct + d)sDsx = csd(d- l)...(d-s+ l)x, 

with the aid of which equation (151) also reduces to an equation with 
constant coefficients. 

43, Systems of linear equations with constant coefficients. The 
position of a mechanical system is in many cases defined, not by one, 
but by several independent quantities qv g2, . . ., q^, which are referred 
to as parametric coordinates. The number k of these gives the number 
of degrees of freedom. In the case of rotation of a rigid body about a 
fixed axis, for instance, we have one degree of freedom, this being 
the angle 6 by which the body has turned about the axis. The rotation 
of a body about a fixed point provides three degrees of freedom, 
and the parametric coordinates can be taken, for instance, as the 
Eulerian angles, 99, y> and 0, which are familiar from the dynamics 
of rigid bodies. The motion of a point-mass on a plane, a sphere, 
or any other surface, has two degrees of freedom. The parametric 
coordinates may be taken as the ordinary rectangular coordinates 
x and y in the case of a plane, or as the longitude <p and latitude ip 
in the case of a sphere. 

With the motion of a mechanical system, its parametric coordinates 
Qv #2> • • • > Qk a r e functions of time t, and are defined by a system 
of differential equations with initial conditions. In particular, when 
considering the small oscillations of a system about a position of 
equilibrium, for which the corresponding parametric values are 

q1 = q2 = . . . = qk == 0, 

usually only first order terms in qs and dqs/dt are retained in the 
differential equations, so that we have a linear system with constant 
coefficients. Every equation will in general contain all the qs and 
their first and second order derivatives with respect to t. 

Given two degrees of freedom, the system will have the form: 

«iql + hq'i + ciqi + a^qi + M 2 + c2?2 = 0; ( ( 1 5 2 ) 

<*1 ?1 +*l9i+ /l ?1 + ^2?2 + ^2?2 + /2?2 = 0, I 

where g{, q'[, q'2, ql are derivatives of qx and q2 with respect to t. 
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On using the above notation of symbolic D for differentiation with 
respect to t, we can write (152) in a different form: 

K D 2 + bxD + c1)ql + (a 2D 2 + b2D + c2)q2 = 0; \ 
(d.D2 +e,D + A) qx + (d2D* + e2D + f%) q2 = 0. f 

If external forces act on the system, there will be known functions 
of t instead of zero on the right-hand sides of the equations. 

The initial conditions have the form: 

where q10, q[Q, q20, q20 are given numbers, and the general solution of 
system (153) must contain four arbitrary constants. 

We show how integration of system (153) reduces to integration 
of a single linear equation of the fourth order with one unknown 
[20]. We do this by bringing in an auxiliary function V of t, 
putting: 

gr, = - (a2D2 + b2D + c2) V; q2 - (axD2 + bxD + cx) V. (154) 

On substituting these expressions for q1 and q2 in equations (153), 
we see that the first equation will be satisfied for any V, so that it 
remains to choose V such tha t the second equation will also be 
satisfied. 

Substitution of expressions (154) in this second equation gives us 
a fourth order equation for F:f 

[ K D 2 + b±D + cx) (d2D* + e2D + f 2 ) -

- (a 2D 2 + b2D + c2) (dxD* + e,D + ft)] V - 0. ( 1 5 5 ) 

Having found F , we get q1 and q2 from (154) by straightforward 
differentiation. 

Let rv r2, r3, r4 be the non-repeated roots of the characteristic 
equation: 

(a, r* + bxr + cj (d2r* + e2r + f2) -

- (a2r2 + b2r + c2) (dxr2 + etr + A) = 0, ( 1 5 6 ) 

so that 

V = C1 e r ' ' + C2 er*< + C3 er*' + C4 er*'. (157) 

f We assume that axd2 — a2dt^ 0; this is always the case when consider
ing the motion of a material system. 
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We substitute this expression in (154), recall tha t Dert = rert and 
D2 ert = r2 ert, and get a general expression for q1 and q2. I t will 
consist of a linear combination of four solutions, each of which con
tains an arbitrary constant factor. The solution V = C1 er*' gives, 
for instance: 

? i = - 0 1 ( a 2 i i + 6ir1 + c a ) e^ ; q2 - Cx (a± r\ + bx rx + c±) e * . (158) 

If equation (156) has complex roots, as is usual in applications 
the solution of equation (155) can usefully be written in trigonometric 
form, so tha t the solutions for V: 

C1eat cos bt and C2efl/sin&£, 

correspond to a pair of conjugate roots r = a ^ bi. 
Similarly, if (156) has a double root r± = r2, the solutions become 

C^e'* and C2ter*. 

We now notice the case when the above method does not lead to 
the general solution for q1 and q2i containing four arbitrary constants. 
Let equation (156) become, for a certain root r±: 

ai rl + &i ri + ci = <H rl + h r± + c2 = 0. (159) 

Expressions (158) for qx and q2 now vanish identically, and the 
general solution of the system will not contain the arbitrary con
stant Cv We can t ry to restore the lost constant by using the equations 

qi = (d2D2 + e2D + f2)V; ? a = - ( d 1 D a + e1JD + / 1 ) F . ( 1 6 0 ) 

instead of (154), when we introduce the auxiliary function V. 
With this, the second of equations (153) will be satisfied for any V, 

whilst substitution of expressions (160) in the first equation (153) 
will give us the same equation (155) as above for V. The root r± of 
the characteristic equation (156) now gives, instead of (158), the 
expressions for q1 and q2: 

<Zi - Ci (d2rl + e2rx + f2) e * ; q2=-C1 (d±rl + exrx + fx) e * . 

Provided one at least of the factors (dx r\ + ex rx + fx) and (d2 rl + 
+ e2 ri + fi) does not vanish, the solution corresponding to the root 
r = rx of (156) has now been restored. 

The case still remains to be considered when, in addition to rela
tionships (159), we have 

d,A + exrx + fx = d2rl + e2rx + /a = 0. (161) 
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With this, the method given above does not lead to restoration of 
the solution corresponding to root r = rx of equation (156). But 
since (159) and (161) are valid, all the quadratic expressions in 
brackets on the left-hand side of (156) have the root r = rx, i.e. 
are divisible by (r — rx). I t follows that r = rx must be a repeated 
root of (156). We confine ourselves to the case when r = rx is a 
double root, and indicate the corresponding solutions of the system. 
These two solutions will be: 

q1 = C1er*; q2 = Q (162) 

?i = 0; q2 = C2erif. (163) 

If, in fact, we substitute say expressions (162) in the left-hand 
side of either of equations (153), we obtain an identity, by (159) 
and (161). 

These solutions are distinct, since q2 is identically zero in the first, 
whereas it differs from zero in the second. 

We remark that if, in the case of a repeated root rx = r2, say, one 
of relationships (159) is not fulfilled, we obtain, on substituting 

F = C 1 e r i ' andF = (7aferi' 

in expressions (154), the solution (158) and a solution which contains t 
as a factor: 

?i = — c2 (02rl + hri + c2) teri' + C2px©rif; 
q2 = C2 (axrl + bxrx + cx) to* + C2p2e*, 

where px and p2 are definite constants. 
The general solution of the non-homogeneous system: 

(ax D* + bxD + cx) qx + (a2 D*+b2D + c2) q2 = fx (t); ] 
(dx D*+exD + fx) qx + (d2D* + e2D + f2)q2 = f2 (t),\ 

consists, as in the case of a single equation, in the sum of the general 
solution of the corresponding homogeneous system (153) and any 
particular solution of the non-homogeneous system. If the free terms 
fx(t) and f2(t) are of the form 

A0 eat cos pt + B0 eat sin pt = Deat sin (pt + cp)t 

the particular solutions can be sought in the form 

q = Ax eat cos pt + Bx eat sin pt; q2 = A2 eat cos pt + B2 eat sin pt, 
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provided only that (a ± (3 i) is not a root of equation (156). On sub
stituting this expression in the left-hand side of equation (164) and 
equating coefficients of eat cos /? t and ea ' sin ft t, we get equations 
for determining Av Bv A2, B2. 

The particular solutions of system (164) can be obtained for any 
fx(t) and f2(t) in the same way as in the case of a single equation [40]. 
On solving system (164) for qx and q2, we get, for example, for q±: 

_ d2D* + e2D + f2 , atD* + btD + ct , , 
? i ~~ ~2(5) h [) A(D) h [t)> 

where, for brevity, A(D) denotes the symbolic polynomial on the 
left-hand side of equation (155). On expanding the rational fractions 
and using the value given in [38] for the symbolic factor (D — r)~k, 
we obtain the required solution of system (164). 

We further remark that , by using the arguments of [20], we can 
easily reduce the integration of a system of linear equations with 
constant coefficients to the integration of a single linear equation 
with constant coefficients. We give a general method in Volume I I I 
for integrating a system of equations with constant coefficients. 

44. Examples. 1. We consider the system: 

d2 y d2z 
■ = z + x> -AZT = y + 2x> dx* ~ ' ' d#2 

where y and z are required functions of x. On finding z from the first equation: 

and substituting in the second, we get the fourth order equation for y: 

d*v 
-dx%-~y=2x> ( 1 6 5 ) 

the general solution of which is found by the usual rule as 

y = Cx ex -j- C2 e"x -f C3 cos x -f CA sin x — 2x. 

We substitute this expression in (165) and get the expression for z: 

z — Clex-}-C2 e~x — Cz cos x — CA sin x — x. 

2. We take the system of three first order equations: 

dx dy dz 

-dr=^+2; -I = z + x> -&=x + y> (1 6 6> 
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where x, y and z are required as functions of t. We solve the first equation with 
respect to y: 

V = - S T - * (167) 

and substitute the expression obtained in the remaining two equations, which 
gives: 

d2x dz dz dx ._._. 

■d*--nr = z + x' -ar=x + itr-z- (168) 

On substituting the expression for dz/dt given by the second equation into 
the first, we get a second order equation containing only the one unknown 
x (exceptional case): 

6* dt ZX U' 

the general solution of which is: 

x = C&" + Cze~f. (169L) 

We substitute this in the second of equations (168) and get a first order equa
tion for z: 

the general solution of which is: 

2 = (73e-' + 01e*. (1692) 

On substituting expressions (169x) and (1692) in (167), we obtain for y: 

y - C ^ - t C . + C.Je- ' . (169.) 

We are presented here with the exceptional case referred to in (20). Instead 
of obtaining a single differential equation of the third order, we have obtained 
an equation of the second order and a further equation of the first order. 

3. We encounter systems of linear equations with constant coefficients in 
the study of electrical oscillations, as well as when considering small oscilla
tions of mechanical systems about the equilibrium position. Let two circuits 
be linked magnetically, i.e. the current in one circuit produces a magnetic 
field which induces an electromotive force in the second circuit. If ilf it are 
the currents in the two circuits, the induced e. m. f. in the first circuit will be 
M dijdt, and in the second, M dijdt, where M is the constant mutual induc
tance. If we assume that there is no current source in either circuit, we 
have the equations: 

where Llt Rlt Gt are the self-inductance, resistance, and capacity in the first 
circuit, and L2, i?2, <72 are the corresponding values for the second circuit. 
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We use this example to show how one of the unknown functions can be 
eliminated and a single fourth order equation obtained with one unknown, 
without introducing an auxiliary function V. 

We substitute for dPiJdt2 from (171) into (170), and get the equation 

{ L l L t - m ^ + LtB1^- + ^i1-RtM^--^-it = 0. (172) 

On differentiating this equation, and substituting the expression for MdHJdPl 

-%,d2i9 r d2i. _, di. 1 . ,,„«v 
M -p-^ = — Ly - j- i- — R, - ^ — -FT- H (173) 

d£2 l dt2 l dt Gx\ l v ' 
got from (170), we obtain: 

PA -M*^+&**+JA> S1+dr+R A) •§■+ 
+ of^ + -o7'-df = °- <174) 

After differentiating once more, and again substituting for MdHJdt2 from 
(173), we finally arrive at a linear equation of the fourth order for it: 

(L,L2 - JT) *£■ + ( L A + L2 Rt) *L + ( £ + f + 2» A ) ^ + 

If we had eliminated ^ instead of i2, we should have got precisely the same 
fourth order equation for i2. I ts corresponding characteristic equation is 

(1 _ fct) r4 + 2 (ft + <?2) r3 + (n{ + wf + 4gl9l) r2 + 

+ 2 {gxn\ + g2n\) r + <n{n\ = 0, (176) 

where we have written for brevity: 

. _ M I 1 _ Rl _ R2 

k~SLxW ^-YL^'' n * - / L i 0 , ; s 7 l-"2l7 ; 9i~'2Ti 

Equation (176) can also be written in the form: 

(r2 -f 29lr -f- nl) (r2 + 2^2r -f nf) - &2r* = 0. (177) 
If there were no magnetic coupling, we should have to put M = 0 in equations 

(170) and (171), and we should obtain two separate equations, defining the dis
charge processes in the circuits: 

S1+2^ iar+n!ii=0 and S ? + 2 ^ + M i ^ = °- <178) 
Both circuits are usually oscillatory, in other words, the characteristic 

equations corresponding to differential equations (178): 

r2 + 2gxr + n\ = 0 and r2 + 2g2r + n\ = 0, (179) 
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have complex roots, i.e. gx
2 — nx

2 < 0 and g2
2 — n2

2 < 0, or 

Rx _ 1 _ _ E 1 

2£i <YL^-1
 and rf^^v 

or alternatively 

With Jc = 0, equation (177) gives two pairs of conjugate complex roots 
[the roots of equations (179)]. With the small values of M, such as are usually-
found in practice, (177) again has two pairs of conjugate complex roots, with 
negative real parts: rl 2 = —a ± hi and f*3, 4 = — c ± di; so that the general 
expression for ix becomes: 

it = C^e -"' cos bt -f C2e~at sin bt + Cze~ct cos e& -f C4e~ct sin d^. 

We remark that, on knowing ilt we can obtain i2 also without further integra
tion. All we do is find d*'2/d£ from equation (174), substitute the expression 
obtained in equation (172), and thus get a linear equation in i2. The expression 
for i2 will contain terms of the same form as in iv with coefficients that are 
linear combinations of the constants Cl9 C2, Gz and <74. 

If we neglect the resistances, i.e. take gx = g2 = 0, and in addition, assume 
that the circuits are tuned to the same frequency, i.e. nl = n2 = n, equation 
(177) becomes 

(1 — k2) r4 + 2n2r2 - f n 4 = 0 , 
whence 

2 — n2 ± kn2 _ n2 

T ~~ 1 -k2 — "" 1 ± k ' 
and 

n n 

The solution corresponding to these purely imaginary roots is of trigonometric 
form. I t follows that, given magnetic coupling between two circuits tuned to 
the same frequency, two oscillations arise, whose frequencies depend on the 
common frequency n of the circuits and on the constant k which characterises 
the magnetic coupling, in accordance with the relationships: 

n n 

§ 4. Integration with the aid of power series 

45. Integration of a linear equation, using a power series. The 
solutions of a linear equation of higher order than the first with variable 
coefficients are not generally expressible in terms of elementary 
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functions, as we mentioned earlier, and the integration of such an 
equation does not in general reduce to a quadrature. The most useful 
method is to represent the required solution as a power series, as 
already mentioned in [13]. This device is particularly applicable to 
linear differential equations. We shall confine ourselves to the second 
order equation: 

y" + p(x)y' + q(x)y = 0. (1) 

Let the coefficients p(x) and q(x) be given in the form of power series, 
expanded in positive integral powers of x, so that the equation has 
the form: 

y" + (a0 + axx + a2x* + . . . )y' + (b0 + \x + 62*2+ ...)y = 0. (2) 

We notice that the coefficient of y" is taken equal to unity. 
We seek the solution of (2) as a further power series: 

CO 
y= 2«SXS. (3) 

5 = 0 

On substituting for y and its derivatives from (3) into (2), we get: 

CO 00 CO OO 00 

J2" &(& — 1) asxs~2 + ^ asxs J £ s a ^ - 1 + J£ bsxs J£asxs = 0. 
s=2 s=0 s=*l s=0 5=0 

By cross-multiplying the power series, collecting like terms and 
equating to zero the coefficients of the various powers of x on the 
left-hand side of the equation written, we get a series of equations: 

t1 

x' 
X1 

v.2 

2- la2 + a0a± + b0a0 = 0 
3 - 2a3 + 2a0a2 + axax + bQaY + b±a0 = 0 
4 . 3a4 + 3a0a3 + 2a±a2 + a2a1 + b0 a2 + b1a1 + b2a0 = 0 

(s + 2) (s + 1) a s + 2 + Qs (a0, av a2,. . ., as+1) = 0 

(4) 

Here, Qs(a0, a± ,a2, . . ., as+1) denotes a homogeneous polynomial of 
the first degree in its arguments a0, av a2, . . . , as+1. 

Each successive equation of the series written contains one more 
required coefficient than the previous equation. The coefficients a0 

and ax remain arbitrary, and play the part of arbitrary constants. 
The first of equations (4) gives a2, then the second gives a3, the third a4, 
and so on, so that in general, knowing the preceding a0, av a2, . . ., 
as+v we can determine as+2 from the (s + l ) th equation, 
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I t is convenient to proceed as follows. We find two solutions yx 

and y2 by the above method, with the values aQ = 1 and a± = 0 
taken for the first solution, and values a0 = 0 and a± = 1 for the 
second, this being equivalent to the following initial conditions: 

yilx-o = i; yIlx-o = o, 

Every solution of the equation will be a linear combination of 
these solutions, and if the initial conditions have the form 

y\x=o=A\ y'\Xa0 = B, 
obviously, 

y = Ayx + By2. 
We have shown above tha t the coefficients of power series (3) can 

be determined successively by formal computation. I t remains an 
open question, however, whether the power series thus obtained will 
be convergent, and whether it will provide a solution of the equation. 
We give the proof in Volume I I I of the following proposition: if the 
series 

CO 00 

p(x) = Jg as xs; q(x) = J £ bs xs 

are convergent for \x\ <. R, the power series arrived at by the above 
method is also convergent for these values of x, and gives a solution of 
equation (2). In particular, if p(x) and q(x) are polynomials in x, the 
power series obtained is convergent for any x. 

Linear equations are often encountered of the form 

P0 (x) y» + P± (x) y' + P2 (x) y = 0, (5) 

where P0(x), P^x), P2(x) are polynomials in x. In order to reduce 
this to form (1), we have to divide both sides by P0{x), which means 
taking 

If the constant term of polynomial P0(x) differs from zero, i.e. P0(0)^0, 
p(x) and q(x) can be written as power series, on dividing the poly
nomials, arranged in increasing powers of x, and the solution of (5) 
also can be sought as a power series. With this, there is no need to 
reduce (5) to form (1), the simpler method being to substitute expres
sion (3) directly for y in the left-hand side of (5) then use the method 
of undetermined coefficients. 
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We have so far only considered power series, arranged in positive 
integral powers of x. I t is also possible to use series arranged in 
powers of (x — a). 

All tha t has been said above evidently applies to linear equations 
of higher order than the second, except tha t now, instead of the 
first two coefficients remaining undetermined when finding the 
solution as a power series, the number of undetermined coefficients 
becomes equal to the order of the equation. 

Given the non-homogeneous linear equation 

y" + p(x)y' + q(x)y = f(z), 

where both the right-hand side and the coefficients are power 
series, its particular solution can also be sought as a power series. 

We notice one point about expressions (6). Let P(x) and Q(x) be 
two polynomials in x, where P(Q) ^ 0. The result of dividing the 
polynomials can be written as a power series, as mentioned above: 

-QM- = c0 + c1x + c2x* + ...; (7) 

but now the questions arise, as to whether the series on the right is 
convergent, and if so, in what interval; also, is its sum equal to the 
left-hand side of the equation ? The answers to these questions follow 
quite simply from the theory of functions of a complex variable, 
which is described in Volume I I I . Here, we simply give the final 
result: the power series of (7) is convergent for | x \ < B, where B 
is the modulus (or absolute value) of the root of minimum modulus 
of the equation P(x) = 0; furthermore, equation (7) applies for these x. 
One consequence of this is that , if equation (5) is integrated directly 
with the aid of power series, the series obtained will in fact be con
vergent for | x | < By where B is the minimum among the moduli 
of the roots of the equation P0(x) = 0. 

We remark that, if the convergence of series (3) is proved within the interval 
(—R, +R), it follows directly from this that the sum of the series gives a solu
tion of the equation. To start with, we can find y' and y" by simple term-by-
term differentiation of series (3) [I, 150]. Then, on substituting the expressions 
for y, y' and y" in the left-hand side of equation (2), we can multiply term by 
term the series for yf and y with the series p(x) and q(x), in view of the fact 
that power series are absolutely convergent [I, 137, 148]. Finally, by the choice 
of the coefficients an from equations (4), we can cancel all the terms on the left-
hand side of (2). 
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46. Examples. 1. We take the equation: 

if — xy = 0. 

We get by substituting series (3): 

(2 - la2 + 3 • 2a3 x + 4 • 3a4 x2 + . . .) — x(a0 + a t x + a2 x2 +...) = 0, 

whence we find, on equating to zero coefficients of like powers of x: 

x° 
X
1 

X
2 

X* 

xs 

2 . la2 = 0 
3 . 2a3 - a0 = 0 
4 • 3a4 — at = 0 
5 • 4a5 — a2 = 0 

(•9 + 2)(s + l)o S r 2--aS- = 0 

Having put a0 = 1 and ax = 0, we obtain successively the remaining coef
ficients : 

a2 = 0; a3 = -2T3-; a4 = a 5 = 0 ; a6 = 2 . 3 . 5 , 6 ; <*: = as = 0; 

1 
2 . 3 . 5 . 6 - 8 - 9 

i.e. the only coefficients as differing from zero are those for which the subscript 
3 is divisible by 3, so that we can write: 

n 1 . 4 . 7 . . . ( 3 f c - 2 ) 
a3A: 1 = <*3k*2 = ° a n d a3k = 7 3 ^ • 

We have thus obtained the solution 

vv-i + 2 'T l - 4 - 7 . . . ( 3 f c - 2 ) 
k = l (3*)! X 3fc 

We get the second solution by putting ct0 = 0 and av = 1. I t is easily shown, 
by the same method as above, that this second solution is 

y2 = x + 2 2 - 5 - 8 . . . ( 3 f c - l ) sk+1 

kli (3* + l)! x 

The power series obtained are convergent for all x. 
This may be verified for yx by using d'Alembert's test [I, 121]. The ratio of 

the two successive terms becomes 

l - 4 . 7 . . . ( 3 * + l ) ^fc+3. l - 4 . 7 . . . ( 3 f e - 2 ) ^ _ 1 xz 
(3& + 3)! X ' (3Ar)! "(3fc + 2) (3fc + 3) ' 

and the absolute value of this ratio tends to zero for all x on indefinite increase 
of kf whence follows the absolute convergence of the series. 

2. We take the equation: 

(1 -x*)y" ~xy' + a2y=--0. 
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On substituting series (3) and equating to zero coefficients of xn, we obtain 
the following relationships between the an: 

(n + 2) (n -j~ 1) <*n+2 ~ n(n — 1) <*n — nan + a2 an — 0 
or 

(n + 2) (n + 1) a„+2 = (n2 - a2) an. 

On setting a0 = 1 and ax = 0, we get the solution: 

Vi- 1 -9T^2 + 
a2 (a2 - 4) a2 (a2 - 4) (a2 - 16) 

2! ' 4! 

Similarly, setting a0 = 0 and ax = 1, we get: 

6! &+... 

y2 =x-
-2~l , s + ( a ' - 1 ) ^ - 9 ) ^ 5 _ 

3! ~ ' 5! 
(a2 - 1) (a2 - 9) (a2 - 25) 

__ cr7 -f . . . 

The coefficient P0(x) in the equation taken, where P0(x) = 1 — #2, has 
roots x = ± 1 , the absolute values of both these being unity. Hence it follows 
that the series for yl and y2 must be convergent for —1 < x < + 1 , that is, 
for | a: | < 1. 

We can verify this with d'Alembert's test. Neglecting the sign, we get for 
the ratio of two successive terms say of yx: 

a 2 ( a 2 - 4 ) . . . [ a 2 - ( 2 n ) 2 ] 2n+2 . a2 (a2 - 4 ) . . .[a2 - (2n - 2)2] 2n _ 
(2w + 2)! ' (2n)! 

a2 - (2n)2 

(2n + 1) (2w + 2) 

We divide numerator and denominator by n2, which enables us to write 
the absolute value of the ratio in the form: 

4 _ . 

4-f-A + A 

This ratio tends to | a? |2 on indefinite increase of n, and obviously, | a; |2 < 1 
for \ x\ < 1; thus, by d'Alembert's test, series yx is absolutely convergent for 
| a? | < 1. I t is also clear that the series is divergent for | x \ > 1, provided 
a is not an even integer. In this last case, the series breaks off and reduces 
to a polynomial. Similar conclusions apply regarding series y2. I t can be verified 
that solutions yx and y2 are expressible in terms of elementary functions, in 
fact, 

yx = cos (a arc cos x); y2 — sin (a arc cos x). 
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47. Expansion of solutions into generalized power series. Quite a number 
of equations encountered in applications have the form 

x2 y" + p(x) • xy' + q(x) y = 0, 

where p(x) and q(x) are series, as in equation (2), arranged in positive integral 
powers of x, or else are polynomials. This equation does not come under type 
(2), due to the presence ofx2 as a factor of the second derivative. The equation 
is said to have a regular singular point at x = 0. We write p(x) and q{x) explicitly 
as series: 

a* VT + K + « i x + a2 & + • • •) *?/' + (&0 + bix + \ *2 + • • •) V = °> (8) 
and instead of seeking the solution as the simple power series (3), look for it 
as the product of some power of x and a power series: 

_ a**5. (9) 

Here, we can obviously take the first coefficient a0 as non-zero, in view of the 
power Q not being fixed in the factor outside. 

We substitute in the left-hand side of (8) the following expressions for 
y, y', y"-

y=2as x*+s; if = 2 (Q + s) as z'*-1; 

00 

\f=2 {Q + s){Q+8-\)asx*+s-\ 

On collecting like terms and equating to zero the coefficients of the various 
powers of x, we get the series of equations: 

y,Q + S 

[Q(Q-l) + a 0 e - f &0]a0 = 0 
[(Q + 1) Q + o0 (Q + 1) + VI a i + ai Qao + hi ao = ° 
[ (£+2)(e+l )+a 0 (e+2)+&0] a 2 +a i (Q+l) a x +a 2 Qa0 bt at+b2 a0=0 

[(Q+*)(Q+*—*)+<*o (Q+s) + b0] as+Qs(a0, av a r . . . , a M ) = 0. 

(10) 

The Qs(a0, <h, at, . . . , as_1) denote homogeneous polynomials of the first 
degree in their arguments a0, av a2, . . . , c ^ . 

Since a0 ^ 0 by hypothesis, the first of the equations written gives a quadratic 
equation for Q: 

F(Q) = Q(Q-l) + a0Q + b0 = 0. (11) 

This is called the indicial equation. 
Let its roots be gl9 Q2. On setting either of these for Q in equations (10), we 

get a series of equations, any given one of which contains one more coefficient 
as than the preceding equation, so that we can find successively a,, a2, . . . The 
coefficient a0, which remains arbitrary, plays the role of an arbitrary factor 
and can be taken say equal to unity. 

The first of equations (10) has in fact become an identity after substituting 
g = Q± or g = gz, whilst the second gives alt the third a2, etc., and in general 
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the (s + l) th gives as, assuming a0, al9 . . . , as_t are already known. The only 
requirement here is for the coefficients of the as in the equations to be non
zero. I t is immediately evident that these coefficients can be found from the 
left-hand side of equation (11) by substituting (QX + s) or (Q2 + s) for Q, i.e. 
they are equal to F(ot + s) or F(g2 + s). 

Suppose that we have obtained solution (9), starting from the root g = g2 
of equation (11). If F(Q2 + s) ^ 0 for any positive integer s, the above method 
can be used successfully for determining the coefficients. 

The condition F(g2 -\- s) =fi 0 is obviously equivalent to the other root gt 
of equation (11) not being of the form (g2 + s), where s is a positive integer 
In other words, (gt — g2) must not be a positive integer. 

The following conclusions are easily drawn from what has been said. 
1. If the roots g, and Q2 of equation (11) do not differ by a positive integer 

or zero, both roots can be used in accordance with the above method to obtain 
two solutions of the form 

00 00 

Vl = a** 2 a^xs ; y2 = z* V p^ (aQ a n d p0*0). (12) 
s=0 s=0 

2. If (p t — @2) is a positive integer, the above method can be used in general 
to form only one series: 

Vl = x<* 2 Vs' (13) 
s=0 

3. If equation (11) has a repeated root, gt = Q2, again, only the one series 
(13) can be formed. 

In view of the convergence of the series obtained, a proposition can be stated, 
similar to that made in [45]: if the series 

00 OO 

2J a^xs and £ b^8 

s=0 s=0 

are convergent for \ x \ < R, the series formed above are convergent for the same 
x and represent solutions of equation (8). 

The equation 

x*P0 (x) y» + xP, (x) y' + P2 (x) y - 0, (14) 

reduces to the one worked out, where P0(x), Px(x), P2(x) are polynomials or 
series expanded in positive integral powers of x, and P0(0) ^ 0. Here, as in 
[45], series (9) can be substituted directly in the left-hand side of (14), without 
dividing by P0(x). Furthermore, as in [45], we can take series expanded in 
positive integral powers of (x — a) instead of x. 

In case 1 above, the two solutions (12) are linearly independent, i.e. their 
ratio is not a constant, as follows at once from the fact that expressions yx 
and y2 contain different powers of x, xQ1 and a^2, before the summation sign. 
We have only found one solution (13) in cases 2 and 3. Formula (9) of [24] 
offers the possiblity of finding a second solution with the aid of a quadrature. 
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We merely state the result, without proof: if (gt — g2) is a positive integer or 
zero, we have a solution, in addition to (13), of the form: 

00 

Vt = PVilogx + aP £ psxs. (15) 
s = 0 

Expression y2 thus differs in the present case from the ordinary expression 
(12) in having an additional term of the form $yx log x. I t may happen that 
the constant ft is zero, in which case an expression of the form (12) is obtained 
for y2. All these assertions will be proved in Volume III . 

48. Bessel's equation. This equation has the form: 

x2yff + xy' + (*2 -P2)V = 0, (16) 

where p is a given constant. I t occurs in various problems of astronomy and 
of pure and applied physics. 

Comparison of the equation with (8) shows that here, a0 = 1 and b0 = —p2; 
the indicial equation therefore now becomes: 

Q(Q — 1) + Q — p2 = 0 or g2 — p2 = 0, 
with the roots 

Qi = P> Q2=-P-

We seek the solution in the form 

y = xp (a0 + axx -f a2x2 -f . . . ) . 

On substituting in the left-hand side of (16) and equating to zero the coef
ficients of the powers of x, we get: 

xp+1 I [(P + l ) 2 - P 2 ] «i = 0 
[(p + 2 ) « - p « ] a t + a0 = 0 

xl 

P+2 

P + S [(p + * ) 2 - P 2 ] a 5 + as_.2 = 0. 

We write a0 = 1 then evaluate the coefficients successively, and arrive 
at the solution: 

PTI X* , xA 

yl = xp\l- + , 2 (2p + 2) ' 2 • 4 . (2p + 2) (2p + 4) 

+ . . . ] . (17) 2 . 4 • 6 • (2p + 2) (2p + 4) (2p + 6) 

A second solution of (16) can be obtained by making use of the second root 
o2 = —p, and it obviously follows by the simple substitution of (—p) for p in 
solution (17), since (16) only contains p2 and remains unchanged on making 
this substitution: 

_ p [ \ x2 ^ 
^ * L1

 2 ( - 2 j 9 - f 2 ) + 2 . 4 - ( - 2 p + 2 ) ( - 2 p + 4) 

?6 4. . . . 1 . (18) 
2 . 4 . 6 ( - 2 p + 2 ) ( - 2 p + 4 ) ( - 2 p + 6 ) ^ J 
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The difference between the roots of the indicial equation is 2p, so that both 
the solutions written are satisfactory, provided p is neither an integer nor half 
an odd integer. Solution (17) gives the Bessel function of the pth order, except 
for a constant factor; the Bessel function is usually written Jp(x), and is also 
called a cylindrical function of the first kind. Thus the general solution of 
equation (16), with p neither an integer nor half an odd integer, is 

y + ClJp(x)+CtJ^p(x). 

The power series appearing in solution (17) is convergent for any x, as may 
easily be verified by d'Alembert's test. 

Now letp = n be an integer (positive). Solution (17) remains in force, whereas 
solution (18) becomes meaningless, since one of the factors in the denominators 
of terms of the expansion vanishes as from a certain number. The Bessel function 
Jn(x) is defined for positive integral p=n with the aid of formula (17) multiplied 
by the constant factor 1/(2" • n!): 

= 2%! L1 
x* 

+ ■ 2(2n + 2) ' 2-4(2n + 2)(2w + 4) 
x6 

~~ 1F4' 6(2n + 2) (2n + 4) (2n -f &) 

The general term in this expansion is 

xn+2s 

+ . . . . (19) 

( ~ l ) s 
2nn!2-4-6- . . . 2«. (2n + 2) (2n + 4) (2w + 6) . . . (2n + 2s) 

Each of the 2s factors which appear in the denominator after 2n • n ! con
tains the factor 2; if we take these out and combine them with the 2", we can 
write the general term in the form: 

Tn+2s 
<-\)s - = v 2 n + 2 s . n\ 1. 2 • 3 . . . s • (n -f 1) (n + 2) (n -f 3) . . . (n + *) 

(— 1)* rr.\n + 2s 

s\'(n + s)\ 
so that formula (19) can be written as 

m 
(— \\s ( x\n+2s 

s = 0 e\(n + 8)C [T, 

where we take 0 ! = 1 as usual. In particular, we get for n = 0: 

^ ( T o H T j +(2!)«r2"J (3!)« V2"J + ' " (21) 

By what was said in [47], equation (16) will have a second solution of the 
form: 

00 

Kn (x) = pjn (x) log x+x- " £ fa* ■ (22) 
s = 0 
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in addition to solution (20), when p = n is a positive integer. 
This solution obviously tends to infinity for x = 0. 
The general solution of equation (16) becomes for p = n: 

y = C1Jn(x)+C2Kn(x). (23) 

If we want to obtain a solution which is finite a t x — 0, we have to take con
stant C2 = 0, i.e. we must confine ourselves to solution (20). 

We take a closer look at solution (22) for p = 0. Here, the equation becomes: 

r i f + ^ + V ^ O , (24) 

and one of its solutions is given by (21). A second solution can be sought in the 
form 

pj0 (x) log x + P0 + P1x + fa2 + . . . 

On taking a linear combination of this solution with that already found, 
we can reduce the free term /?0 to zero, so that the final solution can be sought 
as 

PJ0(x)]agx + pix + PfP+... 

By substituting this expression in the left-hand side of (24) and using the 
method of undetermined coefficients, we can successively determine the pn. 
We miss out all the working and only give the final expression for the second 
solution. We set the non-vanishing coefficient ($ equal to unity here: 

^ ( ^ J ^ l o g . + ̂ - ^ f l + i - )+2^5^(1+4 + 4 ) - . - . (25) 
This is called a zero order Bessel or cylindrical function of the second hind. 
Finally, let p be half an odd integer, p = (2n + l)/2. Although the dif

ference between the roots of the indicial equation is here the integer (2n + 1), 
solutions (17) and (18) both remain in force and are linearly independent, 
inasmuch as we have the factors x^2n+1^l2 and x~^2n+1)l2 respectively in front of 
the power series, so that their ratio cannot be constant. 

If we substitute p = 1/2, for instance, in solution (17), we get the series: 

sin a? 
fx 

On multiplying this series by the constant factor ^2/S, we get the Bessel 
function J i / 2 (#) : 

J1/2(*) = ] / ^ s i n * . (26) 

Similarly, (18) gives us 

c1'2 fl X
2
 X* 

2T3 + 2 . 4 . 3 . 2 . 4 . 6 . 3 . 5 . 7 
_ 1 
~~ Yx 

+ -} 
a;3 

"3T + • 
x5 

6T ■ — + 
7! ^ 
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and the general solution of equation (16) for p = 1/2 is: 

V = OxJll%ix)+OtJ_ll%{x). 

We note some results without proof: the Bessel function with subscript equal 
to half an odd integer is in general expressed in terms of elementary functions 
and has the form: 

•Tta+l <*> = ]/ ̂  [Pn (4") Sin X + Qn (4") cos * ] • 

where Pn(l/x) and Qn(l/x) are polynomials in 1/x. In particular: 

J^{x) = F -£r [(~w ~*)sin x ~ 4-oos x]'' 
T / \ 1/ 2 f • cos a? A 

«/_r/8 (*) = 
2 [JL s i n a ; + ( J L _ i j c o s a / | . 

Furthermore, we have for any positive integral n: 

, 2n+l 

^+1 (*)-(-1) • |/— ■* d(^rl-s-J-

The even function (sin a?)/a? has to be differentiated n times with respect to 
x2 in this formula. 

49. Equations reducible to Bessel's equation. We notice some equations 
that can be reduced to Bessel's equation by a change of variables. Take the 
equation: 

& \f + xy' + (k* x2 -p*)y = 0, (28) 

where & is a non-vanishing constant. We take instead of a; a new independent 
variable | = kx. We now have to substitute as follows in equation (28): 

y da; df dx d | y dec (, d | ) d£2 

so that (28) becomes: 

k2 x* "^F" + kx ~i¥r + ^2 x2~p2) y=0 
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or 

which is BessePs equation (16) with the independent variable | . Using { = Jcx, 
the general solution of equation (28) becomes: 

y = ClJp (kx) -f- C2 J_p (kx), (29) 

or, if p = n is a positive integer or zero: 

y = ClJn (kx) -f C2 Kn (kx). (29x) 

A broad class of equations reducible to BessePs equation is revealed by intro
ducing a new independent variable t and a new function u into (16), in accord
ance with 

y = tau and x = ytp, (30) 

where a, /? and y are constants, and /? and y are non-zero. Differentiation gives 
us at once: 

_^L=JLii-0. dy = l
 t

x~^ dy 

dx fiy ' do; py &t 

da;2 /Jy l/?y d<2 ' t /3y 

At ~ l dt + a t "* dt2 ~ l d<2 

+ 2at"-1-^- + a(a - 1) t a ~ 2 w. 

If we substitute the expressions for y, dy/dx, d2y/dx2 in equation (16), then 
replace dy/dt and d2y/dt2 by their expressions in terms of u, du/dt, d2u/dt2 

and make simple rearrangements, we find the equation for u: 

t 2 ^ ~ + {2a + 1),JdT + ( a 2 - / 3 2 p ' + |52y2t^)M = 0. (31) 

Equation (16) has the general solution: 

y = C1Jp(x) + C2J_p(x), 

so that, by (30), the general solution of (31) will be: 

u = t-*y = Cx t~a Jp (ytP) + C2 t~a J_p (yt?), (32) 

where J-p(ytp) must be replaced by Kn(yt&)y if p = n is a positive integer 
or zero. 

Equation (31) has the form: 

i* -¥g- + at -^L + (6 + ctm) u - 0, (33) 
where 

2a 4- 1 = a; a2 - j8* #2 = 6; £2 y2 = c; 2^ = m. (34) 

and further, 
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Given an equation of type (33), with constants c and m not zero, we can 
conversely find a, ft, y and p from equations (34) and write the general integral 
in terms of Bessel functions by using (32). 

If cor mis zero, (33) isEuler's equation [42] and simply reduces to an equa
tion with constant coefficients. 

We consider a particular case of equation (33): 

, * ^ + o-*L + ftl = 0 . (35) 
d*2 ^ dt ^ v ' 

Multiplication of the equation by t shows that we have here: b = 0, c = 1, 
m = 2, and a arbitrary. Equations (34) become: 

2 a + 1 = a; a2-p2p* = 0; 0 * y * = l ; 2/3 = 2, 

whence we have 
a — 1 a — 1 

a = 2 ; ^ ' y ; P = 2 ' 

and the general integral of (35) becomes, by (32): 

1—a l—a 

2 2 

where we have to replace J/x-a)i2 b y ^(a-i)/2 if (1 — «)/2 happens to be a 
negative integer or zero. Equation (35) is identical with (24) when a = 1. 

Equation (33) represents a wide, general class of linear equations that are 
often encountered in applied mathematics, with general integrals expressible, 
as we have seen, by means of Bessel functions. 

§ 5. Supplementary notes on the theory 
of differential equations 

50. The method of successive approximations for linear equations. 
Mention has already been made several times of the existence and 
uniqueness theorem for differential equations. We first prove the 
theorem for the case of linear equations, and do so by making use 
of the method of successive approximations, which we introduced 
originally for the approximate evaluation of the roots of equations 
[1,193]. 

We take for clarity the system of two linear homogeneous equations: 

" ^ = Pi (*) V + Qi (*) z; - | j j - = p2 (x) y + q2 (x) z (1) 

with the initial conditions 

y\x=xo = yo'' 3|x-x>=*o- (2) 
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We shall assume that the coefficients in equation (1) are continuous 
functions of x in a finite, closed interval I (a < x < 6) which con
tains the initial value x0, and we take x as belonging to I in future 
arguments. 

The solutions y and z of system (1) must certainly be continuous, 
differentiable functions, and it is clear from the equations themselves 
tha t the derivatives dyjdx and dzjdx must also be continuous, since 
the right-hand sides of the equations are continuous with the assump
tions made. On integrating the equations term by term from xQ to x, 
and taking into account (2), we get: 

y(*) = Vo + J [?i (0 y(t) + ?i (0 *(<)] & | 

z(x) = zQ + j " [p, (0 y{t) + q2 (t) z(t)] dt. 
X0 J 

We have written out the arguments of functions y and z here for 
ease of working, the variable of integration being denoted by t so as 
to avoid confusion with the upper limit x. Equations (1) with initial 
conditions (2) thus bring us to equations (3). 

We now prove the converse: if continuous functions y(x) and z(x) 
satisfy equations (3), they also satisfy equations (1) and initial con
ditions (2). The latter follows by putting x = x0 in (3) and recalling 
that an integral vanishes when its limits are the same. Furthermore, 
differentiation of (3) with respect to x gives us equations (1) [I, 96]. 
Equations (3) are therefore equivalent, in this sense, to equations (1) 
with initial conditions (2), and we shall in future consider equations 
(3) only. We notice that the required functions y(x) and z(x) appear 
both on the left-hand sides of these equations and under the integral 
sign on the right-hand sides. 

The method of successive approximations works as follows. We take 
the initial values y0 and z0 as first approximations to the required 
functions y and z and substitute accordingly in the right-hand sides 
of equations (3); this gives us functions yx(x) and z^x): 

X ) 

Vi (x) = 2/o+ J [Pi {*) Vo + Qi (t) Sb] dt 

\ (4) 
«! (x) = z0 + J [p, (t) y0 + q2 (t) z0] dt, 

X0 > 
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as second approximations to y and z. These latter functions are 
clearly continuous in the interval I [I, 96]. We now substitute y^x) 
and z±(x) for y and z in the right-hand sides of (3) and obtain third 
approximations y2(x) and z2(x): 

ft (*) = 2/o + / b i (t) 2/i (t) + q1 (t) zx (t)] dt 

*2 (x) - z0 + j [p2 (t) Vl (t) + q2 (t) z, (t)] dt, 

where y2(x) and z2(x) are again continuous in the interval Z, and so on. 
In general, the (n + l ) th approximation will be given by: 

yn (*) = y0 + / [Pi (*) Vnr-i (t) + 9i (0 z„-i («)] d< ] 
(5) 

X I 
Zn(x) = Zo + J [p2Wyn-l(«) + ft(')2n-l(0]d*. 

x, j 

The coefficients of equations (1) are assumed continuous in 7, so tha t 
their absolute magnitude will not exceed a definite positive number 
M in the interval [I, 35]: 

\Pl(x)\<M; \p2(x)\<M; \q2(x)\<M (x in I). (6) 

Also, we let m denote the greater of the two positive numbers 
| y0 | and | z0 |, i.e. 

\y0\<m; | z 0 | < m . (7) 

We shall in future consider only the part of 7 to the right of x0, 
i.e. we take x — x0 > 0. The left-hand part can be considered in the 
same way. 

We find the difference between two successive approximations. 
The first of equations (4) gives: 

X 

Pi (*) — Vo=$ fai (0 2/o + ?i (t) z0] d*. 
LX0 

We replace all the magnitudes under the integral by quantities 
greater than or equal to their absolute values and find, using (6) 
and (7) [I, 95]: 

I Vi (*) - y0 i < J {Mm + Mm) dt ; 
X0 
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i.e. 
12/i (x) - 2/o I < ™ • 2M (x - x0), (8) 

whilst similarly 

I zx (x) — z0 I < m - 2M (x — x0). (8X) 

The first of equations (5) becomes, for n = 2: 

2/2 (*) = 2 / o + f [Vi (t) 2/i (0 + ?i (0 *i (*)J * , 

and we have, on subtracting the first of equations (4) : 

12/2 (x) - 2/i (x) | = J {?! (0 [2/1 (*) - 2/o] + ft (0 [ z1 (0 - (z0]}d*. 

If we again replace the magnitudes under the integral with their 
absolute values and use (6), (8) and (8J, we get: 

\y2(x) — y1(x)\< J {M-m-2M{t — x0)} + {M .m-2M(t—x0)\dt 
X0 

or 

12/2 (x) - 2/i (x) | < 22milf 2 f (* - *0) d* = m • 22ilf 2 [<^p£T"x , 

whence finally, 

2! 

Similarly, we have: 

2/2 (*) - 2/i (*) I < m> ^ i — * (9 ) 

I *2 (*) ~ «i (X) | < m L ^ ^ - . (9J 

We continue by taking the first of equations (5) for n = 2 and 
w = 3, and find on subtraction: 

2/3 (*) - 2/2 (^) = / {PlW [2/2W ~ 2/1 (*)] + .? i W [Zt(t) ~ Z1 (t)]} dt. 
x* 

We have by using (6), (9) and (9X) as above: 

whence 
X0 

2/3 (3) - 2/2 (x) < m l ^ — ^ ; 
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and similarly, 
, , x , u . [ 2M(z-ag ]3 
I *■* (x) — z2(x)\<m l- ^ — ^ - . 

By proceeding thus, we can write the difference between two 
successive approximations as in general: 

\zn(x)-zn.1(z)\<m^'J^n. I 

We use these values of the differences to show that yn(x) and 
zn(x) converge uniformly to limits y(x) and z(x) respectively on 
indefinite increase of 7i.f We give the proof for the sequence of functions 
yn(x). We can replace this sequence by the infinite series 

Vo + [Vi (x) - y0] + [y2 (x) - yx (x)] + 
+ [y* {x) - y2 (x)] + . . . + [yn (x) - yn-i (x)] + . . . , (ii) 

the sum of the first (n + 1) terms of which is equal to yn(x), so that 
we have to prove the uniform convergence of series (11) [I, 144]. 
If I is the length of the interval I in which x varies, the first of 
expressions (10) shows that the terms of (11) do not exceed in absolute 
value the positive numbers 

m ^ L ( . = 1 , 2 , . . . ) , 

whilst the series consisting of these numbers converges by d'Alembert's-
test, since the ratio of two adjacent terms is 2Mljn, which tends to 
zero with indefinite increase of n. The same result follows from the 
expansion of ex [I, 129]. Series (11) is therefore uniformly convergent 
in the interval I by Weierstrass's test [I, 147], i.e. yn(x) tends uniformly 
in this interval to some function y(x). Similarly, it can be shown 
that sequence zn(x) tends uniformly in I to some limit function z(x); 
thus we have, for x in I: 

lim yn (x) = y(x); lim zn (x) = z(x). (12) 

Since yn(x) and zn(x) are continuous in 7, the same can be said for 
their limits y(x) and z(x) [I, 145]. 

f I t is essential to recall, for what follows, the sections on series with variable 
terms and uniform convergence in Volume I. 

nov 



146 LINEAR DIFFERENTIAL EQUATIONS [50 

We remark that (x — x0) must be replaced by (x0 — x) in the 
right-hand sides of inequalities (8) and (Sx) when dealing with the 
part of I to the left of x0, where x — x0 < 0. We have to replace 
(t — x0) by (x0 — t) in the further working, and so on. Inequality 
(10) remains valid throughout I , assuming (x — xQ) is replaced by 
its absolute value. 

We now show tha t the limit functions satisfy equations (3), i.e. 
equations (1) with initial conditions (2). This follows immediately 
from expressions (5), on passing to the limit with w->oo on both 
sides of the equations. Now, yn(x) and yn-i(t) tend respectively to 
y(x) and y(t), whilst zn(x) and zn^(t) tend to z(x) and z(t), so that 
we get equations (3) for y(x) and z(x) in the limit. We give a rigorous 
proof of the passage to the limit. I t follows from (12) that : 

lim [Pl (t) yn_x (t) + q, (t)zn^ (*)] = Pl (t) y (t) + q± (t) z(t); ) 

Km [ft (t) yn_i (t) + q2 (t) zn_x (t)] = p2 (t) y (t) + q2 (t) z(t). | [ l] 

We show tha t these passages to the limit occur uniformly with 
respect to t in the interval I. We confine ourselves to the first expres
sion and work out the difference between the limit and the variable: 

I [Pl (*) V it) + <Zl (*) Z (*)] - [Pi (*) Vn-l {*) + ffi («) *„-l («)] I < 
<\Pi(t)\\y(t)-yn-i(t)\ + \qi(t)\\z(t)-z(t)-zn_1(t)\. 

Since yn-i(t) and zn^x{t) converge uniformly to y(t) and z{t), given 
any e > 0, there exists a number N, the same for all t in / , such 
tha t 

|y(<)-y„-i(*)l<w; l 2 ^ - 2 « - i W l < w for n>N-
Hence it follows, by (6), tha t we have the inequality, for any t of i": 

Ib>i(*)»(<) + «1(«)«(«)]-[pi(')yw-i(«) + fl'i(*)sw-i(«)]|<« f o r n>N> 
which proves the uniform passage to the limit in formulae (12!) 
throughout the interval J and in any part of it (x0, x). We turn back 
to expressions (5) and use the fact tha t passage to the limit under 
the integral sign is possible for uniformly convergent sequences [1,145]; 
having passed to the limit, we get equations (3) for y(x) and z(x) 
from these expressions. 

To sum up, we can say that the method of successive approximations 
has given us a solution of system (1) with initial conditions (2), i.e. 
we have proved the existence of a solution. We now show that the 
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solution is unique. Let equations (3) have two solutions: y(x), z(x) 
and Y(x), Z(x). On substituting in (3) first one solution, then the other 
and subtracting, we get: 

y(x) - Y(x) = j > x (t) [y(t) - Y(t)] + Pl (t) [z(t) - Z(t)]} dt ] 

<13> 
z(x) - Z(x) = j - {[p2 (t)[y(t) - Y(t)]+p2 (t) [z(t) - Z(t)]}dt. 

We take an interval Ix of length l± to the right of x0, so that 2Ml± = 9 
is less than unity. We show tha t the two solutions coincide in this 
interval. If this were not the case, the absolute values of the differences 

\y(x) - Y(x)\, \z(x) - Z(x)\ 

would have a positive maximum in Iv which we denote by the num
ber d. Let the maximum be attained by the first difference at 
x = | , i.e. 

|y(f) - F(f) | = a (14) 
and 

\y(x) — Y (x)\ < d and \z(x) — Z(x)\<d (x in I±). (14x) 

We take the first of equations (13) for x = | , and apply the same 
inequality for the integral as above; this gives us, by (14x): 

\y(£)-Y(Z)\<2Md(£-x0), 

whence, using (14) and the fact that | belongs to interval I"v 

d<2Ml1di i.e. d<ed, 

which is impossible, since 0 < 0 < 1 by hypothesis. 
Our assertion that the solutions y, z and F , Z do not coincide in 

the interval I1 is therefore absurd. We can cover the total interval I 
by intervals of length lv and thus prove the identity of the two solu
tions throughout J. 

We state the final result: system (1) with initial conditions (2) has 
a single definite solution which exists in the interval I of continuity of 
the coefficients of the system; also, the solution can be obtained by the 
method of successive approximations. 

This result is also valid in the case when I is an open interval 
c < x < d, since, by what has been proved, we have the existence 
and uniqueness of the solution in every finite closed interval a < x < 6, 
which contains the initial point x0 and lies inside the interval c < x < d. 
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We might equally have considered a non-homogeneous system, 
i.e. with the extra functions /x(x), f2(%), continuous in the interval / , 
added to the right-hand sides of equations (1). The foregoing proof 
remains in force here. 

The linear equation of the second order: 

y' + p(*)y' + q(x)y = o (15) 

can be written in the form of a system, on introducing an unknown 
z = y' in addition to y: 

i^ = z'> - £ - = -?>(*)*-<?(*)*. 
The result stated above is therefore also justified for (15), with the 
initial conditions 

2/|x«xo = 2A>; y'x-xo=--y'o> ( i6) 
in the interval I of continuity of the coefficients p(x), q(x). 

We can use conditions (16) to re-write equation (15) as 
X X 

# = 2/0 + 2/0* - j " d * J" IP(X) y' + ?(*) y\ dx> (17) 
x9 XQ J 

where we can replace the double by a single integral in accordance 
with expression (23) of [15]. Equation (17) makes it possible to apply 
the method of successive approximations to (15) without reducing 
the equation to a system. 

Example. We apply the method of successive approximations to the example 
of [46]: 

y" — xy = 0, 

We take the initial conditions y\x^0 = 1 and y' |x==0 = 0. Equation (17) 
now becomes: 

x x 
y = 1 -f- j* d#J* xydx. 

6 o 
On substituting y = 1 on the right-hand side, we get the second approxi

mation: 
X 

y1 (x) = 1 -f I d# j x dx = 1 -f 2 * 3 . 
o o 

The third approximation is: 
X X 
C C ( x3 \ x3 x6 

^(*) = l+Jd*J *(l+2^)d* = 1+irZ+ 2.3.5.6 
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On passing to the limit, we clearly get the power series: 

1 1-4 1 . 4 - 7 
6! 9! 

which we had in [46]. 

51. The case of a non-linear equation. The existence and uniqueness 
theorem may also be proved for non-linear equations by using succes
sive approximations, though the final result is stated somewhat 
differently. We shall take for 
simplicity a first order equation: Yk 

y' = f(x,y) (18) 

with the initial condition: 

FIG. 27 

We suppose that the given 0 
function f(x, y) is continuous in 
the neighbourhood of the initial 
point (x0, y0) and has a bounded 
derivative with respect to y in this neighbourhood. More rigorously, 
a rectangle Q exists in the xy plane (Pig. 27): 

2/o 

— a < x < x0 -f- a; 
— b<y<y0 + b, 

(20) 

in which f(x, y) is continuous, has a partial derivative with respect 
to y, and where 

df(x,y) <k, (21) 

k being a definite positive number. We can show, as in the case of a 
linear equation, that (18) with initial condition (19) is equivalent to 
the equation: 

y = 2/0+ $ f[t,y(t)]dt. (22) 

We assume here that the interval of variation of x does not exceed 
(#0 — a, x0 -f- a), whilst the value of the continuous function y(x) 
does not lie outside (y0— b, y0 + b)y i.e. we assume that the point 
with abscissa x and ordinate y(x) belongs to the rectangle Q. 
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Subtraction of successive approximations will lead to expressions 
similar to (4) and (5): 

X 

yi(*) = Jfo + j " f(t,y0)dt;...; 
x. 

(23) 
X 

Vn(x)=yo+ I f[t, ynr-l {*)]&• 
x0 

We turn to condition (21). If two points (xv y±) and (xv y2) of Q are 
taken with the same abscissae, we can use the formula of finite 
increments to write [I, 63]: 

l/(*i, *) - M , yi)\ = lif. - yil [^r-\_yt > 

where y.3 lies between yx and y2. Condition (21) gives with this: 

|/(*n Ifo) - /(*i> 2/i)| < % 2 - yx|. (24) 

This inequality is usually called a Lipschitz condition and is used 
for proving the convergence of yn(x) and the uniqueness of the solution. 
Let M be the greatest absolute value of the continuous function 
f(x, y) in rectangle Q, i.e. 

| / ( * , y ) | < J f [(xyy)inQl (25) 

In carrying out the subtractions of (23), care must first of all be 
taken that the points with abscissae x and ordinates yn(%) do not 
pass outside rectangle Q, as defined by conditions (20). The first of 
these conditions gives the inequality | x — x0 | < a for x. The second 
leads to the inequality: 

| y » ( * ) - y o | < & - (26) 

For this inequality to be satisfied for any n, x has to be subjected 
to the condition | x — x0 \ < bjM, as well as | x — xQ \ < a; thus we 
finally get for x: 

\x — *0| < a> \x — ^ol < ~M • (27) 

We show that , with this, all the approximations satisfy inequality 
(26). The first of equations (23) gives 

2/i (*) - 2/o = J fit, 2/o) dZ, 
x0 
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and if we evaluate the integral as usual, using (25), we get: 

|yi(*)— 2/o| <M |s — x0|, 

hence, by the second of conditions (27), | y±(x) — y0 | < 6, so tha t (26) 
is satisfied for n = 1. Furthermore, the function yx(x) defined by 
the above expression is obviously continuous, given tha t conditions 
(27) are observed. Having noted these points, we can now pass on 
to find y2(x) with n = 2 in (23): 

X 

2/2 (̂ ) — 2/o = J f[t,yx (t)]dt, 
x0 

whence, as above, 

I2/2 (*) -y0\<M\x-x0\<M±. = b9 

i.e. (26) is also satisfied for n = 2, and y2(x) is clearly continuous, 
given conditions (27), and so on. We can thus find successive approxi
mations yn(x) in the interval (xQ — c, x0 + c) where, by (27), c is 
the lesser of the two numbers a and b/M. Let us call this interval 7. 
All the yn(x) are continuous in 7, and in all future arguments we 
shall assume tha t x belongs to 7. 

We now consider yn(x) — yn-^x), and take x — x0 > 0 for simpli
city, as above. By (25), the first of equations (23) gives: 

\y1(x)-y0\<M(x-x0). (28) 

We take the second of equations (23) with n = 2 and subtract 
from the first: 

ft (*) - Vi (*) = j {/[*, Vl (t)] - f(t, y0)} dt, 

whence [1,95] 

\V2(x) - y1 (x)\ < J \f[t, 9l (t)] - f(t, y0)\ to, 

X, 

or, by (24): 
X 

Ift (x) - Vi (x)\ < J %i (t) - Vo\ d*. 
X0 

We obtain further, on using inequality (28): 

1ft (*) - y, (x) \<kM I (t-x0)dt = Ml [ < L L 5 £ ] ^ , 
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and finally, 

| y t ( * ) - y i ( * ) | < M f ^ r 1 - (29) 

We now write the second of equations (23) for n = 2 and 7i = 3 
and find, on subtraction: 

03 (*) - 2/2 (*) = f {/ [t, Vz (<)] - [*, 2/i (*)]} d«. 

This gives us, as above, on using (24) and (29): 

12/3 (x)- 2/2 (a) | < * W ^ = j ^ 

and by proceeding in this way, we arrive at the general inequality: 

I l f n ( * ) - I f ^ l ( * ) | < ^ - C - ^ ^ - " . (30) 

If we replace (x — x0) on the right by its absolute value, the inequality 
is valid for all x of i*. I t follows from this inequality, as above, that 
in the interval I yn(%) tends uniformly with respect to x to a limit 
function y{x)9 which is continuous and satisfies inequality (26), 
i.e. | y(x) — y0 | < b. Hence, points with abscissae x and ordinates 
y(x) belong to rectangle Q. We have by the continuity of f{x,y): 

lim / [t, yn_x (t)] = f[t,y (*)] (t from I ) . 

The uniformity of this passage to the limit with respect to t in I 
is easily seen as follows. For any given positive e, there exists a d, 
by the uniform continuity of f(x, y) in Q, such tha t | f(x", y") — 
— f(%'> y') I < e if (%'* y') a n d (x"> y") a r e points of Q for which 
| x" — x' | < b and | y" — y' | < 6. Furthermore, since yn-i(t) tends 
uniformly to y(t), there exists an N, the same for all t of 7, such that 
I y(t) — Vn-itf) \ < 8 for n > N and all t of I. Hence it follows that 
for all t of I: 

\f[t,y(t)]-f\t,yn-1(t)]\<e n>N, 
which proves tha t the passage to the limit is uniform. We return 
to the second of equations (23) and pass to the limit on both sides 
with indefinite increase of n. We can pass to the limit under the 
integral sign, by the uniform convergence of f[t, jfa-i(0] t o /P> ^(OL 
and we thus get equation (22) for the limit function. 

The uniqueness remains to be proved. Let equation (22) have two 
solutions y(x) and Y(x) in some interval (x0 — d, xQ -f- d) which lies 
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inside (xQ — a, x0 + a), where d can be taken small enough for y(x) 
and Y(x) not to lie outside (yQ — 6, yQ + b). We substitute first one, 
then the other solution in (22) and subtract: 

y(x)-T (x) = J {/ [t, y (*)] - / [t, Y (*)]} d*. 

whence 

\y(x)-Y(x)\< f \f[t,y(t)]-f[t, Y(t)]\dt (t>x0), 

and by (24): 

\y(x)-Y(x)\<1c J \y(t)-Y(t)\dt. 

We take an interval of length Zx such that klx = 0 is less than unity 
and show, as previously, that y(x) and Y(x) coincide. Hence, with 
the assumptions made regarding f(xy y), equation (18) with initial con
ditions (19) has a definite solution which exists in the interval (xQ — c, 
xQ -{- c)f where c is the lesser of the numbers a and bjM, and which can 
be obtained by the method of successive approximations. We notice that 
the definition of the interval in which x varies is more complicated 
for a non-linear equation than for a system of linear equations, where 
it is simply the interval of continuity of the coefficients. We explain 
the matter more precisely by an example. 

Example. We take the equation: 

y' = x + y* (31) 
with the initial condition 

?/ lx-o=0. (32) 
Equation (22) becomes: 

y(x)= J [* + y*(0]d*. (33) 
0 

We replace y(t) on the right by zero and find the second approximation: 
x 

J xl 
tdt=— . 

0 
We get the third approximation by substituting this in the right-hand side 

of (33): 
x 

0 
and so on. 
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We now consider how to define the interval of variation of x in which we 
may apply the method of successive approximations. The right-hand side of 
equation (31) is continuous and has a bounded derivative with respect to y 
in any rectangle drawn about the point (0, 0), so that the a and b in conditions 
(20) can be taken arbitrarily. With this, M = max | x + y21 — a + b2> and 
inequalities (26), defining the required interval of variation of x, become 

\x\<a; 1 oo 1 < a b2 . 

If b is taken as either large or near zero, the second inequality results in 
a very narrow interval. The same is true if a is taken as large, whereas small 
a also gives a narrow interval, by the first inequality. I t follows that we cannot 
have as large an interval as we please for x, although the right-hand side of 
(31) has no singularities for finite x and y. 

52. Singular points of first order differential equations. If the right-
hand side of the equation 

y' = f(x,y) (34) 

is continuous and has a bounded derivative wi£h respect to y a t and 
in the neighbourhood of the point (x0, y0), the existence and uniqueness 
theorem shows tha t one, and only one, integral curve passes through 
this point. A point at which the above conditions are not satisfied 
by f(x, y) is called a singular point of the equation, and the existence 
and uniqueness theorem is no longer valid at such a point. 

We re-write (34) in a form containing the differentials: 

da? _ dy 
P(x,V)~Q(*,V)' K ' 

and for simplicity, we take P(x, y) and Q(x, y) as polynomials in x 
and y. If P(x0, y0) # 0, (35) can be written as 

dy =Q(x,ij) 
dx P(x, y)' 

and given this condition only, the right-hand side is continuous at 
and in the neighbourhood of the point (x0, y0) and has a bounded 
derivative with respect to y, as found by the usual rule for differentia
tion of a fraction. The conditions for the existence and uniqueness 
theorem are thus satisfied at (x0, y0) if P(x0, y0) ^ 0, and one, and 
only one, integral curve of equation (35) passes through this point. 
If P(x0, y0) = 0 but Q(x0, y0) ^ 0, (35) can be written as 

dx _ P(x, y) 
dy ~ Q(x,y)' 
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with x taken as a function of y. The denominator of the right-hand 
side does not vanish at (x0, t/0), and we can see, as above, tha t the 
existence and uniqueness theorem is applicable a t this point. The 
singular points of equation (35) are thus the points a t which P(x, y) 
and Q(x, y) vanish simultaneously, their coordinates being found as 
the real solutions of the system: 

P(x,y) = 0; Q(X)y) = 0. (36) 

What has been said also applies to the case when P(x, y) and 
Q(x, y) are series, expanded in positive integral powers of (x — x0) and 
(y — y0). If the constant term of a t least one series differs from zero, 
the existence and uniqueness theorem is applicable at (x0, yQ); other
wise, we have a singular point of the equation. 

The idea of a singular point may be explained by the example 
of steady fluid flow [12]. Let P(x} y), Q(x, y) be the projections of 
the velocity vector \(x, y) on the coordinate axes. Equation (35) 
expresses the condition that the tangent is parallel to the velocity 
vector and, in fact, is the differential equation of a stream line. At a 
point where Y(X, y) differs from zero, at least one of its projections 
P(x, y) and Q(x, y) must differ from zero, and one, and only one, 
stream line passes through the point, by the existence and uniqueness 
theorem. On the other hand, points where v(x, y) vanishes, i.e. 
where equations (36) apply, are singular points of (35) and are called 
critical points of the flow in question. A different situation is obtained 
here: stream lines can intersect a t the point, approach the point 
asymptotically or form a closed curve round it. Singular points can 
thus be of various kinds, and it is important to know which kind 
when studying the motion (the integral curves of the equation). 
We deal with the problem in a particular example in the next section. 

53. The stream lines of collinear plane fluid motion. We take the 
particular case when the projections of the velocity are first degree 
polynomials: 

P (x, y) == anx + a12y+b1; Q (x,y) = a21x + a22y + b2 ; 

the fluid flow being spoken of as collinear in this case. 
We start by assuming that the straight lines 

anx + a12y + \ = 0 and a21 x + a22y + b2 = 0 (37) 

are not parallel. The constant terms \ and b2 vanish, on taking the point 
of intersection of the lines as the origin. The equation of motion 



156 LINEAR DIFFERENTIAL EQUATIONS [ 5 3 

becomes 

— x = — x — . (38) 
anx + al2y a2lx + a22y v ' 

for which the origin, x = y = 0, is obviously a singular point. We 
show how the nature of the singular point is revealed by the form 
of the coefficients a^. 

Clearly, (38) is a homogeneous equation and can be integrated by 
the method given in [3]. We use another method, however, which 
consists in introducing new variables | and rj, so as first to reduce 
(38) to a more convenient form for direct inspection. 

We put 

£ = mxx + nxy; rj = m2x + n2y, (39) 

whence 

d£ = m1 dx + n1 dy; drj = m2 dx -f n2 dy. 
We get from (38), on eliminating dx and dy: 

df drj 
mi (aux + alsy) + nt (azlx + a22y) m2 (anx + al2y) + n2 (a21x + a22y) . ( 4 0 ) 

We now define the coefficients in (39) in such a way that the 
denominators of the fractions written are proportional to I and r\ 
respectively. The first denominator gives us 

mx (anx + a12 y) + nx (a2ix + a2ly) = g( mxx + n^), 

whence, on comparing coefficients of x and y, we obtain a system 
of homogeneous equations for mx and nx\ 

(an — Q)m1 + a21nx = 0 ] ^ 
al2m1 + (a22 ~ Q) ni = Q-

Similarly, on equating the second denominator to gr), we get the 
system for m2 and n2: 

. 0 1 
0,1 

(an — Q)m2 + a21n2 = 

«12^2 + (a22 ~ Q) U2 

where the coefficient of proportionality Q will now have a different 
value. 

We cannot have m = n = 0, since the change of variables of (39) 
then becomes meaningless. Systems (41x) and (412) must thus have 
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solutions differing from zero. But two homogeneous linear equations 

<hx + PiV = °; a*x + fty = o 
have a solution differing from x = y = 0 when, and only when, the 
straight lines corresponding to the equations coincide, i.e. when 
their coefficients are proportional. With systems (41!) and (412), this 
amounts to the condition 

" l l - Q _ °21 
°12 «22 - 0 

leading to the quadratic equation for Q: 

Q2 - («11 + «22) e + («11«22 ~ ai2«2l) = 0 . (42) 

With this, systems (41x) and (412) both reduce to a single equation, 
and we can determine the solution differing from m = n = 0. 

We now consider in detail the various possible cases. 
(̂ 4) Equation (42) has two distinct roots Q± and g2. 
On substituting Q = & in (41x) and g = Q2 in (412), we can determine 

the coefficients in (39), as described above; equation (40) then reduces 
to an equation with separable variables: 

i i = i?L (43) 
erf <w * (4d) 

I t may be shown that , with this, equations (39) are soluble with 
respect to x and y. 

We proceed by considering various particular cases of case A. 
(1) The roots QX and Q2 of (42) are real and have the same sign. 

Integration of (43) gives us: 

logf»- = l o g i j * + l o g C l f 

where logCx is taken as the arbitrary constant. 
Hence: 

f* = Cjif* ; f = Crjl (C = 0 ^ ) , 
or 

( m ^ + nxy) = C (m^x + n2y)Qt. (44) 

The fraction g1/g2 is positive in the present case, so that the coordi
nates x = y = 0 satisfy (44) for any value of O, i.e. every stream 
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line (integral curve) has a singular point (Fig. 28). A point of this 
sort is called a node. 

(2) Roots qx and q2 real and of different sign. Here, qjq2 is negative, 
and we write it as (— /z), where \i is a positive number; the general 
solution (44) now becomes: 

(m1n + x1y)(m2x + n2yy = C (n > 0). (45) 

FIG. 28 FIG. 29 

We obtain C = 0 on substituting x = y = 0, so tha t the equation 
of stream lines passing through the origin runs: 

(m1x + nxy) (m2x + n2yf = 0 

corresponding to which we have the two straight lines: 

mxx + nxy = 0; 

m2x + n2y = 0. (46) 

I t follows that in this case two and only two stream lines (integral 
curves) pass through the singular point, which is here referred to 
as a neutral or saddle point. The curves (45) are similar to hyperbolas 
for values of C differing from zero (or actually are hyperbolas for 
li = 1), whilst the straight lines (46) are their asymptotes (Fig. 29). 

(3) Roots qx and q2 complex conjugates, with non-zero real parts: 

qx = a + /li; q2 = a —- pi (a and /? ̂  0). 

If we substitute conjugate values of q in the coefficients of systems 
(41x) and (412), we get systems whose corresponding coefficients are 
conjugates. Replacing i by (—■«") in any solution mv n± of one system 
therefore gives us the solution m2, n2 of the other system. I t follows 
from (39) tha t | and rj can also be taken as conjugates: 
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where ^ and % are real polynomials in x and y of the form 

£1 = p1x + q1y; Vi = PzX + q2y- (47) 

Equation (43) becomes: 

d^ -f i drjj __ dgt — i d!qx 

(a + ^ ^ + ^ii) ~~ ( a - W ^ - ^ i ) 

or 

dSx + idrj^ _ dgx -- i drjx 

(af, - jfyj + (PSX + arjj i ~ « - pVl) - (fc + aVl) i ' 
We obtain in the usual way, on forming new proportions, by first 

adding numerators and denominators, then subtracting them: 

dgt = drjx 

whence 

fi d ^ i + Vi dVi = - j - (fi d% - i?i dfx) 

or 

f i df! -f-^ diyx a 1 
ei + Vl /> , , Vl 

On writing 

w==fi + ^ i ; » = 

we get 
dw a dr 1 , 

and the general solution is therefore: 

*h di/x - Vi df i 
f! 

-r- arc tan t? -f- log C 

.. , -— arc tan ~ 
l o g V H T ¥ = - ^ a r c t a n - i i - + logC7 or YW+Wi = Ce^ " ~ ' « 

(48) 
We obtain 

r = Cej0 , 

on taking polar coordinates | x = r cos 0 and % = r sin 0 in the 
(£i> ^i) plane, i.e. the stream lines are logarithmic spirals in (|x, %) 
coordinates, approaching the origin from the same direction [I, 83]. 
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The spiral forms will be maintained on passing to the original (x, y) 
coordinates, related to the (£v r^) coordinates by (47). I t follows 
that no stream line passes through the singular point in the present 
case, whereas they all approach it asymptotically in spirals (Pig. 30). 
A singular point of this kind is called a focus. 

FIG. 30 FIG. 31 

(4) Roots q± and q2 pure imaginary (± / ? i ) . We obtain on putting 
a = Oin (48): 

Zl + ril = C\ (49) 

or in the original coordinates: 

(Pi x + q
x
 y)2 + (p

2
x + q

2
 y)* = C\ (50) 

We get similar ellipses instead of circles (49). None of the stream 
lines (integral curves) pass through the singular point in this case; 
they form closed loops about the point (Fig. 31), instead of spiralling 
round it as in the previous case. A singular point of this sort is called 
a centre. 

(B) Equation (42) has a double, non-zero root qt = q2. Two cases 
are possible on substituting q == QX in the coefficients of systems 
(41x) or (412): either all the coefficients vanish, or there is at least 
one coefficient differing from zero. We have in the first case: 

a12 = a2i = 0; an = a22 = ov (51) 

and system (38) takes the form: 

dx dy dx __ dy 
QiX ~ QiV x ~~ y ' 

its general solution is a family of straight lines passing through the 
origin, i.e. the origin is a node. 
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At least one of the coefficients 

ai2> a2v a n ~~ 6v ^22 — 61 

differs from zero. I t is easily shown that a12 and a21 cannot both be 
zero here; for, if a12 = a21 = 0, we get an = a22 = gt by the fact 
that gx is a double root of (42); equation (42) must reduce to g2 — 
"~" ( an + 2̂2) Q + a n a22 = 0 on the assumption made, and the con
dition for a double root gives an = a22 from this equation, the common 
value of an and a22 being the value of the double root. Conditions 
(51) are therefore satisfied if we take a12 = a21 = 0, and this contra
dicts our hypothesis. Thus at least one of the coefficients a^ or a21 

differs from zero. Suppose, say, a21 ̂  0. The double root of (42) is 
now clearly: 

__ an + q22 
Qi — 2 ' 

and on substituting g = g1 system (41x) must reduce to a single 
equation, as remarked above: 

° " 1 ° M rn1 + a21 n± = 0. 

We take mi = a21 and nx = — (an — a22)/2, i.e. 

£ = a21x-a"~a"yt (52) 

and retain y as the second variable. The differential equations can be 
written as 

dg = dy 
Qi f atiz + a22 V 

or, on replacing x by its expression in accordance with (52): 

dg = dy 

On introducing a new variable t instead of y: 

y = t£, 

we arrive at the equation 

1 dg ^ d 

and integration gives us the general solution: 

y = - | - log(Cf) . 
£1 
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The sign of | must be the same as the sign of C, whilst obviously 
y ->■ 0 as | -> 0; in addition, 

y' = - r [ i + iog(C*)]-*oo, 
i.e. the integral curves in (f, i/) coordinates meet at the origin, where 
they touch the OY axis (Fig. 32), so that the origin is a node. 

A basic assumption in the transformation of equation (35) to the 
form (38) was that the straight lines (37) are not parallel. If these 

Y 

// ° u. ^£S 

FIG. 32 

are parallel, their left-hand sides do not vanish identically, and the 
differential equation of the stream lines: 

dx dy 
« n + ««! / + &i ~~ a2lx + a22y + b2 

has no singular points; now, one and only one stream line passes 
through every point of the plane. 

In a more general case than that of collinear motion, the equation 
with a singular point at the origin has the form: 

d? = *£ 
«n x + °i2 V + hi x* + ci *y + - • • a21 x + a22y + b2x* + c2xy +... 

The denominators here contain terms of higher order than the 
first in x and y. Integration of such equations does not lead to a 
quadrature except in special cases, though the nature of the singular 
point can sometimes be found from the initial coefficients in the 
denominators of (53) without in fact carrying out any integrations. 
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The argument runs roughly as follows: for x and y of small absolute 
value, i.e. in the neighbourhood of the origin, the higher order terms 
in the denominators of (53) will be small compared with the first 
order terms and the form of the integral curves near the origin may 
be supposed to be the same as it would be if we only considered the 
first order terms in the denominators. If this is so, we encounter the 
same sorts of singular point with equations (53) as were obtained 
above for collinear motion. These suppositions are correct, with 
certain exceptions. We state the final result, without proof: 

(1) If the roots of quadratic equation (42) are real and distinct 
and have the same sign, the singular point x = y = 0 of equation 
(53) is a node. This means that every integral curve that approaches 
sufficiently close to the singular point strikes this point. 

(2) If the roots of (42) are reai and have opposite signs, the singular 
point is a saddle point, i.e. two integral curves pass through it. 

(3) If the roots of (42) are complex, with non-zero real parts, the 
singular point is a focus. 

(4) If the roots of (42) are pure imaginary, the singular point is 
a focus or centre. 
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MULTIPLE AND LINE INTEGRALS. 
IMPROPER INTEGRALS. 

INTEGRALS THAT DEPEND ON A 
PARAMETER 

§ 6. Multiple integrals 

54. Volumes. We have so far considered the definite integral 

$ f(z)dx, 
a 

as the limit of a sum, when the function f(x) is defined over the segment 
(a, b) of axis OX. In other words, the domain of integration has 
always been a straight line. 

We generalize the concept of integral in the present article to 
include the cases when integration is over a plane domain, or a domain 
in space, or finally, over a surface. We shall make use of intuitive 
ideas of area and volume for the present, and shall not dwell on 
certain points arising in connection with passage to the limit. The 
reader can find the main points of a rigorous treatment in a later 
section of this chapter. We start with double integrals, which have 
the same sort of connection with the calculation of volume as the 
integral written above has with the calculation of area. We shall 
consider the calculation of volume as a preliminary to our treatment 
of double integrals. 

We know that the area bounded by the curve y = f(x), the x axis, 
and the ordinates x = a, x = 6, can be evaluated with the aid of a 
definite integral, and is in fact expressed by the integral written 
above [I, 87]. 

We turn to the analogous problem regarding the volume v of a 
body bounded by a given surface (S), whose equation is 

z = /(*,</), (1) 
164 
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by the XOY plane, and by the cylinder (C) with generators parallel to 
the z axis which project (S) into the area (a) in the XOY plane (Fig. 33). 

We reduced the calculation of the 
volume of a body to a definite integral 
in [I, 104], where all we required to 
know were parallel sections through 
the body. We use this method in the 
present problem. 

We suppose for simplicity tha t the 
surface (S) lies wholly above the XOY 
plane and that the contour (I) bounding 
(a) is intersected at two points only 
by lines drawn parallel to the coor
dinate axes. 

We dissect the body by means of 
planes parallel to the YOZ plane, which 
cut the XOY plane in straight lines 
parallel to the y axis (Figs. 33 and 34). Let the abscissae of the 
extreme cutting planes be a, b. These are also the abscissae of the 
points that divide the contour into two parts (1) and (2), these 

ffl 
Hf%W 
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S,-t?M 

a x 

Y -
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V y 

\ 

/x-%ty) 

X 

FIG. 34 

parts being the loci of the points of entry and exit respectively of 
lines parallel to the y axis into the domain (a) (Fig. 34). Each part 
has its own equation: 

yl = (p1(x); y2 = <p2(x). (2) 

FIG. 33 
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The area of the section of the body cut by the plane PQ, distant x 
from YOZ, depends on x. Let this area be S(x); we have [I, 104]: 

v = J S(x)dx. (3) 

I t remains to find an expression for function 8(x), which is the 
area of the figure M1 Nx N2 M2, lying in the plane PQ, and bounded 
by the curve of intersection NXN2 of plane PQ and the surface 

(S), by M1M2, parallel to OY, 
and by the two ordinates MXNX 

and M2 N2. 
Since x is constant for all 

points of the section concerned, 
the ordinate of the curve NXN2 

can be taken as a function of y, 
given by the equation: 

z = /(*, V) 
with constant x; with this, the 
independent variable y varies in 
the interval (yv y2), where yx and 

y2 are the ordinates of the points of entry and departure respec
tively of the straight line Mx M2 into or from the domain (a). 

We can write by [I, 87]: 

8(x)= ff{x,y)dy; 

and on substituting in (3), we have: 
v== Idx j f(x> y) dy- (4) 

yi 

Here we have expressed the volume as an iterated integral, where 
integration is first carried out with respect to y with constant x, 
then the result obtained integrated with respect to x. 

If we dissect the given body with planes parallel to XOZ, we can 
express the same volume as 

v = I dy 1 Kx>y>) d^ 
a xx 

where x1 and x2 are known functions of y: 

v>i(y); z2 = v>2(2/)> x, 

(5) 

(6) 

F I G . 35 
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and a and /? denote the extreme values of y on the conteur (I) (Figs. 
33 and 34). 

Two assumptions were made in deducing expressions (4) and (5): 
(1) that the surface (S) lies wholly above the XOY plane, and (2) 
that the contour (I) of the projection (a) of (S) on the XOY plane is 
intersected at two points only by any line parallel to a coordinate 
axis. If condition (1) is not satisfied, the right-hand sides of (4) and (5), 
instead of giving the volumes, give the algebraic sum of the volumes, 
volumes being considered ( + ) or ( —) depending on whether they lie 
above or below the XOY plane. If condition (2) is not satisfied, 
as for instance in Fig. 35, where contour (I) is intersected at more 
than one pair of points by a line x = const., 
the domain (a) must be divided into sub-domains, 
in each of which condition (2) is satisfied. 
The surface (S) and volume v are now corres
pondingly subdivided, and each partial vol
ume can be calculated by means of (4). 

Examples. 1. The volume of a truncated rectang
ular prism (Fig. 36). The base is formed by the x 
and y axes and by the straight lines x = k, y = I. 
The cutting plane has the equation: 

T- + - + ■ = /. 
F I G . 36 

Expression (4) becomes in this case: 
k l k l 

•-.H^-.H'('-T-lh-'.Hv-f-£)C:= 
0 0 0 0 0 

- ' /( ' -T-a'- 'f-S-^-"'^-*)-* 
0 

where a is the base area and h is the ordinate of the point of intersection of 
the diagonals of the upper section (corresponding to x = k/2, y = 1/2). 

2. The volume of the ellipsoid 

i _ 4 . I _ 4 . r _ 
o- "^ 6- "̂  c- = 

1. 

If the ellipsoid is cut by planes z = const., ellipses are obtained with semi-
axes 

http://i_4.I_4.r_
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and with area 

S ( z ) - * o & ( l - - £ - ) , 

so that the required volume is 

+c 
v = nab 1 j " I dz = — nabc. 

55. Double integrals. We obtained an approximate expression for the 
area of the curve y = f(x) [I, 87] by dividing it into vertical strips 
and taking the area of each as equal to tha t of a rectangle with the 
same base and with height equal to some mean value of the ordinate 
of the curve in the strip. As the number of strips increased and the 

width of each tended to zero, the error 
tended to zero, and the approximate 
formula became the definite integral 
in the limit, accurately expressing the 
area. 

An analogous method can be used for 
calculating volumes. We divide the 
domain (a) (Fig. 37) into a large num
ber of small elements Aa of arbitrary 
shape. Here, Ac refers either to the 
element itself or to its area. We take 
each element as the base of a cylinder 

which cuts out an elementary volume from the volume v on being 
continued to its intersection with surface (S). The elementary volume 
can evidently be taken as approximately equal to the volume of the 
cylinder of base Aa and of height equal to the ordinate, i.e. the 
value of z, of any point of the element of surface whose projection 
is Aa. In other words, if we take any point N of the element Aa and 
let the ordinate of the corresponding point M of the surface (S), 
i.e. the value of f(x, y) a t the point N} be denoted for brevity by f(N), 
we have f(N)Aa for the elementary volume, and 

F I G . 37 

v~J?f(N)Aa, 
<*) 

where summation extends over all the elements Aa tha t make up 
the area (a). 
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The smaller the elements Aa and the larger their number, the 
closer the approximation obtained, and we can write in the limit: 

<«) 
Turning aside from geometric concepts, we can define the above 

limit of a sum independently of the geometric form of the function 
f(N); the limit is called the double integral of function f(N) over the 
domain (o), and is written as: 

do = limJ£f{N)Ao. 

The existence of the limit written is self-evident, since, as we 
have noted, it necessarily gives the volume v described above. This 
is not a rigorous argument, of course, but a rigorous analytic proof 
of the existence of the limit is possible for fairly general conditions 
regarding f(N) and for continuous functions without exception. 

On setting f(N) = 1, we can express the area a of the domain (a) 
as a double integral: 

cr = / J dcr. 

We give the detailed definition of a double integral: let (a) be a 
bounded plane domain, and let f(N) be a function of points of this 
domain, i.e. a function that takes a definite value at every point 
N of (or). We divide (a) into n sub-domains with areas A<rv Aaly . . . , 
Aam and let iV ,̂ N2, . . . , ^ n be arbitrary points of the sub-domains. 
We form the sum of the products: 

2f(Nk)-Aok. 

On indefinite increase in the number n of sub-domains and indefinite 
decrease of the area Aok of each, the limit of the sum is called the double 
integral of function f(N) over domain (a): 

JJ f(N)da = lh* 2 f(Nk)Aok. 
(a) * - l 

Remark. Let dk be the maximum distance between two points of 
the sub-domain of area Aak (the diameter of the domain), and let d 
be the greatest of the numbers dv d2, . . . , dn. The indefinite decrease 
of each of the Aak referred to in the definition means that d-> 0. 
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If the magnitude of the integral is denoted by I , the above definition 
is equivalent to the following: given any positive e, there exists a 
positive rj such that [cf. I, 87] 

1-^ f(Nk)Aak < £ , 

provided d < rj. A full account of the theory of multiple integrals 
appears at the end of the chapter and includes a rigorous definition 
of area, a more precise description of the domain (<r) over which 

integration can be carried out, as 
well as an explanation of how dis
section is possible into sub-domains 
and a proof of the existence of the 
limit of the sum mentioned above 
in the case of continuous functions 
f(N) and a class of discontinuous 
functions. 

56. Evaluation of double integrals. 
By considering a double integral as 
a volume, we can deduce a method 
for reducing a double integral to an 
iterated integral. 

If the domain (a) is referred to 
rectangular coordinates, we can let 
the elementary domains Acr consist 
of rectangles of sides Ax, Ay formed 

by lines parallel to the coordinate axes (Fig. 38). Let (x, y) be the 
coordinates of the point N. We can now write: 

FIG. 38 

and 
f(N)=f(x,y); Aa = AxAy; da = dxdy 

J J f(N)da = lim 2 f (*> y)AxAy = J" ]"/(*, y)dxdy 

On the other hand, on applying what was said in [54] about evalua
ting a volume in terms of an iterated integral, we can write: 

(*) 
J J f(x,y)azdy = $dx j f(x,y)dy= J dy j f(xiy)dxi (7) 
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which gives us the rule for evaluating a double integral, independently 
of the geometrical significance of function f(x, y). 

If the first integration is with respect to y, x is meantime reckoned 
constant, whilst the limits yx and y2 are the functions of x given by 
(2) [54]. And similarly, if the first integration is with respect to x. 
The limits of the first integration in the iterated integral are definite 
constants, independent of the variable of the second integration, 
only in the case when the domain of integration is a rectangle with sides 
parallel to the axes. If (a) is a 
rectangle (Fig. 39), bounded by 
the lines 

x = a; x = b; y = a; y 

we have 

J J /(a?, y)dxdy = 

b 0 
= J dx J / (x, y) dy = 

a a 

fi b 
= Jdy J f(x,y)dx. 

a a 

The quantity da = dx dy is called an elementary area in rectangular 
coordinates. 

We remark that the first integration of (7) with respect to y with 
constant x corresponds to summation over the rectangles consisting of 
strips parallel to axis OY, all these rectangles having the same 
width dx, which is taken outside the sign of the first integration. 
The second integration, with respect to x, corresponds to adding all 
these sums. We give an accurate derivation of (8) and (7) in the next 
article. 

If lines parallel to the axes intersect the boundary of (a) more than 
twice, we must proceed as mentioned in [54]. 

We naturally assume, here and later on, tha t the integrals spoken 
of exist [95]. A sufficient condition for this is tha t the integrands 
be continuous in (a) as far as its boundary, which we shall assume 
to be the case, and that the domain (a) satisfy the condition laid down 
in the basic discussion of integrals in [91]. 
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Now let (a) be referred to polar coordinates. The equation of the 
surface (S) will now have to be written in the form z = /(r, 99), where 
(r, 99) are the polar coordinates. 

We now get the elements Aa by drawing the families of lines 
r = const, and 99 = const., i.e. concentric circles and radius vectors 
passing through the origin (Fig. 40). If we take the particular Aa 
formed by the circles of radii r and (r + Ar) and by the radii at 
angles 99 and (cp + Ay), the curvilinear figure can be replaced to an 
accuracy of higher order infinitesimals by the rectangle of sides Ar 
and r Acp, so that 

Aa = r Ar A<p, 

and we can write: 

J J / (N) dor = lim ^P f (r, cp) rAr Aq> = f f / (r, cp) r dr dq>. 
(a) (a) (or) 

The function under the double integral obtained here is rf(r, cp). 
The same rule as above can be used for reducing this to an iterated 
integral, except that the roles of x and y are played here by r and cp. 

The first integration with respect to r a t constant 99 corresponds 
to summation over the elements Aa contained between the two radii 
99 and (99 -f dcp), d99 being taken outside the sign of the first integra
tion. The second integration with respect to 99 corresponds to addition 
of all these sums. When applying the rule, we first note the extreme 
values a and /J of the argument 99 (the extreme values of x in [54]), 
then the radius vectors rx and r2 of, respectively, the points of entry 
into and departure from (a) of the vector 99 = const, (which corres
ponds to finding y1 and y2 in [54]). Given these values, we have: 

$U(N)do= J J f(r,<p)rdrd<p= J dtp f /(r,cp)rdr, (9) 
(a) (a) a rt 

where rx and r2 are known functions of 99. 
Figure 40 illustrates the case when the origin lies outside the 

contour (I). If the origin is inside the contour, 99 can be taken as 
varying from 0 to 2TC and r from 0 to r2 for a given 99, where r2 is obtained 
from the equation of the curve (I): r2 = y((p)y so that we have (Fig. 41): 

^f(N)da= I dcp rff(r,<p)rdr. 
(a) 0 0 
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F IG . 40 F IG . 41 

The expression 
rdrdcp (10) 

is called an elementary area in polar coordinates. 
In particular, if f(N) = 1, we get the expression obtained in [1,102] 

for the area under a curve in polar coordinates: 

j " dy J rdr = - ^ J (r| - rj)dy. 
a rj a 

(The expression in [1,102] is for the case when r2 = r and rx = 0.) 

Example. We find the volume included between a sphere of radius a and 
a right circular cylinder of radius a/2, passing through the centre of the sphere 
(Fig. 42). We take the centre of the sphere as origin, the XOY plane perpendi
cular to the axis of the cylinder, and the axis OX from the centre of the sphere 
to the point of intersection of the axis of the cylinder and the XOY plane. 
We can say by symmetry that the 
required volume is four times the 
part of the cylinder bounded by the 
ZOX, XO Y planes and by the upper 
hemisphere. 

The domain of integration here is 
half the base of the cylinder, the con
tour of which consists of the semi
circle 

r = a cos (p 

with the corresponding part of axis 
OX; the angle q> varies from 0 to 
rc/2, and the corresponding radius 
vector from the axis OX to axis O Y. FIG. 42 



174 MULTIPLE AND LINE INTEGRALS [57 

The equation of the spherical surface,: 

z2 + y2 + z2 = a2 

oan be written here as 

22 = 02 _ (X2 _|_ y2); z = fa? 

The required volume is therefore 

acosg> 
v = 4 I d<p I ^a2 — r2 r dr = 4 j - («2 

3 

r 2 ) 2 

J |r=0 
COS? d<p 

--t-JV a3 sin3 9?) d<p = - ^ - o3 [' + COS ( 
cos3 <p 

}\" 
=ira3hr-irj-

57. Curvilinear coordinates. We defined an elementary area in the 
previous article, and considered the problem of evaluating integrals 
in the case of rectangular (x, y) and polar (r, y>) coordinates. We now 
deal with these problems with any coordinates (u, v), where the new 
variables u> v tha t replace x, y are given by 

<p(z,y) = u; y>(xty) = v. (11) 

If we fix the value of u and take v variable, we get a family of 
lines on a plane. Similarly, if we fix v and take u variable, we get 
a second family of lines. The lines of the two families can be either 
curved or straight (Fig. 43). 

The position of a point M on the plane is defined by a pair of 
numbers (x, y) or, by (11), by the pair of numbers (u, v), which are 

referred to as the curvilinear 
coordinates of the point M. We 
get expressions for the rectan
gular (x, y) in terms of the cur
vilinear (u, v) coordinates on 
solving equations (11) with 
respect to x and y: 

x = q>1(u,v); y = y>1{u,v). (12) 

Jf In the case of polar coor
dinates, u becomes r and v 

jrIG# 43 becomes cp. The lines of the 

u+ati 
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constant u and of the constant v, mentioned above, are called coor
dinate lines in curvilinear coordinates (u, v); they form two fami
lies of lines (circles and radii in polar coordinates). 

We now find the elementary area dor in curvilinear coordinates. 
For this, we consider the area Mx M2 Mz M4 (Fig. 43), formed by 

two pairs of infinitesimally distant coordinate lines: 

(p (x, y) = u; <p (a?, y) = u + du, 

xp (x, y) = v; y> (x, y) = v + dv. 

The coordinates of the vertices of M1M2 Mz M4 are given to an 
accuracy of higher order infinitesimals [1,68] by: 

(MJ x1 = <px (u, v); yx = ipx (u, v). 

(M2) x2 = (Pl(u + du, v) = q>x (u, v) + ^ ^ ^ du; 

y2 = y>1(u + du, v) = rpx (u, v) + ^ ^ v) du. 

*, = * ( « +d« f t> + dt^ = V l ^ 

(M4) xA = Vl (u, v + dv) = <p1( u, v) + ^ f f i * * dv; 

2/4 = Wi (u, v + dv) = % (u, v) + ^ ^ dv. 

I t follows at once from these expressions that X2 ~~— *Ci — Xo "—— X 4 and 
y2 —- yx = 2/3 — ?/4, and hence the segments Jfx Jf2 and i f 4 Mz are 
equal and have the same direction. The same can be said of Mx MA 

and M2 M3, i.e. M1 M2 Mz MA is a parallelogram to an accuracy of 
higher order infinitesimals; its area is thus twice the area of triangle 
M1 M2 Mz, and therefore, by a familiar expression of analytic geo
metry: 

da=\x1 (y2 — yz) — yx (x2 — xz) + (x2y3 — x3y2) \. 

On substituting the expressions for the coordinates, we get the formula 
for an elementary area in any curvilinear coordinates: 

dcr = d(px (u, v) dyji (u, v) d(px (u, v) dtp1 (u, v) 
du dv dv du du dv = \D\ du dv, 
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where D is called the functional determinant (or Jacobian) of the 
functions y^u, v) and yj^u, v) with respect to u and v: 

T) — dffi (u>v) tyi (u>v) 0<Pi (u>v) tyi (U>v) 
~ du dv dv du " 

Finally, the formula for change of variables in a double integral is: 

J J f(x, y) da = J J F(u, v) \D\ du dv, (13) 
<«) (*) 

where JF(W, t;) denotes the function of u and v to which /(#, y) is 
transformed as a result of (12). The limits of integration with respect 
to u and v are found from the form of (cr) in a manner similar to that 
described in [56] for polar coordinates. 

We took u and v in transformations (11) as the new curvilinear 
coordinates of a point, and reckoned the plane invariable. Conversely, 
we can take u and v as the previous rectangular coordinates and let 
(11) transform the plane so that points with rectangular coordinates 
(x, y) become points with rectangular coordinates (u, v). Such a trans
formation changes (a) to a new domain (27), and (13) now has to be 
written as: 

j " | /(*, V) d<r = J | F{u, v) \D\ du dv, 

where the u and v are the rectangular coordinates of points of the 
domain (27) and the limits of the integration over (27) are found in 
the manner of [56]. On putting f(x, y) = F(u, v) = 1, we get an 
expression for the area a of the domain (cr) as an integral over (27): 

a = § §\D\dudv. 
(*) 

One consequence of this is that, from our new point of view, ) D \ 
at any point N of the domain (27) is the coefficient for the change of 
area at N on transition from (27) to (or), i.e. it is the limit of the ratio 
of the area of a domain in (a) containing the image of N to the area 
of the corresponding domain in (27) which contains N, when the latter 
domain contracts to the point N. We deal with the change of variables 
in a double integral in more detail from this point of view in [77]. 

Examples. 1. We take the circle xz + y2 < 1 of unit radius and with centre 
at the origin in the XY plane. We introduce new variables in accordance with 
the formulae for passage to polar coordinates: x = r cos <p, y = r sin q> but 
in fact take r and <p as rectangular coordinates; thus a point with rectangular 
coordinates (x, y) becomes a point with rectangular coordinates (r, (p). Clearly, 
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with this, our circle becomes a rectangle whose sides are the straight lines 
x = 0, x = 1, y — 0, y — 2n (or r = 0, r = 1, 9? = 0, 9? = 2rc); the origin 
x — y = 0 corresponds to the complete side r = 0 of the rectangle, whilst the 
opposite sides <p = 0 and 95 = 2?r both correspond to the same radius of the 
circle. If we use the rule expressed by (8) for reducing a double to an iterated 
integral, we can see at once that the limits for integration in polar coordinates 
over our circle must be r = 0 and r = 1 for r, and <p = 0 and <p = 2n for (p. 
The rules given in [56] for finding the limits of integration in polar coordinates 
can be similarly explained. 

In the present case 

d(r cos <p) d(r sin <p) d(r cos (p) d(r sin <p) 
= dr " dq> dq> " dr ~~T' 

and, as we saw above, da = rdrdg?. 
2. We take a right-angled triangle (a), formed by the coordinate axes and 

by the straight line x + y = a, as a further example of the second aspect of 
double integrals. The coordinates of points inside (a) must satisfy the inequali
ties: 

x > 0; y > 0; x + y < a. (14) 

We introduce new variables (u, v) by putting 

x + y = u\ ay = uv, 
i.e. 

ay 
u = x + y; v = ~—~— > x + y 

or 
u(a —v) uv 

X = —±— '- \ y = ——. 

We take (w, v) as a new system of rectilinear rectangular coordinates. I t follows 
from the last expression that inequalities (14) are equivalent in the new system 
to: 0 < u < a, 0 < v < a, which define a square (E) with a vertex a t the origin 
and sides along the axes. Every point (a?, y) of (a) corresponds to a definite 
point (u, v) of (£), and conversely. We get for D: 

D* l — V U U V U 
a a a a a 

and (13) takes the form: 

f(x> y)dxdy= \ F(u, v) du dv, 
<*) (?) 

or, on introducing the limits of integration in accordance with (7) and (8) 

a a—x a a 
dx f(x, y) dy = \ u du \ F(uy v) dv, 
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58, Triple integrals. Instead of interpreting the double integral of 
[55] as the volume of a body, we can take it as representing the 
mass of a material distributed over the plane domain (a). Suppose 
tha t Am is the amount of material on the elementary area Aa which 
contains a given point N. If the ratio AmjAa tends to a definite 
limit as Aa contracts to N, this limit f(N) gives the density of the 
surface distribution of material at the point N: 

On dividing (a) into small elements Aa, the mass on a single element 
will be approximately f(N) Aa, and we can write the approximation 
for the total mass on (a): 

where the summation extends over all the Aa that make up (a). 
This approximation increases in accuracy as the Aa diminish. We have 
in the limit, on indefinite overall contraction of every element Aa, 
and with their number indefinitely increasing: 

m = lim2f(N)Aa=: f (f(N)da. 

In the same way, consideration of the mass of a spatial distribution 
of matter leads to the concept of a triple integral. We take a volume 
(v) bounded by a closed surface (8) and let matter of total mass m 
be distributed throughout the volume. We divide (v) into a large 
number n of small elements Av, and let the mass of Av be Am; 
assuming tha t the ratio 

Am 
Av 

tends to a limit on indefinite contraction of a Av to the point M 
contained in it, the limit is called the density of the (spatial) distribution 
at the point M. 

We denote the limit by f(M): 

lim-4f = / W . 
We can write approximately, as above: 

m~ £f{M)Av, 
(v) 
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where the summation extends over all the elements Av tha t make 
up (v). 

We have in the limit, on indefinite contraction of every element Av: 

m = limJgf(M)Av. 
(v) 

The above physical example leads us to a general definition of triple 
integrals, analogous to that for double integrals. Let (v) be a bounded 
domain of three dimensional space and let f{M) be a function of 
points of the domain, i.e. a function tha t takes a definite value at 
every point M of the domain. We divide (v) into n parts, of volumes 
Avv Av2, . . . , Avn and containing respectively the points Mv 

We form the sum: 

2f(Mk)Avk. (15) 

The limit of this sum, on indefinite decrease of every sub-domain and 
indefinite increase in their number, is called the triple integral of the 
function f{M) over the volume (v): 

$S$f{M)dv=\im2f(Mk)Avk. 
(v) fc=l 

Remark [cf. 55]. Let du be the maximum distance between two 
points of the sub-domain Avk (the diameter of the sub-domain) and 
let d be the greatest of the numbers dv d2, ..., dn. Indefinite decrease 
of every sub-domain means that d -> 0. If 7 denotes the magnitude 
of the integral, the definition given above is equivalent to the follow
ing: for any given positive number e there exists a positive r\ such 
that 

n 
2f{Mk)Avk\ 
/ c = l 

< e, provided d < rj. 

The rigorous theory of triple integrals will be found with that of 
double integrals at the end of the chapter. 
If f(M) = 1 throughout the domain (v), we get the volume v of 
the domain as: 

(v) 

The evaluation of triple integrals requires their reduction to single 
or double integrals, which can then be evaluated by known methods. 
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We take a system of rectangular coordinates in space and suppose, 
for simplicity, tha t any line parallel to a coordinate axis cuts the 
surface (S) bounding the volume (v) in not more than two points. 
We draw a cylinder which projects the surface (S) on to the XOY 
plane to form the domain (axy) (Fig. 44). The tangent curve of the 
cylinder and surface cuts (S) into two parts: 

(I) z1 = (p1(x)y); 

(II) z2 = <p2(x,y). 

FIG. 44 

A line parallel to axis OZ and passing through any point of (crxy) 
enters the volume (v) through section (I) and leaves it via section (II); 
the ordinates of the points of entry and exit, z± and z2, will be known 
functions of (x, y). 

We now agree to divide volume (v) into elements Av as follows: 
we divide the area (aXy) into a large number of small elements Aa; 
taking an element as a base, we draw a cylinder for every element; 
the intersection of the cylinder with volume (v) is then divided into 
elementary cylinders of height Az by means of planes parallel to 
XOY and at a distance Az apart. The elements of volume obtained 
will be given by 

Av = Aa Az. 
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We take the element Aa containing the point N(x, y) and produce 
a line through it parallel to axis OZ to cut (S) in points with ordinates 
zx and z2; then we take points M(xy y, z) on this line, lying inside the 
corresponding elements Av. 

The sum of (15) can be written as: 

J?f(x,y,z)Av = £Ao ]£f{xyy,z)Az. 
(v) (*) (2) 

Having fixed Aa for the present, we let the Az diminish, and get 
by the concept of definite integral: 

lim J £ f(x, yyz)Az = J (f(z, y, z) dz, 
CO zx 

where the x and y must be looked on as constant parameters. Hence 
we have approximately: 

J?f(zyyyz)Az^ f f(xyyyz)dz = &(xyy). 

But now it is clear, by the definition of double integral, that 

J £ f(xy y,z)Av~Jg Ao 0(x9 y) -> J J * (a?f y) da, 
(V) (Ozy) {<*xy) 

i.e. 

J J J / ^ y ^ J d t ; - j j d c r f f(x,y,z)dz. (16) 
(*) (

ff
xy) Zx 

On setting aside the geometrical interpretation, the above arguments 
lead us to the following rule for evaluating triple integrals. 

To reduce the triple integral 

§§§f(xyyyz)dv 
(V) 

to a single and double integral: (1) project the surface (S) bounding the 
volume (v) on the XY plane to form the domain (crxy); (2) find the 
coordinates zx and z2 of the points of entry and exit of a line parallel to 
OZ through the point {xyy) of {axy)\ (3) evaluate the integral 

J / (xy yy z) dz, 
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taking x, y constant, then evaluate the double integral 

JJdor j 7 ( a , y , z ) d z . 
{°xy) Zx 

The double integral may be in turn reduced to an interated integral, 
on using rectangular coordinates (x, y), and we finally get: 

b yt z, 
J 7 J 7 ( s , y,z)dv = j d x J dyj7(a?,y,z)dz, (17) 

where the limits (yv y2) and (a, 6) are found as in [54]. 
We suggest tha t the reader work out the alternative methods of 

reducing a triple to an iterated integral, by projecting (S) on to the 
YZ plane to form an area (ayz), or on to the XZ plane to form the 
area (axz). The reader might also consider the more difficult cases, 
when lines parallel to the coordinate axes cut the surface in more 
than two points. 

Equation (17) may be written as: 
b yt z, 

J I J f (x>y' z") dx dy dz = S dx I dy I Kx'Vi Z>j dz' 
{v) a yx zx 

The product dx dy dz is called an elementary volume in rectangular 
coordinates, and is obtained by dividing the volume (v) into infinitely small 
rectangular parallelepipeds by means of planes parallel to the coordinate 
axes. 

Formula (17) is derived rigorously at the end of the chapter. 
We remark tha t if lines parallel to the axes cut (S) in more than 
two points, (v) has to be sub-divided so tha t each part of it is not 
intersected at more than two points. Integration is carried out as 
above for each sub-division and the values added to give the integral 
over the whole volume (v). 

If (v) is a rectangular parallelepiped, bounded by the planes 

x = a; x = b; y = ax\ y = b1\ z = a2; z = 62, 

parallel to the axes, the limits for all three integrals become con
stants : 

b bx bt 

I I I f (x* y> *)d x dy dz = J dx I dv I f (x' y>z>) dz- (18) 
(v) a ax at 

59. Cylindrical and spherical coordinates* A system of rectangular 
coordinates in space is often not the most convenient; of the alter-
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native systems, the most important are those of cylindrical and 
spherical coordinates. The position of a point in the usual rectangular 
system is determined by three coordinates (a, 6, c), the point being 
situated at the intersection of the three planes x = a, y = 6, z = c, 
parallel to the coordinate planes. We can think of the space here as 
filled by three families of mutually perpendicular 
planes 

x = Cx; y = C2; z = C3, 
where Cv C2, (73 are constants, every point of space 
being the intersection of three planes of the 
families. Let the coordinates x and y now be 
replaced by r and <p, whilst the coordinate z is 
retained, where 

z. 
\r-A 

A v<p 

F I G . 45 

x = r cosy; y = r smcp; 
The coordinate r is the distance of a point M 

from axis OZ and cp is the angle between the 
plane passing through OZ and M and the plane 
XOZ (Fig. 45); cp can vary from 0 to 2TT, and r from 
0 to (+oo) . The coordinates (r,<p,z) are called the cylindrical coor
dinates of the point M. Points on axis OZ correspond to r = 0, 
their coordinate q? being indeterminate. 

We have the following three coordinates surfaces in this case 

r = C1; 9? = C2; z = C3. 

The family r = Cx is a family of circular cylinders with OZ as 
their common axis of revolution. The second family op = C2 i s a 
family of half-planes passing through axis OZ, and lastly, z = C3 is 
a family of planes parallel to the XOY plane. 

On giving the variables r, 99, z increments Ar, Acp, Az, we get two 
neighbouring surfaces for each family, which together form an 
elementary volume in cylindrical coordinates. Only one coordinate 
varies along each edge of the element, whilst every pair of edges is 
orthogonal (Pig. 46). To an accuracy of higher order infinitesimals, 
the element can be taken as a rectangular parallelepiped with edges 

Ar, rAy, Az} 

which leads us to the following expression for an elementary volume 
in cylindrical coordinates: 

dv = rdr dy dz 
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as well as to the expression for a triple integral in these coordinates: 

SS$f(M)dv = SSSf(r,<p,z)rtrd<pdz, (19) 

the limits of integration being found by similar methods to those 
used for rectangular coordinates. 

FIG. 46 

Example, To find the mass of the segment of a sphere, filled with non-
homogenous material whose density is proportional to the distance from the 
base of the segment (Fig. 47). 

We locate the origin at the centre of the sphere, and take for the XO Y plane 
the diametral plane parallel to the base of the segment; we direct axis OZ 
from the origin towards the segment. Let the radius of the sphere be a, the 
height of the segment h, and the radius of base of the segment r0. 

The equation of the sphere becomes in cylindrical coordinates: 

r2 + z2 or zz = a* 

From what was given, we can write the density as 

/ (r, <p, z) = b + cz, 

where b and c are constants. 
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Application of (19) gives: 

m = ) ) \ (b -f cz) rdr d<p dz = \ dq> \ r dr (b + cz) dz ■■ 
In r0 Va'-r* 

0) 0 0 a—h 

r0 

—j["+-j-cr"'*-
We leave it to the reader to cany out the substitutions for z and the integra

tion; the result is 

m = ov + cji -~ , 

where v is the volume of the segment. 

FIG. 47 FIG. 48 

We now discuss spherical coordinates, or polar coordinates in spacef 

as they are sometimes called. Let M be a given point in space, and 
OM the vector drawn from the origin 0 to M. The position of M 
can be defined by the following three quantities: the length g of OM; 
the angle cp that the half-plane passing through axis OZ and M 
makes with the XZ plane; the angle 6 tha t OM makes with the positive 
direction of OZ (Fig. 48). With this, g can vary from 0 to (-f-oo); 
(p is reckoned counter-clockwise from axis OX and can vary from 0 
to 2TT; finally, 6 is reckoned from the positive direction of OZ and 
can vary from 0 to n. Definite coordinates g, cp, 6 correspond to 
every point M, and conversely. We drop a perpendicular from M 
to the XY plane to meet it in N, then drop another perpendicular 
NK from N to axis OX. The rectangular coordinates x, y, z of M 
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are clearly given by OK, KN, NM- We have from the right-angled 
triangle ONM: 

ON = Q$mO 

and on also using the right-angled triangle ONE, we finally get 
the formulae for passing from rectangular to spherical coordinates: 

x = g sin 0 cos 99, y — Q sin 6 sin cp, Z=QGOSO. 

FIG. 49 

We consider the families of coordinate surfaces: 

Q = Cl y = c2, 0 = cz. 

The first is evidently a family of spheres with centres at the origin; 
the second is a family of half-planes passing through axis OZ, whilst 
the third is a family of circular cones with axis of revolution on OZ. 
We remark that the origin 0 corresponds to Q = 0, the values of cp 
and 6 being indeterminate. The coordinate q> is indeterminate for all 
points lying on OZ, where 6 = 0 or n. 

We get an elementary volume in spherical coordinates by giving 
variables g, cp and 0 infinitesimal increments AQ, Aq> and A6. 
Only one coordinate varies along each edge of the element, and 
pairs of adjacent edges are orthogonal (Fig. 49). The element can be 
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looked on, to an accuracy of higher order infinitesimals, as a rectangular 
parallelepiped of sides 

dp, Q dO, o sin 0 d(p , 

so that the elementary volume is given by 

dv = o2 sin 6 do d0 dcp, 

whence we can write a triple integral in spherical coordinates as: 

$$$ f(M)dv = J J J /(o,0,<p)o2sin0dod0d?>. (20) 
(!>) (V) 

Reduction of the triple integral to an iterated integral can be carried 
out as follows, for instance: we take"the central projection (a) of the 
volume (v) from the origin on to the sphere of unit radius (Fig. 50) 
[if the origin lies inside (v), (a) is the entire surface of the unit sphere]. 
We draw radius vectors passing through points of (cr), which in the 
simplest case enter (v) a t a point of radius vector g1 and leave at a 
second point of radius vector g2 [we put gx = 0 when the origin 
lies in (v)]. Now we have: 

j j j / (o, 0, <p) g2 sin 0 do d0 dcp = f j sin 0 d0 dcp J / (o, 0, v) g2 do, 
(v) fa) Qi: 

where ox and o2 are known functions of 0 and (p. The limits of integra
tion for 0 and cp are determined by the shape of (a). 

Example. To find the mass of a sphere made up of concentric layers of dif
ferent densities. We can take the density here as depending on Q only and equal 
to f(g), so that the mass is 

2n n a a 
m== § § § f (Q) g* sind dg ddd<p = J d<p J sin 0 d0 j*/(e) e2 dp = 4J* J / (g) Q2 dg. 

(v) o o o o 

If the density is constant and equal to unity, we get the expression for the volume 
of a sphere: 

v = 4:7z \ Q2 dg = , 

Remark. An important geometric significance attaches to sin0 d0 dcp, 
this being the elementary area into which the surface of the unit 
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sphere is divided by meridians and parallel circles (Fig. 51). If we 
divide the surface of the unit sphere into elements dor of arbitrary 
shape, we have:f 

rrr/(jif)d*= f f d / f / W a ^ , 

where (a) is the domain obtained on projecting centrally from the 
origin the volume concerned on to the surface of the sphere. 

FIG. 50 FIG. 51 

Let an elementary cone be drawn, with its vertex at the centre of 
the unit sphere and having the contour of the element do* as directrix. 
The area do* measures the solid angle subtended at the centre by the 
element of any surface (S) cut out from (S) by this elementary cone. 

60. Curvilinear coordinates in space. The position of a point in 
space is determined in the general case of curvilinear coordinates by 
three quantities qv qv qz, related to the rectangular coordinates 
%, y, z by the formulae: 

<p(x,y,z) = q1; y>(x,y,z) = q2; co (x,y,z) = qz. (21) 

The three families of coordinate surfaces are obtained on pu t t i ng^ , 
?2> ft equal to constants. Three pairs of indefinitely adjacent coordinate 
surfaces form an elementary volume dv. We omit the proof and 

f da denotes either the element itself or its area. 
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simply give the result, analogous to tha t obtained in [57] for two 
dimensions. The elementary volume dv can be considered as a 
parallelepiped, to an accuracy of higher order infinitesimals; on 
solving (21) for x, y, z, we get: 

* = <Pi (9i> ?2> & ) ; y = vi (qv ?2> ?s); » = «>i (&, g2> &)> (2 i i ) 

and dv will be given by: 

dv=\D\dq1 dq2 dq3, 

so that the formula for change of variables in the triple integral is: 

I J J / (*» 2/, ») d^ dy dz = J J j i^ (glf ga> g3) | Z> | dfc dg2 dg3, 

where i^g^, q2, qs) is derived from f(x, y, z) by transformations (21x) and 
Z) is the functional determinant of x, y, z with respect to qv q2, q3: 

D dqx I dqx 

dm1 8*1 
9g3 

+ 

9Vi 

8^1 (tyPi 9a)t 

As in [57], the transformations (21) can be looked on alternatively 
as a deformation of space, so tha t a point with rectangular coordi
nates (x, y, z) becomes a point with rectangular coordinates (qv q2, 
<?3), D being interpreted now as the coefficient of the change of 
volume at a given point on passing from (qv q2, qz) to (x, y, z). 

The reduction of a triple integral in coordinates qv q2i qz to three 
single integrals, and the determination of the corresponding limits, 
follow the same lines as for double integrals [57]. 

The reader familiar with determinants may notice that D can be written es 
the following third order determinant: 

D-

A detailed treatment of these determinants appears in Volume I I I . 
Example. Let (v) be a tetrahedron, bounded by # + 2/ + z = a and by the 

coordinate planes, and defined by the inequalities: 

8«»i 
9<h ' 
d<pt 

dg2 ' 

9<7, * 

dtp, 
8?i ' 
9y , 
9g2 ' 
9vj 
9<73' 

da>1 

9?i 
90)! 
9<72 

9a>, 
9?3 

x > 0; y > 0; z > 0; x -\-y -f- 2 < a. 
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We introduce new variables: 

x + y + «= qv a(y + z) = Qi gy> a*z = <ii Qz q3 

and interpret (qv q2, q3) as rectilinear rectangular coordinates. It follows from 
the above expressions that: 

a(y + z) az 

or 
gi (a - q2) . „ _ gi g2 (a - q*) . „ _ gi g2 g3 

It is easily seen, after the manner of [57], that the tetrahedron (v) becomes 
the cube (vx) 0 < #, < a; 0 < qz < a; 0 < g3 < a. We find that here, 2> = 
= qlq2(as, so that the transformation is expressed by 

J J J /(*, 1/, 2) d* dy dz = J J J F(qv qv q3) — q\ q2
 d?i dg2 d?s; 

or, on finding the limits of integration: 

a a—x a—x—y a a a 

j dx J dy j f(x,y,z)dz= — j rf dft j ? 2 d?2 J F(qlf qv qz) dq3. 
0 0 0 0 0 0 

61. Basic properties of multiple integrals. We demonstrated earlier 
the basic properties of definite integrals by making direct use of 
their definition as the limit of a sum [I, 94]. The same approach can 
be used for the properties of multiple integrals. We shall assume for 
simplicity that all the functions are continuous, so that the integrals 
have a meaning unconditionally. 

I. A constant factor can be taken outside the integral sign: 

J $af(N)da = a$$f(N)do. 
(*) (*) 

I I . The integral of an algebraic sum is equal to the sum of the 
integrals of the terms: 

J f U(N) - cp(N)] dcr= J J f(N) da-S<; <p(N) da. 
(a) (a) (a) 

I I I . If the domain (a) is divided into a finite number of parts, say 
into two parts (a±) and (o*2), the integral over the whole domain is 
equal to the sum of the integrals over the parts: 

J J f(N) da = J f f(N) da + J J f(N) da. 
(«) (<*,*) («■) 
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IV. If f(N) < <p(N) in (a), 

In particular: 
\SSf(N)do\<S$\f(N)\dff. 
I<*) I (*) 

V. If (p(N) preserves the same sign in (cr), the mean value theorem 
is valid, i.e. 

J J f(N) <p(N) dor = f(N0) j " j tftf) dcr, 

where NQ is a point lying inside (cr). 
In particular, we have with <p(N) = 1: 

$$f(N)da = f(N0)o, 
\°) 

where a is the area of the domain (cr). 
Triple integrals have analogous properties. 
We remark tha t i t has always been assumed, in the definition of 

double and triple integrals as limits of a sum, tha t the domain of in
tegration is finite, and tha t the integrand f(N) is bounded through
out the domain, i.e. there exists a number A, such th&t \f(N)\< A 
at every point N of the domain of integration. If these conditions are 
not fulfilled, the integral may exist as an improper integral, in a manner 
similar to tha t described for single definite integrals in [I, 97, 98]. We 
deal with improper multiple integrals in § 8 [86]. 

62. Surface areas. We take 

z = f(x,y) (22) 

as the equation of a given surface (8) and use the notation: 

We have seen [I, 160] tha t the direction-cosines of the normal (n) 
to (8) a t the point (x, y, z) are proportional to p, q and (—-1), i.e. 
using analytic geometry, they are given by: 

cos (n, X) = — . v ; cos (n, Y) = , q ; 
±Yl+P* + q* ±n+P2 + q2 

COS (71, Z) = —. 
(24) 
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%7,« 

We find the area of the portion of (8) which is cut out by the cylin
der (C), which projects the portion on to the XY plane as the domain 
(a) (Fig. 52). We divide (a) into small elements Aa; the cylinders with 

bases Aa divide (S) into ele
ments AS, 

Let iV(|, rj) be a point of Aa, 
the corresponding point of (S) 
being Jf(f, 77, £), where £ = /(£, r,). 
We draw the tangent plane and 
normal (n) to the surface at M, 
and let AS' be the elementary 
area cut from the tangent plane 
by the cylinder of base Aa. 

We define the area of our por
tion of surface (S) as the limit 
of the sum of the elementary plane 
areas AS', when the number of 
elements Aa increases indefinitely, 
whilst each contracts indefinitely. 
We show that this limit is given 
by a double integral over (a). The 

element Aa is the projection of the plane element AS' on the XY 
plane, whilst the normals to these elements form the angle (n, Z), the 
cosine of which is given by the third of expressions (24); hencef 

F I G . 52 

Aa = ASf 

Yi + p2 + g2 AS' = f l + p2 + q2Aa, 

f Let (S2) be the projection of the plane domain (Sx) and let <p be the acute 
angle between these two planes, i.e. the angle between their normals. I t is easily 
seen that the relationship holds: Sz = Sx cos (p, where St and £2 are the areas 
of OSy and (Sz). 

We show this by a rectangular dissection of the areas by two families of 
straight lines, one family being parallel to the line of intersection of planes 
(S2) and (/Sy. Let the rectangles of (£2) be the projections of those of (S^. 
A length parallel to the intersection of (S2) and (S^ is unchanged on projection, 
whilst a length in the perpendicular direction is multiplied by cos <p; thus if 
dxdy is an elementary rectangle of (S^ the corresponding elementary rectangle 
of (S2) will be cos <p dxdy, and hence: 

82 == J J cos <p dx dy = cos q> J j " dx dy — Sx cos 9?. 
(Si) (Si) 
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so that the area S of our surface becomes by definition: 

S = lim ̂  AS' = l i m - 2 yi + p2 + q2Aa. 

The limit on the right-hand side is given by the double integral over 
(a), so tha t 

8 = J J f l + p2 + ?
2d<x = 11 Kl + p2 + q2dxdy (25) 

<*) <*) 

which is the required formula for the area of the portion of a curved 
surface cut out by the cylinder with generators parallel to axis OZ. 

The integrand in (25) represents an elementary area dS of the sur
face. We can write, on using the expression for cos (n, Z): 

dS = yT+fTq2 daxy = |ooa^fZ)| or daxy = | cos (», Z)\ dS. (26) 

Here, daxy is the projection of dS on the X F plane. We have 
to take the absolute value of cos (n, Z), since the elementary areas 
daxy and dS are reckoned positive. 

We assume tha t the p and q defined by (23) are continuous functions 
of (x, y). The above argument leads to the expression of the limit 
of the sum of areas AS' as an integral (25) of a continuous function, 
and proves, moreover, tha t this limit exists. A defect of the above 
definition of surface area is tha t it contains the operation of pro
jection, which is bound up with the choice of XY plane. I t can be 
shown tha t the magnitude of the surface area is in fact independent 
of the choice of XY plane. We also remark that , if the lines parallel 
to OZ meet (S) in more than one point, evaluation of the surface 
area by (25) requires division of the surface into separate sections 
and evaluation individually of the area of each. 

A new definition can be given that is independent of the choice 
of axes. Let (S) be a piece of a smooth surface, bounded by a smooth 
contour. Let (S) be divided into portions (Sx)y (S2), . . . , (Sn); we take 
an arbitrary point Mk of each (Sk) and let pk be the area of the pro
jection of (Sk) on to the tangent plane to (S) at Mk. I t can be shown 
that , given the assumptions regarding the smoothness of (S) and 
its contour, the sum px + p2 + . . . + pn tends to a definite limit 8 
if the greatest of the diameters <5 of the portions tends to zero [cf. 55]. 
With the explicit equation (22) of the surface and with continuous 
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derivatives (23), this definition of surface area also leads to formula 
(25) for the area 8. (G. M. Fikhtengol'ts, Kurs differentsialnogo i 
integralnogo ischisleniya, Vol. I l l , §§ 599-—601). 

Examples. 1. To find the area of the portion of spherical surface considered 
in the example of (56). 

We have 

z = ya* — x2 — y2\ V- Ya2 — x2 — y2 
x 
z 

Ya2 — x2 — y2 

2 + t /« + Zl a 
z 

acosq> 

s = JJ-frdrd„ = 2aJd?) J -J 
(<5) 0 0

 f 
rdr 

= 2a f (-Ya2-r2) 

and 

r=acosq> n 

d<p = 2a2 f (1 - sin <p) d<p = 2a2 (JL — \\. 
r=0 0 

2. To find the area of the intersection of the cylinders (Fig. 53) 

x2 + y2 = a2, (27) 

y* + z*=*a*. (28) 

I t is more convenient to take y and z as the independent variables in this 
problem, and a; as a function of these, given by (27). Integration is over the 
circular area in the YZ plane, with circumference given by (28). The shaded 

area in the figure is evidently 1/8 of the total 
required area, so that we have: 

where 

P = 

F I G . 53 

£ = 8J j Y l + ^ + g 

dx y = d^~~"¥ ; q 

l/zv.2 1 q.2 

* X 

2dydz, 

dx 

* Y~a2 - y2 
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and hence: 

o 

P P dt/ P Va2 «jJ2 
£ = 8a dz y = 8a arc sin dz = J J yat _ vz J a 

0 T . Ya* - z2 , f g 1 
= 8a z arc sm + , . = 

z=0 0 

= - 8a/a2 - z2 = 8a2. 
z=0 

63. Integrals over a surface and Ostrogradskii's formula. The concept 
of a double integral over a plane domain may easily be generalized 
to the case of integration over a surface (curved). Let (8) be a surface 
(closed or open) and F(M) be a continuous function of points of the 
surface. We divide (S) into n parts and let ASV AS2, . . . , ASn be the 
areas of the parts and Mv M2, . . . , Mn arbitrary points lying on them. 
We form the sum 

2F(Mk).ASk. 
k=l 

The limit of this sum on indefinite increase in the number of parts n 
and indefinite contraction of each part ASk is called the integral of 
the function F(M) over the surface (S): 

§ \F(M)dS= lim Jp F {Mk) A8k. 
(S) " - *

00
 k=l 

Let a line parallel to the z axis have only one intersection with 
the surface (Fig. 52) and let (a) be the projection of (S) on t h e p l a n e X F . 
We can reduce the integral over (S) to an integral over the plane 
domain (axy) by using (26) for the relationship between an elementary 
area of (S) and of the corresponding projection ((Txy): 

jj F (M) dS = JJ ico^)! ***. (29) 
(S) (a) 

We assume here that cos (n, Z) differs from zero and tha t the function 
F(N) has the same value at the point N of (a) as the given function 
F(M) has at the point M of (8) whose projection is N. If the equation 
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Z A 

of (S) is given explicitly by (22), whilst F(M) is expressed as a function 
F(x, y, z) of the coordinates, i t is sufficient to substitute z = f(x, y) 
in the expression of F(x, y, z) when integrating over (axy)} i.e. F(N) = 
= F[x, yy f(x, y)]. The denominator on the right-hand side of (29) 
is given by the third of equations (24). 

We note tha t the properties of double integrals listed in [61], 
including, in particular, the mean value theorem, apply to an integral 

over a surface. 
We now prove Ostrogradskii's 

formula, which is basic in the the
ory of multiple integrals, and 
which establishes the relationship 
between a triple integral over a 
volume (V) and the integral over 
its boundary surface (S). We shall 
make the same assumption as in 
[58], tha t lines parallel to the z 
axis intersect (S) in not more than 

"** two points. We keep the notation 
FIG. 54 Qf Fig. 44 [58], whilst intro

ducing in addition the direction 
(n) of the normal to (S), (n) being 

assumed taken outwards from(F) (the outward normal) (Fig. 54); (n) 
forms an acute angle with the z axis on the upper part of the surface 
(II), and an obtuse angle on the lower part (I). Hence, cos (n,Z) is ne
gative over part (I) and |cos (n, Z)\ = — cos (n, Z). Formula (26) gives: 

d(Txy = cos (n, Z) dS on (II); daxy = —cos (n, Z) dS on (I) (30) 

Let R(x, y, z) be continuous in the domain (v) as far as the boundary 
(S) and let its derivative dR(x, y, z)/dz be continuous. 

We consider the triple integral over (v) of the function 3R(x, y, z)jdz. 
We have, on using (16): 

But the integral of a derivative is equal to the difference in the 
values of the original function at the upper and lower limits: 

J J J dR{Zy'Z) dv = | J [B (x, y, z2) - B (», y, H)\ daxy 
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or 

JjJ dR^Z) ^ = jj R {x> y> ^ d(Jxy _ J ^R {x> y> Zi) d(Jxy, 

We reduce integration over (axy) to integration over (S) on replac
ing daxy by d# in accordance with (30); the first of expressions (30) 
must be used for the first integral, containing the ordinate z2 of part 
(II) of (S) as variable, the result being an integral over (II), whilst 
similarly, the second of expressions (30) is used for the second inte
gral and an integral over (I) obtained: 

f IT dR{ZV,Z) d* = JJ"U (x, y, z) cos (n, Z) dS + 
* (») (i i) 

+ j f E (x, y, z) cos (n, Z) dS . 
(i) 

We can drop the subscript for z since it is implied by the part of the 
surface over which integration is carried out. The right-hand side 
contains the sum of integrals over (II) and (I), i.e. amounts to the 
integral over the whole of (8): 

f JT dR (£y' z ) dv=55B {x> y>z) cos {n>Z) dS • (31) 
(*> (S) 

We might have taken another two functions P(x, y, z) and Q(x, y, z) 
and shown in a similar manner tha t 

J 7 J dP(Zv'z)dv= fj>(*.y.«) «»(».*) a s 
(») '(S) 

J J J a g ( y ^ ) dv= ij$Q(x,y,z)cos(n,Y)dS. 
<») (S) 

We arrive at Ostrogradskii's formula on adding the left- and right-
hand sides of the three expressions obtained: 

(0) 

= \ j[P cos (rc, X) + Q cos (n, Y) + R cos (n, Z)] d £ . (32) 
(S) 

The arguments #, y, z of P,Q and i? have been omitted for brevity, 
but it should be borne in mind tha t these given functions are con
tinuous in the volume (v), together with their derivatives. 
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A variety of applications of Ostrogradskii's formula will be found 
in later chapters. 

The quantities cos (n, X), cos (n, F ) , cos (n, Z) are functions 
defined on the surface (S) and have been assumed continuous. A more 
general assumption can be made, tha t (S) is divisible into a finite 
number of pieces, on each of which the functions are continuous. 

This would apply if (S) were, say, a poly
hedron. 

We supposed when deriving (31) that lines 
parallel to the z axis cut the surface (S) of (v) 
in not more than two points. A generalization 
is easily made for other types of domain. We 
notice to start with tha t if (S) includes a 
lateral cylindrical part with generators par
allel to the z axis in addition to the upper 

FIG 55 P a r ^ (^ a n (^ lower par t (I), we have 
cos (n, Z) = 0 on the lateral part, so tha t addi
tion of this part to the right-hand side of (31) 

does not change the value of the integral over the surface; the proof 
of the formula therefore remains valid throughout. I t is sufficient in 
more general cases to divide (v) into a finite number of sections 
with the aid of cylindrical surfaces whose generators are parallel 
to the z axis, such tha t the previous conditions are satisfied for each 
section, to which (31) may then be applied. Addition of the results 
obtained will give us the triple integral over the total volume (v) 
on the left-hand side; we shall have on the right-hand side the sum 
of the integrals over the total surface of the sections, whilst the 
integrals over the cylindrical surfaces tha t have been added will 
be zero, as shown above. The result of adding the right-hand sides 
will, therefore, be the integral over the surface (S) of the original 
volume (v), and (31) is shown to be valid in general. 

We remark tha t the arguments remain valid when (v) is bounded 
by several surfaces: by one from the outside and by the remainder 
from inside. Figure 55 illustrates the case of (v) bounded by two sur
faces. The integration on the right-hand side of (31) is now over all 
the surfaces bounding (v), with the normal (n) directed inwards 
from the inner surfaces [i.e. outwards from (v)]. 

64. Integrals over a given side of a surface. Use is occasionally made of a 
different definition and a different notation for surface integrals. We start 
with the case when (S), illustrated in Fig. 54, satisfies the conditions laid 
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down at the beginning of the previous article. Normals can be drawn in two 
opposite directions at every point of the surface. One direction forms an acute 
angle, and the other an obtuse angle with the z axis. Correspondingly, we can 
distinguish between an upper and a lower side of the surface. Let R(x, y, z) 
be given on (S), as above. We take the integral: 

a Rcos(n,Z)dS. (33) 
(S) 

The value of the integral depends on the choice of the direction of the normal 
or what amounts to the same thing, on specifying the side of the surface over 
which the integration is carried out. On integrating over the upper side, 
cos (n, Z) > 0, and cos (n, Z) dS = daxy, whilst over the lower side, cos (n, Z) < 
< 0, and cos (ra, Z) dS = — doxy, where dorxy is the projection of an element 
of (S) on the XY plane, i.e. an element of the area (a) in (29). We can write 
dcrxy = dx dy in (x, y) coordinates, so that integral (33) reduces to an integral 
over (a) in the XY plane: 

x,y,f(x,y)"\dxdy or — J J i * [x, y,f(x, y)] dxdy, (34) 

depending on which side of the surface the integration is made. These are in 
fact often written in the same way, as 

« " 

f j R dx dy, (35) 
(S) (S) 

whilst indicating which side of the surface is concerned. For instance, if integra
tion is over the lower side of (S), (35) amounts to the second of integrals (34). 
We can define (35) directly as the limit of the sum UR(Mk) Aak, where R(Mk) 
is the value of R a t the point Mk of the element ASk of (S) whose corresponding 
projection on the XY plane is Acrk, the Aak being reckoned positive if integration 
is over the upper side of the surface and negative if over the lower side. 

We now take the general case of (S)} and let M 0 be a given point of the 
surface. We specify a definite direction for the normal (n) a t this point; starting 
from M0 and moving continuously over (S), we examine the continuous varia
tion in the direction of (n). If any continuous movement leads to a definite 
direction of the normal at any point of the surface, it is said to be two-sided. 
If we specified differently the direction of (n) at the initial point M0, continuous 
movement would lead us to an opposite direction of (n) at every other point 
of the surface. This allows us to speak of the two sides of (S)> depending on the 
direction specified for (n) a t M0 and therefore specified at the remaining points. 
Having fixed the side of the surface, we get a definite value for integral (33), 
which may be written in the form (35) on indicating the side concerned. 

We can similarly define the integrals: 

$$Pdydz and \§Qdxdz. 
(S) \s) 

where P(x,y, z) and Q{x,yf z) are functions given on (S). These integrals coincide 
respectively with: 

J $Pcos(n, X)dS and J j* Q cos (n, Y) dS. 
(S) (S) 
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With these definitions, (32) can now be written as 

Iff {^ + W + ^~)dV=3 J 7 (PdV<k + <2dzd2 + i*d*d*,) 
(*) (5) 

where the integration on the right-hand side is over the outer side of (S). 
We note the existence of one-sided 

surfaces, where continuous movement 
over the surface implies continuous 
variation in the direction of the normal 
such that , on returning to the initial 
point, the new direction of the normal 
can be the opposite of the original direc
tion. A simple example is the M6bius strip, 
obtained by taking a rectangular sheet 

Yio. 56 °f paper A BCD, twisting it once and 
fastening edge AB to edge CD in such 
a way that A coincides with G and B 

with D (Fig. 56). Both sides of the ring thus obtained could be painted, without 
removing the brush from the surface, i.e. without passing over its boundary. 

65. Moments. An application of multiple integrals is to the theory of the 
moments of different orders of mechanical systems. Let a system of n material 
particles of masses mv m2, . . . , mn be given at points: 

Mv M2 , . . . , Mw 

respectively. 
The k~th order moment of the system with respect to a plane (A), a straight line 

(d) or a point (D) is defined as the sum of the products of the mass of each particle 
of the system with the k-th power of the distance from (A), (d) or (D): 

n 
2 rjfmr 
i = l 

The zero order moment becomes from this view-point simply the total mass 
of the system: 

n 
m = 2 mi • 

The first order moment with respect to the plane (A) is called the statical 
moment of the system with respect to the plane. We encounter the statical moments 
relative to the coordinate planes in the expressions for the coordinates of the 
centre of gravity of the system: 

n n n 
£ mtxt % mm 2 ™izi 

i=l i=l i=l 
x*=—^—' * « - — r T - ' 2 * = — ^ — (36) 
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The distances x(, yt, zt from the coordinate planes are reckoned algebraically 
here, i.e. as positive or negative. 

The second order moments are usually called moments of inertia of the system. 
The expressions 

n n n 
2 x\mt; 2 ylmi; 2 Ami 

f = l f = l f = l 

represent the moments of inertia of the system with respect to the coordinate planes; 
the expressions 

n n n 
2 (y2t + A) m(; 2 {A + A) ™<; 2 (*! + */?K-

i= i i= i i= i 

represent the moments of inertia relative to the x,y, z axes; and finally, 

2 (*? + !/?+ «?)"*/ 
/ = 1 

is the moment of inertia relative to the origin 0 . 
The expressions 

2 Vi zi mi> 2 zi xi mh 2 xi Vi mh 
i = l i = l i = l 

are occasionally encountered in addition to the above, and are referred to as 
the products of inertia of the system relative to the x, y, z axes. 

If we are dealing with continuous distributions of matter instead of systems 
of a finite number of particles, the above sums have to be replaced by definite 
integrals; these are single, double or triple, according as the distribution of mass 
is linear, over a surface or over a volume; instead of the w-, we now have the 
density f{M) a t a given point M multiplied by the 
element of line, surface or volume. 

For example, the moment of inertia of a three-dimen
sional domain (v) relative to axis OX is given by the 
triple integral 

HJ(t/2 + 22)/(M)di;. 
(«) 

If f(M) is the constant density f0, this can be taken 
outside the integration sign; a n / 0 could be cancelled out 
in (36), leaving functions of x,ya,nd z under the integrals 
in the numerators, and the volume or area of the total 
domain in the denominator. 

Examples. 1. The centre of gravity of a sector of a homogeneous sphere 
(Fig. 57). On using the coordinate system shown in the figure, we need only find 
the ordinate 

'< 
/Z~~ 

0 
F 

i 

^vl» 
//y 

£_ X 

IG. 57 
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We have here: 

In a a 

v B= \ dq> sin 6 dd \ Q* dg = — na? (1 — cos a) = — ?ra2 ft 
o o o 

£" a a a a 

J J J z &v = J °V I sin 0 d0 J Q cos 0g2 dg = 2n J sin 9 cos 0 d0 j " g3 dp = 
(v) o o o o o 

=» - 5 - a4 (1 — cos 2a) 
o 

3 1 —cos2a 3 „ , , 3 ,„ , . 
Z' = l6 ° 1 - c o s a ° - 8 - " ( l + o o s a ) ^ ^ ( 2 a - f e ) , 

where a is the radius of the sphere. 
2. If the mass is assumed to be distributed only on the spherical surface 

(S) of the sector, the ordinate of the centre of gravity becomes 

,i, zds 

where s is the area of surface (S). The equation of the surface is here x2 + y2 -f* 
+ z2 = a2 or z = y a2 — (a;2 + /̂2)> a n d it is easily shown that 

1 z 
cos(w, z) = 

^1 + #2 + q2 a 

so that 

n z ds = z ,xy
 Y = a d(TXv = rca3 sin2 a, J J cos(n,z) J J ' 

(5) (oxy) (axy) 

where (oxy) is clearly a circle with centre at the origin and radius a sin a. 
The area s will be: 

. -J^lf^ + ^ - a J J ^ 
2n a sin a 

Y'a2 — (x2 -f y2) 

J C r dr dw , = 27ra2 (1 — cos a), 

J / a 2 - r 2 o o r 

and finally: 
Tra3 sin2 a „ a 

= a cos2 -* 2™z2(l - c o s a ) 2 * 

We had in the previous example the smaller value for z 

-£ - o(l + c o s «) = —r~ ° c ° s 2 - o - . 
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3. If the centre of gravity is a t the origin, all the statical moments are zero, 
as follows at once from the relationships: 

§§§xfdv = mxg; 
(») 

$$$yfdv = myg; 
(v) 

SS$zfdv = mzg. 
(*) 

4. The moments of inertia of a homogeneous right circular cylinder (Fig. 
58) relative to the axis of the cylinder and to the diameter of its central 
section. Taking ,/0 as the constant density, we have: 

2n a h 

Jz = /0 r2r dr dcp dz = 2/0 \ d<p r3 dr dz = nal hfQ = m — ; 
(v) 0 0 0 

In h a 

Jx = /o 1 1 1 (z* + r* sm2 <P) r dr &9 d2 ~ 2/o I °V I dz I (z* + r* sin2 9>) r dr ^ 
(t>) 0 0 0 

2n h h a 

= 2/0 f d<p f s2 dz f r d r + 2/0 f sin29? d<p f dz f r 2 dr = - A . ^ 3 a 2 y o + 

0 0 0 

where 2h is the height of the cylinder, a is the radius of its 
5. The moments of inertia of the homogeneous 

ellipsoid: 

+ 62 
Z
2 

We let / 0 denote the density and have, on dividing 
into layers parallel to the XOY plane: 

^xy = /oJ I J z2dxdydz = f0 J z*Jiabll Z— j dz = 
(v) - c 

FIG. 58 

 the cylinder, a is the radius of its 
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We can change the symbols cyclically to find tha t 

V 
Jx 

Jy 

J* 

= ra» 

— J Xy 

= ra» 

=» Jxy 

-Tat' 

+ Jxz 

> 

+ Jyz 

' «^2X ~ 

= m • 

■ + o«); 

+ J« = 

= m • ■ 

■ > 

J,= 

= m • 

T-6 2 

! + cJ) 

= m • -

> 

i-(o» + 6») 

! + &' + c*). 

6. The kinetic energy of rotation of a rigid body about an axis (<5). 
We know tha t the velocity V of any point of the body is equal t o 

the angular velocity co of the body multiplied by the distance of the point from 
the axis of rotation (<5). We find the kinetic energy of the body by dividing i t 
into elements of mass Am and finding the kinetic energy AT of each; then 

T = £AT. 
Since the element Am is small, its mass can be considered to be concentrated 

at any point M of the element; the kinetic energy AT of Am is then 

AT = 4 ~ V2 Am = -4- w? rl f(M) Av, 

where f(M) is the density of the body at M and r^ is the distance of M from the 
axis (6). Hence we obtain, by definition of a triple integral: 

T=\\\-\-<»2rlKM)&v= y W y a , 

where 

(*> 

is the moment of inertia of the body about the axis of rotation (d). 
Remark. I t is sometimes more convenient to evaluate the volume or the 

moments of a body in terms of double or even single instead of triple integrals. 
This comes from the fact that, when a triple integral is represented as the 
single integral of a double integral, or as the double integral of a single integral, 
the interior integral may occasionally be evaluated directly from elementary con
siderations without performing an actual integration. This creates the impression 
that a double or single, instead of a triple integral is used for the calculation. 

We can take as an example the moment of inertia Jxy of a body (v) relative 
to the XY plane, where (v) is bounded by the planes z = 0, z = h and by the 
surface formed by revolution of the curve x = f(z) about the z axis. The mo
ment can be obtained from a single integral if the body is imagined to consist 
of plane circular discs, parallel to the XY plane; the volume of such a disc is 
n[f(z)]2 dz, and we can write: 

h 
Jxy = n$z*[f(z)ydz. 



6 6 ] DEFINITION OP A LINE INTEGRAL 205 

The same moment of inertia is given by the triple integral: 

h 
Jxy = I I I 2 2 dx dV<te — I *2 dz I $dx dV> 

(v) 0 (at) 

where (az) is the section cut from (v) by a plane parallel to the XY plane and 
distant z from it. The interior double integral gives the area (crz), i.e. is equal to 

§ 7. Line integrals 

66. Definition of a line integral. Let (I) be a curve with a de
finite direction in space (Pig. 59), A being the initial point and B 

FIG. 59 

the end-point of the curve. We shall measure the length of arc along 
(I) from the initial point A. Let a continuous function f{M) be given 
on (Z), and let (I) be divided into n parts by the points MQ, Mv . . . , 
Mn^v Mn, where MQ coincides with A and Mn with 5 . We take any 
point Nk of each segment Mk Mk+1 (k = 0, 1, . . . , n — 1) and form 

n - l 
the sum ^ f{Nk) Aski where 2tofc is the length of arc Mk Mk+X of (I). 
The limit of this sum on indefinite increase in the number n of di
visions and indefinite decrease of each of the Mk Mk+1 is called the 
line integral of the function f(M) over (I) and is written: 

$f(M)as = limn2f(Nk)A8k. (1) 
(0 * - i 
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The position of the variable point M on (Z) is fully defined by the 
length of arc s =KJAM, and f(M) can, therefore, be taken as a function 
of the independent variable s, i.e. f{M) = f(s); integral (1) is an ordi
nary definite integral: 

j / ( ^ ) d * = { f(8)d*9 
(i) 6 

where I is the length of arc of (I). We note tha t (Z) can be a closed 
curve, i.e. B can coincide with A. 

So far, we have not used the fact that (I) has a specified direction, 
which becomes important later. Let the coordinates of M be (x, y, z), 
referred to a system of rectangular axes in space. Let P(x, y, z) 
be a continuous function along (Z), and let (£k, r\ki Ck) denote the co
ordinates of Nfc, and Axk the projection of the directional arc MkMk+^ 
on the x axis; Axk can of course be positive, negative, or zero. We now 
form the sum of the products of P(Nk) = P{£k, r\k, £k) with Axk instead 
of Ask, i.e. the sum 

n - l 

The limit of this sum is called the line integral of P(x, y, z) over (I) 
and is written 

n - l 
f P(x, y, z) Ax = lim Jg P(£k9 r\ky Zk) Axk. 

(I) k=0 

The integrals 

§Q(x,y,z)dy and §R{x,y,z)dz 
(0 (0 

are similarly defined, where Q(x, y, z) and B(x, y, z) are continuous 
functions along (Z). Addition of these three integrals gives us the gene
ral form of the line integral, which is written: 

\ P(x, y, z) dx + Q(x, y, z) dy + B(x9 y, z) dz. (2) 
(0 

Integral (2) is by definition the limit of a sum of the form: 

*2 lP (**> %> W Axk + Q (£k, vk, Ck) Ayk, + R (f*, Vk> C*) Azk]y (3) 
k=o 

where Ayk, Azk are the projections of Mk Mk+1 on the y and z axes 
respectively. The connection between integrals of type (2) and type (1) 
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is easily found. The coordinates (x, y, z) of the variable point M of 
curve (I) can be taken as functions of the length of arc s = w AM. 
As we know from [I, 160], the derivatives of these functions are the 
direction-cosines of the tangent to (Z), i.e. 

-JJJ = cos (t, X); ^L = cos (t, Y); - J - = cos (t, Z), 

where t is the tangent to (I) at M, directed in the same sense as (I). 
The symbol of the type (a, ft) denotes as usual the angle between the 
directions a and /?; the cosine of the angle is independent of the sense 
in which it is measured, and the sense is not specified here. To an 
accuracy of higher order infinitesimals we can take: 

Axk — cos (tky X) Ask Ayk = cos (tk, Y) Ask, Azk = cos (tk9 Z) Ask, 

where tk is the direction of the tangent at Nk, and integral (2) reduces 
as the limit of the sum (3) to form (1): 

§ Pdx + Qdy + Edz = 
(i) 

= f \P cos {t, X) + Q cos (t, Y) + B cos (t Z)\ ds, (4) 
(/) 

where P, Q, R can be considered as functions of s along (I). 
Let the equation of (I) be given in parametric form: 

x = cp(T)i y = y)(r); z=co(r), (5) 

where the point (x, y, z) describes the curve (I) from A to B as r varies 
from a to 6. We shall suppose functions (5) continuous, with continu
ous first order derivatives, in the closed interval (a, 6), whilst taking 
a < b for clarity. 

Let r = rk correspond to Mki and let us consider the first of the 
summations (3). Let r = xk correspond to the point (|fc, t]k, £k) of the 
curve. We can write, using the formula of finite increments [I, 63]: 

Axk = cp (rk+1) — cp (rk) = <P'(T£) (T & + 1 - rk), 

where rk is a value of r in the interval (rkf tk+1). Our sum can now be 
written as: 

n - l 

k = 0 

= "^P[? K), y (T£), ft> (r'k)] <p' (TJ) ( T , + 1 -rk). (6) 
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This closely resembles the sum: 

° = S P b W> V W> w <T*)] ViA) (Tft+i - rk), 

which tends in the limit, as the greatest of the (tk+l — tk) tends to 
zero, to the definite integral: 

fp[<p(T),f(r),(o(x)]<p'(x)dr. (7) 
a 

We now show tha t the difference between a and (6) tends to zero. 
I t will follow immediately from this that (6) has a limit, equal to 
integral (7). The difference is of the form: 

v=n2{pb^ v(t£),o>(Ti)]-

Since r£ and x"k belong to (rk9 rk+1) and P[(p(t), y)(t), co(r)] is uni
formly continuous, for any small positive e there exists a d such tha t 
[I, 32] 

IP [<p (**). V(T»), ® (**)] - P [<P M)> v (**). « K ) ] I < « , 
provided (rft+1 — rfc) < <5. The absolute value of rj will then satisfy 

The function <P'(T) is continuous and therefore bounded in (a, b), 
i.e. | g/(r) I < K, where K is a definite number [I, 35]. Hence we have: 

& = 0 

Since e-> 0 if max (rfc+1 — rk) -> 0, it can be seen tha t rj in fact 
tends to zero, and (7) is the limit of summation (6). The remainder of 
summations (3) can be considered in the same way and hence we can 
show that , with the assumptions made, integral (2) can be written as 
an ordinary definite integral: 

J P dx + Q dy + R dz = | [Pep' (v) + Qy>* (r) + Roy' (r)] dr, (8) 
(0 * 

where P , Q and R must be expressed in terms of r in accordance 
with (5). 
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Several of the properties of simple integrals listed in [I, 94] may be 
generalized at once for line integrals. For instance: 

I. If the curve (I) consists of distinct portions (ZJ, (Z2), . . . , (Zm), 

§Pdx + Qdy + Bdz = J [Pdx + Q dy + Bdz] + 
(0 </*) 

+ J" [Pdx + Qdy + Bdz]+ . . . + ^[Pdx + Qdy + Edz], 
(/,) ( U 

I I . The value of a line integral depends on the direction of the 
curve (Z), as well as on the form of (I) and the integrand; however, 
when the direction of the curve of integration is changed, the integral only 
changes sign. 

If (I) as a whole does not satisfy the conditions stated above, but 
can be divided into a finite number of sections, each of which has 
parametric equations (5), we can apply (7) to each section, and the 
integral over the whole curve can be written as the sum of the integrals 
over the separate sections. I t may easily be shown tha t this is equi
valent to the limit of summations (3) for the whole curve. We shall 
only consider in future curves (I) which satisfy the conditions just 
mentioned. Finally, we notice that if r is the length of arc s =KJAM, 

formula (8) reduces to (4). 
If (I) is a plane curve, say in the XY plane, (2) becomes: 

\Pdx + Qdy, 
(0 

where P and Q are functions of (x, y) given along (Z). 

67. Work done by a field of force. Examples. Calculations of work 
done lead naturally to line integrals of type (2). Let a point M de
scribe a trajectory (I) under the action of a force F, which is a function 
of points along (I). The work done is found by dividing (Z) into small 
segments and considering one of these, say Mki Mk+V In view of the 
smallness of the segment, F can be reckoned to maintain constant over 
the segment its value a t Mkf whilst arc ^>Mk Mk+1 can be replaced 
by chord Mk Mk+1. The work done over the segment is thus given 
approximately by 

AEk~\Vk\\ MJ£k+x | cos (F„ I S + J , 

where | Fk | denotes the length of vector F at Mk, \ Mk Mk+1 \ is the 
length of MkMk+i> and AEk is the work done over the segment 
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^jMkMk+1. On using the formula of analytical geometry for the 
angle between two directions, we can write: 

AEk~\Fk\\MJtk+1\[cos(Fk, X)cos(MJtk+1, X) + 

+ cos(F*, Y)cos(M^Mk+v F)cos(Ffc, Z) cos(M^Mk+v Z)], 

or, on removing the brackets and denoting the projections of F on 
the coordinate axes P, Q, R: 

AEk ~ PkAxk + QkAyk + RkAzk, 

where the subscripts of P, Q, R indicate that their values are taken 
at Mk. We now sum over all the segments and pass to the limit, so 
that the work done is accurately: 

E= {Pdx + Qdy + Rdz. 
(7) 

Examples. 1. The work done by the constant force of gravity when a point 
M of mass m is displaced via any curve (I) from the position Mx(av bv cx) to 
M2(a2, b2i c2) is given by the integral 

c* 
f P dx + Q dy -f- R dz = J mg dz = mg (c2 — ct) 

(/) cx 

(the z axis is directed vertically downwards); hence it follows that the work 
depends only on the initial and final positions of the point, and not on the path 
traversed. Here we have an example of a line integral the value of which 
depends only on the initial and final points of integration, and not on the path. 

2. The work done by the gravitational force when a unit mass is displaced 
from the point Mx to M2 in its attraction to a fixed centre of mass m. If we 
take the centre at the origin and let r be the radius vector to the point, F can 
be seen to be in the opposite direction to OM and equal to fm/r2, where / is the 
gravitational constant. Hence we have here: 

P —im. JL- n^ — tHL JL. R^^tH JL 
r* ' r ' V r2 " r ' r2 " r 

„ , C xdx+ ydy-j-zdz t Crdr , C , ( 1 ^ 

(/) (0 (0 

and if r2, rx denote the respective distances of M2 and Mx from the gravitational 
centre, 

and here the work, i.e. the corresponding line integral, depends only on the 
initial and final points, and not on the path. 
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If we introduce the potential of the point mass, 

r 

dU 
so that 

P = = W Q==^T' E-~te' 

the work E is given by the difference in the values of U at M2 and MXi i.e. 

E^UiMJ-UiMJ. 

We consider line integrals over plane curves in the next examples. 
3. We consider the established plane flow of an incompressible fluid of con

stant density which we take as unity. With this, the velocity of motion v 

1U 

F I G . 60 

of a fluid particle situated at M (x, y) depends only on (x, y). We find the quantity 
of fluid q flowing in unit time past a given contour (I) (Fig. 60). Let u and v 
denote the projections of v on the coordinate axes. We take an element^jMM f= 
= 6.8 of (I), and assume that the velocities of all the particles of the element 
are approximately equal; it can then be seen that, during a small interval of 
time d£, all the particles move an amount | ▼ | d£ in the direction of v to the 
position NN'. The area of the parallelogram MNN'M' can be written as the 
product of the base ds and the projection of v d£ on the outward normal (n) 
to (I), i.e. 

area MNN'M' » | v | cos (v, n) dtds , 

where | ▼ | is the length of v. If (s) is the direction of the tangent to (I) on a 
counter-clockwise circuit, we have: 

(n, X) = (s, Y); (n, F ) = («, X ) — 7i, (9) 
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where a symbol of the type (a, 0) denotes the angle measured counter
clockwise from direction a to /?. Hence: 

cos (n, X) = cos (s, F ) and cos (n, F) = — cos (s, X) . 

But we know that the angle between two directions is given by 

cos (▼, n) = cos (v, X) cos (n, X) -f cos (v, Y) cos (n, F) , 

so that by (9): 

cos (v, n) = cos (v, X) cos (5, Y) — cos (v, F ) cos (s, X). 

On substituting in the expression for the area and noting that 

I v I cos (v, X) sa u; I v I cos (v, Y)*=v 

ds cos (sy X) = Ax; ds cos (5, F ) = J # , 

we get finally: 
area MNN'M' = (— vAx + uAy)dt. 

If (v, n) is an obtuse angle here, cos (v, n) will be negative and an area will 
be obtained with a negative sign, which corresponds to the case when the fluid 
flows into the domain bounded by (I). 

The total quantity of fluid flowing past (I) in time dt becomes 

dt 2 (— vAx-\-u Ay) = di f — v dx -f u dy, 
(0 

and the quantity in unit time is 

2 = f [— vdx + udyl (10) 
(*) 

with the circuit round (I) taken counter-clockwise. We notice that (I) can 
be closed. The quantity q given by (10) has the ( + ) sign if the flow is in the 
direction of the normal (n), and the ( —) sign if in the opposite direction. 

We remarked above on the direction of (n); it is bound up with the direction 
of the integration round (I) and with the orientation of the x and y axes in 
accordance with (9) .If (I) is a closed contour and integration is carried out counter
clockwise (Fig. 60), q gives the difference in the quantities of fluid flowing in 
and out of the domain bounded by (I) in unit time, where either term of the 
difference can be missing. 

If (I) contains neither sources (which produce fluid: positive sources) nor 
sinks (which absorb fluid: negative sources), q must be zero, since otherwise 
the quantity of fluid inside (I) would increase or diminish, contradicting the 
properties of incompressibility and absence of sources. 

I t follows that the established plane flow of an incompressible fluid is character-
ized by the equation 

f [— vdx + udy] = 0. (11) 
(0 

which must be satisfied for every closed contour (I) not containing sources. 
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4. The state of a body in thermodynamics is given by three physical magni
tudes: the pressure p> volume v and temperature T (absolute). These are con
nected by a relationship of the type 

/ (t;, p , T) = 0; 

in the case of an ideal gas, for instance, we have Clapeyron's equation: 

pv — RT = 0. 

The state of a body is thus defined by two of the three magnitudes, say by 
p and v, i.e. by the point M(p, v) on the pv plane. 

If the state changes, the point M must describe a curve on the pv plane, 
which is called a diagram of the process concerned; if the body returns to its 
original state, we speak of a cyclical process or cycle, and its diagram is a closed 
curve (I). 

We find the quantity of heat Q absorbed by a body during the process by 
dividing this up into small elementary processes in which small changes Ap, 
Av> AT occur in p} v, and T. If only one of these magnitudes changes, the quan
tity of heat absorbed is roughly proportional to the increment of the correspond
ing variable, whilst if all three change together, the total increment AQ is 
equal to the sum of the component increments, by the principle of addition of 
small operations [I, 68]. In other words, we have an approximate equation of 
the form 

AQ ~ A Ap + B Av + C AT 

and we get finally: 

Q = ^AQ=SA&p + Bdv + CdT. (12) 

On using the equation of state to express T in terms of v and pf we get: 

T = <p(v,p); dT-^&p + ^&v; 

and finally, on substituting these values for T and dT in the right-hand side 
of (12), we find: 

Q mm f P dp + V dv, 
(0 

where P and V are known functions of v and p. 
5. Let us consider the expansion or compression of the gas (steam) in the 

cylinder of a gas (steam) engine. The change in volume Av is proportional to 
the displacement of the piston in the cylinder due to the pressure p, so that the 
work AE done by the pressure in producing the change in volume is given by 
pAv with suitable choice of units; hence the total work done during one cycle is 

E = f pdv. 
(/) 

68. Areas and line integrals. We find the area a of the do
main (G), situated in the XY plane and bounded by the closed 
curve (I). We assume for simplicity (Fig. 61) that a line parallel to 
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the axis OY cuts (I) in not more than two points. Let yx and y2 be 
respectively the ordinates of the points of entry into and exit from 
(a) of a line parallel to OY, and let a and b be the extreme values of 

the abscissae of points of (I). We 
have [I, 101]: 

* = J(#2~-2/ i )d*. 
a 

Let the so-called points of entry 
lie on section (1) of the curve, and 
similarly, those of exit on section 
(2). The integral: 

F I G . 61 j y2 d# 

is identical with the line integral 

f ydx, 
(2) 

with direction from the point x = a to x = 6, and taken with the 
reverse sign. Similarly, 

is identical with 

taken from x = a to x 
Finally we have: 

b 

j tfidx, 

(i) 

6. 

b b r 61 a "j 
<T = f 2/2dz— f 2 / ido ; - - j y d x + f ^ dx \= — f 2/dx, (13) 

L0)aj (2)* J (/) 
where (I) runs in a counter-clockwise direction. 

We find by a similar method that 

a — f x &y . 
(ft 

We also get, on adding and dividing by two: 

cr =--— \ xdy — ydx. 
(ft 

(14) 

(15) 
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We deduced (13) by assuming that a line parallel to OY cuts (I) in 
not more than two points. The formula can easily be shown to be 
justified for more general contours. We first take the case when (a) 
is bounded by curves (1) and (2) and by two straight segments parallel 
to OY (Fig. 62). We find on going through the same argument tha t 

a = 
l (i) (2) 2) J 

But x is constant over CD and I L l a n d dx = 0, so tha t §y dx is zero 
over these sections. We can add these integrals with the minus sign 
to the right-hand side and thus obtain (13) for the case in questions. 
When (a) has the more general type of contour (I) of Fig. 63, we pro
ceed as follows. We draw straight lines parallel to OY so as to divide 
(a) into a finite number of parts, to each of which (13) is applicable; 
addition of the expressions obtained gives us on the left-hand side 
the area a of the total domain, and the integral over (I) on the right, 

y* 

0 

L 

'l 
A 

c 

(2) 
. . — - — » % 

f «0 

p) 

i 

> A? 
! * 
b " 

y k 

FIG. 62 FIG. 63 

the integrals over the additional contours being zero as above. Thus 
(13) is valid of the domain, and (14) and (15) may be justified for 
contours of general type in the same way. 

In the case of the ellipse 

x — a cos /; y = 6 sin t (0 < t < 2n) 

(15) gives: 

, In i 2n 
o = — f (a cos t • b cos t + b sin t • a sin t) dt = - y ab J dt = nab. 
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I t is essential in the above formulae for an area for the circuit round 
(I) to be taken counter-clockwise, or more strictly, to be taken in the 
same direction as the 90° rotation needed to make OX coincide in 
direction with O F . If O F is directed downwards instead of upwards, the 
formulae remain in force provided a clockwise circuit is taken round 
(I). We shall always assume the above condition for the direction 
round a closed contour in a plane. 

69. Green's formula. We now establish a fundamental formula 
relating an integral over a closed surface to a line integral over 
the contour of the surface. We start with the case when the surface is 
a plane domain, when we obtain what is usually known as Green*s 
formula. 

We use (7) of [56] to evaluate the double integral: 

dP (a, y) n dy do, 

where P(x, y) is a function of (x, y). 
We integrate first with respect to y and assume tha t the contour (I) 

of (a) is intercepted at only two points by lines parallel to OY (Fig. 61); 
this gives us: 

(*) (") 

= l[P{x,yi)--P(x,yi)\te. 
On the other hand, the integrals: 

b a 
J P (x, yx) dx, J P (x, y2) dx 

a b 

are the same as the line integrals: 

J P (x, y) dx, 

taken respectively over parts (1) and (2) of contour (I) from the point 
x = a to x = 6. 

We get on changing the direction of integration of the second integral: 

b a a 
f P (x, y2) dx = — j P (x, y2)dx = — j ? (x} y) dx, 

a b (2)6 
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whence 
a b 

Nlfida=- $P(x,y)dx- \p{xyy)Axt 
(a) y (2)6 (l)a 

or 

(°) y (I) 

where the circuit round (I) must be taken counter-clockwise (Fig. 61) 
We find in the same way the integral: 

where Q is another function of (x, y). Assuming for simplicity tha t (I) 
is intersected in only two points by lines parallel to OX, we have: 

(a) {a) a xx 

j[Q(x2>y)-Q(xvy)]&y> 

and this can be similarly reduced to a line integral over a closed 
contour: 

(•) (0 

Subtraction of (16) from (17) gives us Green's formula: 

{j(g-f)*» = J*<k + 9*r- (18> 
We deduced (16) on the assumption tha t lines parallel to OY cut (I) 

in not more than two points. The same arguments as in the previous 
article can be used to show that the formula is justified for any type 
of contour. Similar remarks apply as regards (17) and (18). 
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The discussion is applicable to the case when (a) is bounded by 
several curves (Fig. 64). The integration on the right-hand side of (18) 
is now over all the curves that bound the domain, in a counter-clockwise 
direction for the outer contour (with the axes directed as shown) 
but clockwise for the inner contours, i.e. so tha t the domain (a) lies 

on the left over each contour. 
" t ^*JJ»J>S»+^ We note that Green's formula (18) 

can be written in another way. Let t 
be the tangent to Z, taken in the same 
direction, and let n be the normal to Z, 
taken outwards from a. The direction of 

*- t is found by turning n counter-clockwise 
through a right angle, so tha t we have 
for the angles formed by t and ft with 
theaxes: '(*,X) = : r + ( ^ r ) a n d ( * , r ) = 

= (ft, X). If ds is an elementary arc of the curve, dx = ds- cos (t, X) 
and dy = ds»cos (t, Y), so tha t dx = — ds-cos (ft, Y) and dy = 
= ds-cos (ft, X). If we substitute these in (18) and replace P by 
—Q) a n d Q by P, we get: 

i J E+-S)da = hp cos ̂  x ) + Q cos (*' r>]ds-
{*) V VJ (0 

Green's formula in this form amounts to Ostrogradskii's formula 
for a plane. 

70, Stokes' formula* We now turn to the case of any non-closed 
surface (S) with contour I (Fig. 65). We retain the notation of [62], 
and assume that lines parallel to the z axis cut S in a single point. 
The projection of I on the XY plane gives the contour (A) of the domain 
(axy). We take the counter-clockwise circuit round (A) as positive, and 
similarly for (I). The direction n of the normal to S is taken so that it 
forms an acute angle with axis OZ and cos (n, Z) > 0. With this, the 
lower sign must be taken in expressions (24) of [62], which give: 

pcos(n, Z) = — cos (ft, X); q cos (n, Z) = — cos (ft, X), (19) 

whilst (26) of [62] can be written as: 

daxv = cos (ft, Z)dS. (20) 
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Let P(x, y, z) be a given function in the neighbourhood of surface 
(S) which is continuous and has continuous first order derivatives. 
We consider the integral: 

J P (x, y, z) dx. 
(/) 

Points of (I) lie on (S) and therefore satisfy its equation: z = f(x, y), 
and we can replace the z under the integral sign by f(x, y). The inte
grand, P[x, y, f(x, y)], now con
tains only x and y. The coordi
nates (x, y) of a variable point 
of (X) are the same as for the 
corresponding point of (Z), and 
integration round (I) can be 
replaced by integration round (X): 

(i) 
J P (x, y, z) dx = 

==(ii> fcy'ffay)]6*' 
We apply Green's formula (18) F l G 6 5 

to the integral on the right, with 
P = P[x, y, f(x, y)l Q = 0, and 
(I) becoming (A) in this case. We first find dPjdy by differentiating P 
both directly with respect to y and via the third argument z} which 
we replaced by f(x, y): 

dP _ dP(x,y,z) dP(x,y,z) df (x, y) 
dy dy + dz " dy 

where f(x, y) is to be understood for z in the expression for P. We now 
have from (18): 

j P (x, y, z) dx = J P [x, y, f (x9 y)] dx — 

__ _ f r r QP(x,y,z) , 8P(a?,y,g) df(x,y) 1A^ 
~ J J L dy T dz " dy J acTxy 

(o'xy) 
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On expressing dcrxy in terms of the element dS of 8 in accordance 
with (20), we transform the double integral to an integral over (8) [63]: 

§P(xty,z)dx = 
(0 

= -J7[—|f^ + ^%^---9^]cos(ra)Z)d^ 
(S) 

and obtain finally, on using the second of expressions (19): 

jPdx = jf[-*Loos(nf Y) - -¥- cos (n, Z)ldff. (21) 
(0 (5) 

If we are given two other functions, Q(x, y, z) and R(x, y, z)} in the 
neighbourhood of (8), we can change the variables x, y, z cyclically 
to get two analogous expressions: 

\Q dy = J* j [ - g - cos (», Z) - - g - cos (n, X)l dS 
(0 (S) 

J i ?d 2 = J J [ - ^ - c o s ( n , X ) - - ^ - c o S ( » ) r ) ] d 5 . 
(0 (S) 

We arrive at Stokes' formula by adding these three expressions: 

(() (S) LK"y ' 

+(f - S)cos (». r>.+(S - f)cos <*> *>]<*<*• <2 2> 
The formula relates the line integral round the contour of a sur

face to the integral over the surface itself, and bears some similarity 
to the Ostrogradskii formula of [63], which relates the integral over 
the surface of a three-dimensional domain to the integral over the 
domain itself. Green's formula is the special case of Stokes' formula 
when (8) is a plane domain in the XY plane; (I) now becomes a closed 
curve in the XY plane and dz = 0; (n) is along the z axis, so that 
cos (n, X) = cos (n, Y) = 0 and cos (n, Z)'= 1. We obtain (18), on 
making these substitutions in (22). 

The same assumptions are made regarding the cosines in (22) as 
when deducing Ostrogradskii's formula [63]. 

We arrived at (21) on the assumption tha t a straight line parallel 
to the z axis cuts (8) in a single point. If this is not the case, we divide 
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(S) with the aid of supplementary curves so tha t our condition is 
satisfied over each portion of (S), and (21) is applied to each portion 
in turn; addition of the results gives us the integral over (I) on the left, 
since the integrals are taken twice in opposite directions over the 
supplementary contours and cancel out; the double integral over the 
total surface (S) is obtained on the right. Hence, (21) is justified in the 
general case. The same arguments apply for the general formula (22). 
I t is only necessary to observe the following condition here for the cir
cuit round (I) and the direction (n) of the normal: an observer travelling 
round (I), with his height along the direction of the normal (n), must have 
the surface (8) on his left. This rule is bound up with the choice of the 
system of coordinates shown in Fig. 65. In this system, the observer 
with his height along OZ, sees OX become O F by a counter-clockwise 
rotation through an angle of nj2. If the rotation were clockwise, 
"on his left" would have to be replaced by "on his r ight" in the above 
rule. 

If the notation of [64] is used for the surface integral, (22) may be written in 
the form 

jPdz + Qdy + Bdz = 
(0 

(5) 

The side of the surface (S) and the direction (n) are defined in accordance 
with the rule above. 

71. Independence of a line integral on the path in a plane. 
The examples in [67] showed tha t the value of a line integral is 
sometimes independent of the path of integration, though this is not 
always the case. We now use Green's and Stokes* formulae to show 
the conditions for independence of the integral on the path, and start 
with the case of a plane curve and the condition for independence of 

f Pdx + Qdy 
(A) 
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on the path. We join the points (̂ 4) and (B) with curves (1) and (2) 
(Pig. 66), when we must have 

(B) (B) 
(1) f Pdx + Qdy = (2) f Pdx + Qdy, (24) 

(A) (A) 

or, on using property II of [66]: 
(B) (B) 

(1) } Pdx + Qdy — (2) f Pd* + Qdy = 0, 
(A) (A) 

(B) (A) 
(1) f P d ^ + Qdt/ + (2) f Pdx + Qdy = \Pdx + Qdy = 0, (25) 

(A) (H) (I) 

where (2) is a closed contour, formed by curve (1) taken from (̂ L) to (B) 
and curve (2) taken from (B) to (A). 
We see from this that the integral 
over any closed contour (I) must be 
zero, in view of the arbitrariness of 
points A and B. Conversely, if the 
integral over a closed contour (I) is 
zero, the integral over (1) is equal to 
the integral over (2), since (24) follows 

F m 6 6 conversely from (25). If curves (1) 
and (2), that join A and B, intersect, 
we join A and B with another curve (3) 

that cuts neither (1) nor (2), and use the equations 
(B) (B) 

(1) J Pdx + Qdy=(3) J Pdx + Qdy 
(A) (A) 
(B) (B) 

(2) f Pdx + Qdy=(3) f Pdx + Qdy 
(A) (A) 

Ifi 

1 

I 

^ 

^ 

- ^ 

7" 

to obtain: 
(B) (B) 

(1) J Pdx + Qdy =(2) J Pdz + Qdi/. 
(^) (A) 

It follows that the condition for independence of the integral on the 
path is the same as the condition that the integral over any closed contour 
(I) vanishes. 

If the latter condition is satisfied, we obtain from (18): 

where the domain of integration {a) is entirely arbitrary. 
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We now prove the consequence, that 

- ^ - - ^ - 0 (27) 

is an identity, i.e. true for all x and y. 
Suppose tha t a t a point C(a, b), 

dx dy-r(X'y) 

differs from zero and is, say, positive. By the assumed continuity of 
dPjdy and dQjdx, f(x, y) must be positive over some small circle (aQ) 
with centre C, We form the integral 

to) to) 
and apply the mean value theorem [61] to i t : 

dQ dP 

to) 

where ( | , rj) is a point of (cr0), so that / ( ! , rj) > 0; hence it follows tha t 

M*--£■)«■>•. 
to) 

which contradicts the fact tha t integral (26) vanishes for any choice 
of (a). Condition (27) is thus necessary for the independence of the 
integral on the path. I t is easily shown to be sufficient, since it follows 
from this, by (18), tha t §Pdx + Qdy vanishes for any closed contour, 

(0 
which is the same as the independence of the integral on the path. 

Condition (27) is thus necessary and sufficient for the integral 

(B) 
J Pdx + Qdy (28) 

(A) 

to be independent of the path of integration, and to be a function of the 
coordinates of points A and B only. 

If this condition is satisfied and we fix the point A(x0, y0) whilst 
only the point B(x, y) varies, integral (28) is a function of (x, y), i.e. 
a function of the point B: 

Y Pdx + Qdy= U(x,y). (29) 
(*o, y0) 
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We consider the properties of this function. On keeping y constant 
and giving x an increment Ax, we get: 

(x+Ax,y) (X,y) 
U(x + Ax,y)-U(x,y) = j Pdx + Qdy- § Pdx + Qdy. 

(*o,>\>) (x 0 ,y 0 ) 

Since the integral is independent of the path of integration, we can 
take the path for the first integral 

U k as made up of the curve AB (Fig. 
67) as in the second integral, 

Bfay) , 9B'(x+Ax,y) t o g e t h e r w i t h t h e straight line 
^ y BB'. The integrals over AB cancel 

out, and we are left with: 

U(x + Ax,y) — U(x,y) = 

{x+Axty) 
== f Pdx + Qdy = 

H (x,y) 

X+Ax 
F l G- 6 7 = J P(x,y)dx, 

X 

since y is constant on BB', and dy = 0. We apply the mean value 
theorem [I, 95]: 

U(x + Ax, y) - U(x, y) = AxP(x + 6Ax, y) (0 < 6 < 1). 

We divide by Ax and let Ax->- 0: 

dU limP(x + OAx, y) = P(x, y). (30) 

I t can be shown in a similar manner tha t : 

^ - = Q(x,y). (31) 

We find from (30) and (31) tha t [I, 68]: 

aU = -^rdx+^rdy = Pdx + Qdy. 

Hence, if condition (27) is satisfied, the integrand 

Pdx + Qdy (32) 



71] INDEPENDENCE OF A LINE INTEGRAL ON THE PATH IN A PLANE 2 2 5 

is the total differential of the function U(x, y) defined by (29). It is 
easily seen that the most general expression for the function U^x, y), 
whose total differential is (32), is given by 

U1(x,y) = U(x9y) + C, (33) 

where G is an arbitrary constant. We have, in fact: 

dU -=Pdx + Qdy, 
dU1 = Pdx + Qdy, 

whence 
d(U1~U) = 0. 

If the differential of a function is identically zero, its partial deriv
atives with respect to the independent variables must be zero, and the 
function itself is therefore a constant, i.e. 

u1-u = c, 
which is what we wished to prove. 

We notice the obvious equality, valid when (27) is satisfied: 

j Pdx + Qdy = f dU1 = U1(B)-U1(A). (34) 
(A) (A) 

(35) 

Conversely, let U1 exist such that: 

dU1=Pdx + Qdy. 
We show that now: 

W dP_ _ 
dx dy ~ U > 

and that U1 is given by 

U1(x>y)= {]y\pdx + Qdy-] + C. 
(*o,yo) 

Equation (35) can be written as 

Pdx + Qdy = ^-dx+^dy, 

and since the differentials dx and d^ of the independent variables are 
completely arbitrary [I, 68], it can only be satisfied when the coeffi
cients of dx and dy are the same on both sides, i.e. 
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whence it is clear tha t : 

dP __ d2Ut _ d*Ul _ dQ 
dy dxdy dy dx dx 

Hence (27) is fulfilled, and the integral 

U(x,y)^ ^Pdx + Qdy 
(*o, yo) 

is now, by the previous discussion, only dependent on (x, y) and has 
the property tha t : 

dU = Pdx + Qdy = dUv 

whence it follows tha t : 

which was required to be proved. We can thus say: a necessary and 
sufficient condition for P dx + Q dy t o be the total differential of a function 
U1 is given by the identity: 

dP _ dQ 
dy ~ dx ' 

U1 being then given by: 

u1(x9y)= {]y)pdx + Qdy + c- <36) 

72. Multiply connected domains. The proof of the necessity and 
sufficiency of (27) for the line integral 

(B) 

f Pdx + Qdy 
(A) 

to be independent of the path is based on the following two essential 
assumptions: 

(1) Functions P and Q and their first order partial derivatives must 
be continuous in the domain of variation of (x, y). 

(2) Whatever closed contour (I) is drawn in the domain, the part 
of the plane inside (I) belongs to the domain where (27) and the con
tinuity condition are satisfied. 

The first condition is important because the functions mentioned 
come under the integral sign in the proof. The second is needed for the 
application of Green's formula, i.e. for the transformation from a 
line to a double integral. I t is equivalent to the fact that any 
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closed contour traced in the domain can be contracted continuously 
to a point without moving out of the domain, or to put the matter 
more simply, the condition amounts to the domain having no gaps. 

We now suppose tha t P, Q and their derivatives are continuous and 
that (27) is satisfied in a domain (a) with two gaps or holes (Fig. 68). 
If a closed contour (Z0) with no holes in its interior is taken in the 
domain, Green's formula (18) is applicable to the contour and its 
interior, and by (27), the inte
gral round (Z0) must be zero. We 8/ A 
now take a closed contour (Zx) 
containing hole (I). We cannot 
apply (18) here, and in general, 
integral (28) round (Zx) does not 
vanish. We show tha t the value 
of this integral is independent of _ i 
the form of (Zx), the only impor- ^ I 
tan t factor being tha t the con
tour encircles the single hole (I). 
Let (Zx) and (Z2) be two contours encircling (I). We have to show that 
integral (28) round (Zx) is the same as round (Z2). We join (Zx) and (Z2) 
by means of the extra contour (ab)y so tha t the three together form a 
closed contour without a hole in the domain; the circuit round the 
total contour should be as shown by the arrows. We can apply (18) 
to the total contour and the integral round it must vanish, by (27): 

1 + .f + j' + .f =o. 
GK/i) (ba) Q(/,) (ab) 

The integrals over (6a) and (ab) are taken in opposite directions and 
cancel out, whilst the integration is clockwise round (Zx) and counter
clockwise round (Z2). We can change the direction of integration round 
(Zx) providing we change the sign in front of the integral, so that we get: 

C<« C(,'> 
or finally: 

[ Pdz + Qdy = ( Pdx + Qdy, 

i.e. the integrals round (ZJ and (Z2) are equal, provided they are both 
taken counter-clockwise in the usual way. I t follows that hole (I) 

FIG. 68 
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corresponds to a definite constant cov equal to the value of integral (28) 
taken over any closed contour encircling (I). Similarly, hole (II) corre
sponds to another constant oo2. 

If we make two slits (ab) and (cd) in a domain (D) from the holes 
to the outer edge (Fig. 69), a new domain is obtained without holes, 
and by (27), we can form the single-valued function in the domain: 

U(x,y)= j Pdx + Qdy; 
(xe, y«) 

yi 

but, by the above, the value of the function changes by a constant cox 

on crossing (ab), and by co2 on crossing (cd). If we remove the slits 
and return to the original do
main (D), the function U (x, y) 
is many-valued. Circuits round 
the holes imply adding £ox and 
co2 to the function, i.e. U(x, y) 
includes an arbitrary term of the 
form mx cox + m2 co2, where mx 

X and m2 are arbitrary integers. 

FIG. 69 

Our arguments are obviously 
all applicable to any number 
of holes in a domain, includ
ing the case when a hole con

sists of a single point. The degree of connectivity of a domain (D) 
is defined as the number of holes plus one; the domain with holes 
is said to be multiply connected. Constants cox and co2 are called the 
circulations ofPdx + Qdy or the cyclical constants of U(x, y). 

Example. We take the function 

q> = arc tan -

given in a domain (D) bounded by two concentric circles with centre at the 
origin. 

We define P and Q by: 

dx 
y 

e = 
dq> 

x2 + y2 

x 
x2 + y2 

(37) 
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These functions are continuous with their derivatives in (D) and are easily 
shown to satisfy (27). We take the line integral 

j>d* + Qd</=J — ydx + xdy 
xz + yz 

and integrate round circle (ZJ with centre at the origin and radius a. We get 
by substituting x = a cos q>; y = a sin <p: 

(h) 

In 

The domain (D) has one hole in this case, and the cyclical constant col = 2jr. 
The function U^x, y) is the polar angle: 

U1(x,y)=§Pdx + Qdy = j-^-dx + - ^ - dy = tp 

and it increases by 2JI on a circuit round the hole. We note that the radius of 
the inner circle can be taken as zero, when we have a point-hole, i.e. we exclude 
the origin (0, 0). By (37), P and Q take the mdeterminate form 0/0 at the 
origin. 

73. Independence of a line integral on the path in space. Jus t as 
in the case of a plane, the condition for a line integral to be indepen
dent of the path in space amounts to the vanishing of the integral 
round any closed contour. We take the integral 

SPdx + Qdy + Bdz. (38) 

We can show as above, on using Stokes' formula (22), tha t the 
necessary and sufficient conditions for the independence of integral (38) 
on the path consist of the three identities: 

^ _ _ ? « _ o - ^ - ^ - 0 - - ^ - ^ - 0 (39) 
dy 3z ~ U ' dz dz - U ' dx dy "" U* [6*> 

If these conditions are satisfied, we can form a function U of points 
(x,y,z): 

U(x,y.z)= X ' j ' 2 Pdx + Qdy + Rdz, ( 40 ) 
(*o, y0, zo) 
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where it can be shown by a method similar to the previous one tha t 

dz B 

Pdz + Qdy + Bdz = dU 

f Pdx+Qdy + Bdz=U(B)-U(A). 
(A 

(41) 

(42) 

(43) 

Furthermore, conditions (39) are necessary and sufficient for the 
expression P dx -f- Q dy + B dz to be the total differential of a function 
Uv where Ux is given by: 

(Xt y , Z) 

J 
(*o, y0t z0) 

tf1== j Pdx + Qdy + Bdz + C, 

where C is an arbitrary constant. 
Multiply connected domains in space have certain special features. 

We take the example of the domain (D) formed by the interior of a 
sphere, from which two tubular portions (I) and (II) are cut out, with 

their ends on the surface of the sphere, as 
shown in Fig. 70. If we take a closed contour 
(Zj) round tube (I), a surface contained in 
(D) cannot be shrunk on to it, so that even 
if conditions (39) are satisfied in (D), Stokes' 
formula cannot be applied to (lx), and inte
gral (38) round (Zx) will in general differ from 
zero. The non-zero value of the integral 
will be independent of the shape of (Zx), how
ever; it gives the cyclical constant a>x for 
tube (I) and is the same for any closed con
tour in (D) tha t encircles (I). Similarly, we 

get a second cyclical constant co2 for tube (II). The function U(x, y, z) 
given by (40) is many-valued in this case and includes the undefined 
term m1 cox + w2 co2, where mx and m2 are arbitrary integers. 

We notice that if (D) consists of the space between two concentric 
spheres, and conditions (39) are satisfied in (Z)), there are no cyclical 
constants and (40) is a single-valued function. This is obvious geo
metrically from the fact that a surface lying in (D) can be shrunk 
to any closed contour in (D), so that Stokes' formula (22) can be 
applied to the contour; the vanishing of the integral round the con
tour then follows from (39). 

F I G . 70 
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Example. We consider the angle (p appearing in systems of cylindrical and 
spherical coordinates: 

V w = arc tan -iL- , r x 

and we use (37) to define P and Q. These latter take the indeterminate form 
0/0 all along the z axis. When we consider the line integral in space 

y dx -f- x dy 

(0 (0 
we have to exclude the tube running along the z axis, the cyclical constant 2TT 
being obtained as the value of the integral written round any closed contour 
encircling this tube. 

74. Steady-state flow of fluids. Let y(x, y) be the velocity vector of the 
steady flow of an incompressible fluid in a plane, and let u(x, y), v(x, y) be the 
projections of the vector on the axes. We saw in Example 3 [67] that the 
absence of sources implies the vanishing of the integral 

f — v dx + u dy (44) 
(/) 

over any closed contour, which is equivalent to the integral being independent 
of the path; the necessary and sufficient condition for this is, by (27): 

d{—v) du du dv . . . . 

which characterizes an incompressible fluid. When (45) is satisfied, the expres
sion 

— v dx -f- u dy 

is the total differential of some function tp{M)y given by the relationship 

(£) 
y>(B)-~ y>(A) = j — vdx + udy. (46) 

(A) 

Function y>(M) is called the stream function and has a simple physical signifi
cance: the quantity of fluid flowing per unit time past an arbitrary contour start
ing at A and finishing at B is given by tp(B) — y>(A). This follows immediately 
from formula (10) for the quantity of fluid [67]. 

If certain points of the domain are sources, we can exclude these points 
and get a domain with holes in which (45) is valid. The cyclical constant for 
a hole is equal to integral (44) over a contour encircling the hole, and evidently 
gives the quantity of fluid q produced by the corresponding source in unit time. 
The function ip(M) is now many-valued. If q < 0, the source is negative (a 
sink). 

We consider, in addition to (44), the integral 

j " u dx -f v dy, (47) 
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the value of which is usually called the speed of circulation along contour (I). 
We take the speed of circulation over a closed contour as zero, i.e. (47) is inde
pendent of the path. This is the same as saying that the flow has no vortices. 
With this assumption, a function <p(M) exists: 

(x,y) 
<p= J u dx + v dy, (48) 

(*o,y<>) 

such that the projections u and v of vector ▼ are its partial derivatives: 

*-%■■ —& • <*»> 

The function <p is called the velocity potential. If we have independence of 
integral (48) on the path in a multiply connected domain (a domain with holes), 
the velocity potential <p will in general be a many-valued function and the cyclical 
constants of (48) with respect to each hole will give the strength of the correspond
ing vortex. 

Equation (46) gives us [71]: 

dtp dtp 

On comparing these equations with (49), we get two equations relating the 
velocity potential (p and the stream function tp: 

dx dy ' dy dx ' {DU) 

These are the Cauchy-Riemann equations; they are of fundamental importance 
in the theory of functions of a complex variable and their hydrodynamical 
significance, established above, serves as a basis for the wide applications of 
the theory of functions of complex variables to plane problems of hydro
dynamics. 

In the case of steady-state motion in space, the velocity vector Y(X, y, z) 
has three components: u(x, y, z), v(x, y, z), w(x, y, z), whilst we have to consider, 
instead of (48), 

J u dx + v dy + w dz, 
(/) 

the conditions for this to be independent of the path being: 

9u^___8v ? ! i _ ^ f i — o- — — — 0 
~dy"~"dz~~ ; 'dz dx " ; dx dy ~ ' 

if these conditions are fulfilled, there exists the velocity potential 

(x, y, z) 
(p = j* u dx + v dy -\- w dz, 

(x«, y0f z0) 
where 
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The generalization of condition (45) for incompressibility to the case of 
space will be found in the next chapter. 

75. Integrating factors. If 

Pdx + Qdy (51) 

is not a total differential, i.e. 

dy dx * u ' 

it can be shown that a function /x can always be found which yields 
a total differential when multiplied by (51), i.e. 

/x(Pdx + Qdy) = dU. (52) 

The function fx is called an integrating factor of (51). 
By [71], a necessary and sufficient condition for fx to be an integra

ting factor of (51) is for the equation 

^ - ^ - ° . («> 
to be satisfied; this can be rewritten as 

which can be looked on as an equation for fx. This is in general difficult 
to use, however, since, being a partial differential equation, its 
integration is likely to be more awkward than would be the case 
with an ordinary equation. 

If (51) is a total differential, the equation 

Pdx + Qdy = 0 (55) 

is called an exact differential equation. 
I t may be integrated directly. Let U be the function for which 

dU = Pdx + Qdy. 

Given our assumptions, which are equivalent to condition (27), 
this function can always be found from (29). Equation (55) is the 
same as dU == 0, i.e. 

U = C, (56) 

this being the general solution of the given equation (55). 
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Now suppose that (51) is not a total differential. By the existence 
theorem [51], (55) will always have a general solution, which may be 
written in the form: 

F(z,y) = C. 
The function F(x, y) must satisfy the relationship 

dF (x,y) dF {x9 y) dy = Q 

dx dy dx 

where dyjdx must be replaced, using (55), by (—PjQ), i.e. we must 
have the identitv [7]: 

dF dF 
dx __ dy 
P " Q ' 

If jx is the common value of these ratios, we have 

dF p dF n 

i.e. (j, is an integrating factor of (51). 
The above shows that every expression P dx + Q dy has an integrat

ing factor. 
If we find an integrating factor of (51), and from this the function F, 

the general solution of (55) can be written at once as 

F = C. 

Examples. 1. The differential equation of a stream line in steady state 
plane fluid flow is [52] 

— = — or — v dx 4- u dy = 0, (57) 
u v v 

where u and v are the projections of the velocity ▼ on the axes. If the fluid is 
incompressible, we have: 

9a? dy 
which shows that 

— v dx -f- u dy (58) 

is a total differential; we saw in [74], in fact, tha t 

— v dx + u dy — dtp. 

where \p is the stream function; the equation of a stream line is 

V>=C, 

which is in fact the general solution of the equation: 

— v dx -f u dy = 0. 
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2. We discussed elementary heat processes in Example 4 of [67] and gave 
expressions for the infinitesimal quantity of heat obtained in the process 
as a function of the infinitesimal changes in pressure p, volume vt and tem
perature T. 

We have three expressions for dQ, depending on which pair of p, v, T is taken 
for the independent variables: 

( cv dT + cx dv (T, v — independent variables) 
dQ = UpdT + c2dp {T,p- „ „ ) (59) 

I Pdp+ V dv (p, v— „ „ ). 

The fundamentally important quantities cv and cp are called the specific 
heats of the body a t constant volume and constant pressure respectively. 

On expressing one of the independent variables of (59) in terms of the other 
two, we get a series of relationships between the coefficients. 

For instance, let T and v be the independent variables in the equation 

cp dT + c2 dp = cv dT + cx dv (60) 
We write: 

and by substituting this for dp in (60) and equating coefficients of dT and dv, 
we get: 

dp 
CV = CP + C2Q~ (61) 

cv = c 2 ^ . (62) 

In the same way, we use the equation* 

cv dT + cx dv = P dp + V dv 
to obtain: 

c»-pS' (63) 

C1 = F + P | L . (64) 

We have the equation of state, in the case of an ideal gas: 

pv = RT, 

whence the relationships follow: 

dp R dp __ p dv R 
W ~~ ~v~' "dv ~"~ ~v~'y ~dT ~ ~V; 

whilst equations (61) to (64) give: 

R p 
cv = cp + c2—; c1 = ~c% - £ - ; 

dv v 
dp p 

V 

dT 
dp ' 

c i = 

v dT p 
" R] ~dv~~lR1 

— pJL + y. (65 
V 
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These equations enable cv c2, P , and V to be expressed in terms of the basic 
magnitudes cy and cp: 

Ci = {cp — cv)-^r; c2 = — (cp — cv) -^ - ; P = cv~^-; F = c p - ^ - . (66) 

The expression for dQ is not in general a total differential. But by the two 
basic principles of thermodynamics, it can be stated that : 

I. The difference between dQ and the elementary work of the pressure, 
pdv, is a total differential: 

dQ— pdv = dU, 

where U is called the internal energy. 
I I . The result of dividing dQ by the absolute temperature T is a total dif

ferential; in other words, 1/T is an integrating factor of dQ: 

£-« 
where S is called the entropy. 

Rule I gives us, by the first of expressions (59): 

dU = dQ — p dv = cv dT + (cx — p) dv, 
whence 

dcv 

dv 
= 9(ci —P) 

T dT (67) 

Subscripts T and v refer to the variables that are reckoned constant during 
the differentiations. 

Similarly, rule I I gives: 

d s — f — ^ - d r + ^-d^ 
whence 

1 8c, 
T dv 

dcx 

T dT 

8c, I 8ct I c t 

8v I r -" dT \v Y~ ' 
We find by comparing (67) and (68) that 

8ff c, 
8I7 21 ' 

We obtain from this, on returning to the case of an ideal gas: 

(68) 

(69) 

l£r = — = -t> 'i = — - * (70) 

On the other hand, (66) gives: 

ci = P =■ (cp — c„ ) -^ - , or cp — c r = # . (71) 
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I t may be taken from experimental data that : 
H I . The specific beat cp of an ideal gas at constant pressure is a constant, 

so that cv = cp — R is also a constant. 
I t follows from (71) that cp > cv, and if we write 

where k > 1, we easily get, on using (66) and (71): 

Ci = P5 c2 = — v; P= k _ l ; V=*p k _ x , 

after which, (59) gives the following expressions for dQ, dU, dS: 

cv dT -f- P &v 

&Q-
Cp dT — v dp 

v dp + &p dv 
(72) 

it —1 

d*7 = cr dT (73) 

, 0 dT , p , dT , D dv 
dS = c , — + ^ ^ = ^ - ^ + 1 2 — . (74) 

The temperature remains constant in isothermal processes, i.e. dT = 0 
and 

dQ = p dv, 

i.e. all the absorbed heat goes into work done by the pressure and the total 
change in the quantity of absorbed heat on passing from volume vx to v2 is 

J pdv. 
W 

The graph of a constant temperature process is called an isothermal. 
An adiabatic process is one in which there is neither influx nor loss of heat, 

and it is characterized by the condition: 

dQ = 0 or d£ = 0; S = const., 

or constant entropy. We can find the entropy from (74): 

8 *= cv log T + B log v + <7; 

so that an adiabatic process is characterized by 

cv log T -f- R log v = const., 

or, in non-logarithmic form: 

Tcv vR = Tcv vc
P~cv = const., 

or alternatively, on raising to the power l/cv: 
rpvk-i =z const., 
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whence finally, inasmuch as T = pv/R: 

pvk = const. (75) 

Finally, we have at constant volume, when dv = 0: 

dQ = cvdT; dQ^cATz — TJ, (76) 

if the gas passes from temperature Tx to T2. 

76. Exact differential equations in the case of three variables. We 
obtain on generalizing (55) for three variables: 

Pdx + Qdy + Rdz = 0, (77) 

where P , Q and R are given functions of (x, y, z). If conditions (39) 
are satisfied, the left-hand side of (77) is the total differential of a 
function U(x, y, z), and the general solution of (77) becomes: 

U(x,y,z) = C, (78) 

where C is an arbitrary constant. Geometrically, (78) gives a family 
of surfaces in space. Assuming that the left-hand side of (77) is not 
a total differential, an integrating factor is sought, i.e. a function 
li(x, y} z) such that the left-hand side of the equation 

/Lc(Pdx + Qdy + Rdz) = 0 (79) 

is in fact a total differential. Conditions (39) now give: 

d(fiR) d(f*Q) _ 0 . d(pP) d(fiR) _ n . U
» Si~ ft~

 U
> dy dz ' dz dx 

d(fiQ) d(fiP) 
dx dy 

which can be written as: 

= 0, 

(dR dQ\_ n dfx p 8A* 
^ [~W ~~ ~~dz~) ~ H ~dz~ ~ U dy 

^{dx dy)~~ dy H fa 
'dP dR \ _ p dfi p dp_ 

dz ' "(£-■£}-*£-''■ 
(80) 

If we multiply these equations by P, Q, R respectively, add, and 
cancel //, we get a relationship between P, Q, R: 

*(■£---£) +«(-£—£■) + * ( - £ - £ - ) - • <■■> 
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Having assumed the existence of the integrating factor //, we have 
thus arrived at the necessary condition (81) which must be satisfied 
by P, Q, R. We shall not dwell on the proof tha t the condition is also 
sufficient, i.e. equation (11) does not always possess an integrating 
factor, the necessary and sufficient condition for the existence of such 
a factor being given by (81). If fi exists, the left-hand side of (79) is 
the total differential of a function U, and (78) gives the general 
solution of equations (79) and (77). On the other hand, if condition 
(81) is not satisfied, (77) does not possess a general solution of the form 
(78). We sometimes refer to (81) as the condition for exact integrability 
of equation (77). 

The geometrical significance of (77) and its general solution (78), 
when the latter exists, is as follows. The functions 

P(x,ytz), Q(x,y,z), R(x,y,z) 
may be looked on as defining the projections on the axes of a vector 
Y(X, y, z) a t every point. The system of differential equations 

dx dy dz 

defines a family of curves (L) in space, such that a t every point of 
these the corresponding vector v is directed along the tangent. The 
stream lines of established flow in [52] played an exactly analogous 
role. Equation (77) is equivalent to the condition for an infinitesimal 
displacement with components dx, dy, dz to be perpendicular to 
vector v, that is, (77) defines a plane element at every point per
pendicular to v, or in other words, an element lying in the normal 
plane to the curve (L) which passes through the given point. The 
general solution (78) also gives a family of surfaces whose tangent 
planes at every point are normal to v. The surfaces (78) are thus 
orthogonal to the curves (L). If a family of curves (L) is given which 
fills space, a tangential vector v can be found at every point; if the 
length of the vector is taken as unity, its components are P , Q, R, 
and equation (77) can be obtained. Equation (81) now gives the 
condition for the given family of curves (L) to be orthogonal to 
some family of surfaces. 

77. Change of variables in double integrals. We conclude the present 
section by deducing the formulae given in [57] for the change of 
variables in a double integral. Let the transformations be given: 

x = cp(u,v); y = y)(u,v), (82) 
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where we look on (x, y) and (u, v) as the Cartesian coordinates of 
points in a plane. Equations (82) give the transformation of the 
plane such that the point (u, v) becomes the point (x, y). Let (ax)f 

(a) be domains in the plane with contours (l±), (I) respectively. We 
assume tha t : (1) the functions of (82) are continuous together with 
their first order derivatives in the domain (a±) up to (Zx); (2) equations 
(82) define a one-to-one correspondence between (ax) with contour (lx) 
and (a) with contour (I), i.e. for every point (u, v) of (crj there is 
a corresponding single point (x, y) of (o*), and conversely, for every 
point of {a) there is one corresponding point of (o^); (3) the Jacobian 
of the functions of (82) with respect to (u, v): 

D(<P>V) _ d(p(uyv) dy>(u,v) d<p(u,v) dip(u,v) ( . 
D(u,v) du ' dv dv ' du { 6} 

preserves the same sign throughout (o^). 
We shall say that the correspondence between (a) and (cr^ is direct, 

if, on making a counter-clockwise circuit round (Zx), the point (x, y) 
makes a counter-clockwise circuit round (I). The correspondence is 
called reverse in the opposite case, when a circuit round (lx) implies 
a circuit in the opposite direction round (I). The area a of the domain 
(a) is given by the integral [68]: 

a= [x&y, 
(/) 

where the integration is carried out counter-clockwise. 
We find on introducing the new variables in accordance with (82): 

a=±§<p{u,v)dy)(u,v) = ± j <p^du + cp-^-dv. (84) 
(U (h) 

Let the integration round (ZJ be counter-clockwise. This direction is 
in fact obtained round (lx) after the transformation if the correspond
ence is direct, so that we must take the ( + ) sign in (84). If the 
correspondence is reverse, we get the opposite direction after trans
formation to that round (I); if we now write the (—) sign in front, 
we can again integrate counter-clockwise. 

We apply Green's formula (18) to (84), after setting x = u, y = v, 
P = cp dy/du, Q = <p dtpjdv. We have: 

dQ dP __ D(cp,y>) , 
du dv ~ D{uyv) ' ^°°^ 

and hence: 

-"- J J D(u, v) 
iPx) 
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On applying the mean value theorem [61] to the double integral, 
we have: 

rr _L a \ D{<P> ^ 1 
("o, V.) 

(86) 

where we take the value of the Jacobian (83) at a point (u0, vQ) of (o^. 
Since a and ax are positive, a consequence of this last expression is 
that, if the correspondence is direct, the Jacobian (83) is positive, 
whilst it is negative if the correspondence is reverse. 

We now come to the formula for change of variables. Let f(x, y) 
be a continuous function in (a). Let (ax) be divided into sections 
*v> *2> • • •> ?n- By (82), there will be a corresponding division of (a) 
into sections rv r2, . . . , tn. We shall use the same symbols xki xk to 
denote the areas of the sections. We have by (86): 

rk — rk 
D(<p,y>) 
D(u, v) («*, n) 

where (uk) vk) is a point of rk. We have the corresponding point 
xk = cp(uk, vk), yk = ip(uk, vk), and we can write: 

2KX» y*)T* = J£fMuk> vu)> v(%> vk)] 
k=l k=l 

£>(<p> y) 
£>(u,») («*, «*) •**. 

On passing to the limit, we get the formula for change of variables 
in a double integral: 

£>(<P,v) 
JD(tt, V) 

dudv, (87) 

which is the same as (13) of [57]. 
We notice a consequence of (86). Let (a±) contract indefinitely to 

the point (u, v). The point (u0, v0) of (ax) now tends to (u, v), whilst 
(a) contracts indefinitely to the point (x} y). We obtain from (86), 
on passing to the limit: 

D(<p, y>) = lim-
D(u, v) 

i.e. the limit of the ratio of areas is the absolute value of the Jacobian 
at the corresponding point, as we already mentioned in [57]. Similarly, 
if we look on the function of a single variable x — f(u) as transforming 
points on a straight line, so tha t the point with abscissa u becomes a 
point with abscissa x, the absolute value of the derivative | f'(u) \ 
gives the limit of the ratio of corresponding lengths on the line, 
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or in other words, the coefficient of the linear change produced by 
the transformation at the point of abscissa u. 

We remark that we had to use the second derivative d2<p/du 6t;and 
its independence of the order of differentiation when obtaining (85). 
We must therefore, strictly speaking, add the further assumption to 
those at the beginning of the section of the existence and continuity 
of d2<p/du dvy whence follows its independence of the order of differen
tiation, as we know from [I, 155], 

If (v) is a domain of space, bounded by the surface (S), we can 
apply Ostrogradskii's formula [63] with P = Q = 0 and R = z to 
express the volume v of the domain as an integral over the surface: 

v = j* j*z cos (n, Z)dS. 
(S) 

By using this expression for the volume, we can prove the formula 
for change of variables in a triple integral [60] in much the same 
way as above for a double integral. 

§ 8. Improper integrals 
and integrals that depend on a parameter 

78. Integration under the integral sign. When evaluating multiple 
integrals we encountered definite integrals in which the integrands 
and even the limits of integration depend on a variable parameter. 
We now pause to consider these integrals in some detail. 

We take the integral: 

i(y)= j / (*, y) dx> 

where x denotes the variable of integration and where the integrand 
also depends on the variable parameter y, on which the limits also 
depend. I t is clear tha t in this case the result of integration I(y) 
will in general be a function of y. Formula (7) of [56]: 

$I(y)dy = fdy ff(x,y)dx = $ dx ff(x,y)dy (1) 
a a Xi a yx 

is known as the formula for integrating a definite integral with respect 
to the parameter under the integral sign. I t reduces to a very simple 
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form when the limits x1 and Quo are constants a, b, independent 
ofy [56]: 

/ I (y) dy = / d y / / (x, y) dx = / d* / / (x, y) dy. (2) 
a a a a 

The integrand f(x, y) is assumed continuous with respect to both 
variables in the domain of integration in all these formulae, and the 
domain is assumed to be finite. We are concerned in other oases 
with improper multiple integrals, which are dealt with later. 

Example. The above method is sometimes used to evaluate definite 
integrals when the indefinite integrals are unknown. We use it to evaluate 
Laplace's integral: 

I = j e~*2 dx. 
o 

(3) 

Let (Df) be the quadrant of a circle with radius 
r and centre at the origin lying in the first quadrant 
of the axes; let (D") be the square bounded by the 
lines x = 0, x = r, y = 0, y = r; and finally, let 
(D'") be the quadrant of the circle with centre at 
the origin and radius r\2 (Fig. 71). Clearly, (D') is 
part of (D"), and (D*) is part of (D , , / ) . We take the 
double integral over these domains of the positive function e~x2~y2, and 
have the obvious inequalities: 

J J e~x*-y* dx dy < J J e"*2- '8 dx dy < J J e"*2- '2 dz dy. 
(DO (D") (D"') 

We introduce polar coordinates x — Q cos <p, y = Q sin 9?, and obtain [56]: 

(D') 0 0 

We have on replacing r by r ^2-

^e-*'-y>dxdy = ^-(l. - e - 2 r ' ) . 
(£>") 

Integration over the square (D") gives: 

J" J e-x!->" da; dv = I e-3" dx • j e - y dv = ( j e"*" d»)». 
(D") 0 0 0 

F I G . 71 
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and the inequality written above takes the form: 

- f (1 - e~'2) < ( J e~*2 dxf < -f- (1 - e - 2 ' 2 ) . 

The two extreme terms of the inequality tend to rc/4 as r tends to infinity, 
so that the middle term must tend to the same limit; hence we obtain for 
integral (3): 

00 

Je-*dx = ^f-. (4) 
0 

I t is easily seen [I, 96] that: 
- } - 00 00 

J e~x2 dx = 2 J e~x2 dx = in. (5) 
— oo 0 

If use is made of the improper integral over the whole of the first quadrant 
of the axes, denoted here by (P), the above result follows almost at once. 
We have: 

H e-x2-y2dxdy=>$e-x2dx. f e ^ 2 dy = l\ 
(P) o o 

and on introducing polar coordinates: 

n 

(P) 0 0 

whence I = / JT/2 , which agrees with the value found above. 

79. Dirichlet's formula. If we specify xx and x2 in (1) as functions of y and 
the interval (a, /?) of variation of y, we thereby define a domain (a) of the xy 
plane. A frequent case in applications is that when the domain becomes an 
isosceles triangle, formed by the three lines (Fig. 72): 

y = x ; x = a; y = 6 . 

If we reduce a double integral over this triangle to an iterated integral, in 
one case by integrating first with respect to x, then with respect to y, and in 
the other case by integrating first with respect to y, then with respect to x, 
we arrive at: 

b y b b 
J dy J / (a, y) dx = J dx J /.(*, j,) dy, (6) 

a a a x 

which is known as Dirichlet's formula. 
Example. Abel's problem. To find the curve in a vertical plane such that a 

material particle setting out with zero initial velocity from any point M of the curve 
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of height h (Fig. 73) and falling along the curve, reaches its lowest point 0 in a 
time T which is a given function of the height h: 

T = <p(h). 

We take OY vertically upwards, OX horizontally, and the origin at the 
owest point of the curve; the equation of the curve is sought as: 

We write: 
* = /(! /)• 

d8 = dyYl + [/' (y)Y = u (y) dy; u (y) - Yl + [/' (y)\K (?) 

We know from dynamics that the increment in kinetic energy when the particle 
moves from the initial position M to N is equal to the work done by gravity, 

y 

0 

0 

to 

/ 
Q 

y= on w 
f 

b 

F 
*-y 

y-a 

i 

/ 
■Cj 

) 

4 

y 
\ - ^ i 

fM 
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since the reaction of the curve is perpendicular to the displacement of the 
particle and hence does no work; thus, 

— mv* = mg(h — y); v « -^- , 

or 

d* 1 -u(y) — ds 
Y2g(h — y) Y2g Yh — y <*!/, 

where the (—) sign is taken because the height y of the particle decreases with 
increasing t. 

The time of descent from M to 0 corresponds to y varying from h to 0, 
so that: 

h 

YYgJ Yh-y (8) 

We thus have to find u{y) from equation (8); this is called an integral equation 
since the unknown u(y) occurs under an integral sign. 



246 MULTIPLE AND LINE INTEGRALS [79 

We multiply both sides of (8) by \ftz — h, and integrate with respect to 
h between the limits 0 and z: 

z h 
C <p(h) dh = J _ C &h r u(y) dy 

J Yz—h fZ~gJ Yz-hJ Yh-y 

The iterated integral on the right can be transformed as follows by Dirichlet's 
formula: 

z h z z 
dh fu(y)dy f C u(y) 

J Yz^hJ Yh-y J "J Y(z-) dh 
. -h)(h-y) 

0 0 y 
(9) 

= \u{y)dy{ dh 
Y(* — h)(h — y) 

0 y 

There is no great difficulty in evaluating the inner integral, if a new variable 
t is introduced in accordance with: 

h = y + t{z — y). 

When h varies from y to z, t varies from 0 to 1, and we have: 

z — h = (z —- y) (1 —-1); h — y = (z — y)t; dh = (z — y) dt, 

whence 
z l i 

r dh r dt _ r dt = 

J Y(z-h) (h-y) ~J /^F=T) ~ J j f l (t IV " 

arc sin 1 — arc sin (— 1) = — I <r-1 = n s=5 arc sin(2i — 1) 

and finally: 

* = 0 

z 71 f / vj f<PW dh 

fTg 

or 

ju(y)dy=F{z), (10) 
o 

where F(z) is a known function of z, given by: 

* u n J y^zzh • 
o * 
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We find on differentiating (10) with respect to z: 

v dz n dzj yz h v ' 

which solves the problem, since, on knowing u(y), x = f(y) may be found without 
difficulty from (7). 

We work out the problem in full for the particular case of the isochronous 
curve, for which the general time of descent is independent of the height h> 
i.e. 

0)(h) = const. = c. 
We have here: 

j ^ r c d ^ = _ ^ 2 £ _ 2 / - ) 

o 

u{z) = 
nYz 

From (7), we have the following equation from which x = f(y) can be deter
mined: 

We write: 
y = o(l -f- cos t); dy = — a sin tdt; A = 2a* 

We now find: 

j i [ 2 o , ] / 1 — c o s t , . . _ n . . t , da; = dy / 1 = / — . (—asm t)dt = — 2a sin2 -^ dt\ \ y f 1-f cos t s ' 2 

a; = x0 — a(t —- sin t), 

where x0 is a constant of integration. The reader can easily show that the 
curve is a cycloid, in a slightly different disposition to the cycloid of [I, 79]. 

We show later how the differentiation with respect to z is carried out in the 
general formula (11). 

We notice some points regarding the solution obtained. The integral equation 
(8) was solved on the basis of the assumption that a solution exists. Solution 
(11) ought to be checked, strictly speaking, i.e. (11) substituted for u(z) in 
(8) and the equality of the left and right-hand sides shown. A further point: 
double integral (9) is improper in the sense that the integrand tends to infinity. 
We shall see later that (9) exists, and we can easily show that expression (1) 
for reducing it to an iterated integral, is applicable in this case. 

8 0 . Differentiation under the integral sign. W e t a k e a n in tegra l 
depend ing on a p a r a m e t e r y: 

Ky)= / / ( * , y) d*. (12) 
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We take the limits a and b as at present independent of y. We 
assume that f(x, y) is continuous and has a continuous partial 
derivative df(x> y)fdy in the rectangle: a < x < &; a < y < /?. 
We show that with these assumptions a derivative dl(y)/dy exists 
which can be obtained by differentiation with respect to y under the 
integral sign, i.e. 

a a 

The increment AI(y) of I(y) is given by: 

M(V) = Ky + Ay) - I(y) = f [/(a?, y + Ay) - /(a, y)] dr. (14) 

We get from the formula for finite increments: 

f(x, y + Ay)- f(x, y) = Ay df{x' v + 6Ay) (0 < 6 < 1). (15) 

We use the uniform continuity of df(x, y)/dy in the rectangle 
mentioned to write 

^y+^y) = ^ L + n{x,y>Ay) ( 1 6 ) 

where ??(#, y, Ay) tends uniformly to zero with respect to x and y 
as Ay -> 0, i.e. given any positive e, there exists a 5 such that 
| r](x, y, Ay) \ < e provided \ Ay \ < d. Hence it follows that 

J r/(xfy,Ay)dx < f e da; = 6(6 — a) (\Ay\ < . 

and since e is arbitrarily small, we have 
b 
f ?7(a?,y, Ay)dx->0 as Ay->0. (17) 

a 

We return to (14). Noticing that Ay is independent of x, and 
using (15) and (16), we can write: 

AI(y) = Ay J a ^ > dx + Ay f ^ ,y , Jy )da? . 
a y a 

On dividing by zly and passing to the limit, we get by (17): 

lim^L={dffy) dx, 
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i.e. we have proved (13). We remark that if the continuity of f(x, y) 
only is assumed, it still follows, from (14) and the fact tha t [f(x, y + 
-f- Ay) — f(x, y)] tends uniformly to zero with respect to x and y as 
Ay -> 0, tha t I(y) is a continuous function of y. 

With the same assumptions regarding f(xf y)} we now consider 

h (y)= / " / ( * , y)d*. ( is ) 

where the limits of integration belong to the interval (a, b) and are 
assumed continuous functions of y, with derivatives with respect to y. 

Let Axv Ax2 be the respective increments of xv x2 when y receives 
the increment Ay. 

We have: 

AI1(y) = I1(y + Ay)-I1(y) = 

= J f(x, y + Ay)dx- j f(x, y) Ax. (19) 
XX + JXX * i 

On recalling [I, 94] that : 
X,+ Axt X, X,+ J x , Xx + Axx 

s = 1 + i - J* > 
X4 + ^Xj Xx X2 X4 

we can re-arrange (19) as: 

Mi(y)= S'[f(%,y + Ay)-f(x,y)]dx + 
xx 

Xa + ^X t Xx-\-Axx 

+ J /(*,y + 2ly)d*- J /(*, y + 4y) da. (20) 
X , X , 

We naturally assume in these arguments tha t f(x, y) satisfies the 
conditions mentioned above for a < y < (3 and for all x belonging 
to the intervals of integration. 

We can write, by the mean value theorem [I, 95]: 

xx+Axx 

J f(x, y + Ay) 6x = Axx f(x± + 6± Axv y + Ay) = 

= Axi U(xv y) +vi\ 
xa+Jx, 

I f(x, y + Ay) Ax = Ax2 f(x2 + 62 Ax2, y + Ay) = 

= Ax2 [f(x2, y) + r]2] 
(0 < 0± and 02 < 1). 
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If Ay ->■ 0, Axv Ax2 ->• 0, and we can say, by the continuity of 
f(x, y), tha t now rjv rj2->0. 

On substituting these expressions in (20) and using (15) and (16), 
we obtain after division by Ay: 

*bM-=j-^ d* + w*»v) + %] Ax2 

Ay J dy L/v **' /2J Ay 

Ax P 
- [/(»!, y) + Vi] SJ- + J *i{x, y> Ay) d». 

Passage to the limit gives us, by (17), the following formula for 
differentiating integral (18): 

jf(x,y)6z= fdJJ^ dy + f(x2,y) ^-f(Xl,y)^. (21) 

This becomes (13) if xx and x2 are independent of y. Formula (13) 
is also valid for differentiation of a multiple integral with respect to 
a parameter, provided the domain of integration (B) is independent 
of the parameter. If, for instance, the integrand f(M, t) in a double 
integral over (B) depends on the parameter t as well as on the variable 
point M, we have 

JJ/WQdir-JJS^d.. (22) 
"(B) '(B) 

I t is assumed here tha t /(Jf, t) and 8/(ilf, £)/8£ are continuous 
for M varying in (B) including its contour and for t varying in a 
given interval. 

The interval of integration must be finite in the proofs of (13) 
and (22). We apply (13) for an infinite interval in the examples, 
whilst indicating later the conditions for the validity of the procedure. 

I t also follows from the above formulae that , if f(x, y), x2(y) and 
x^y) are continuous, integral (18) is likewise a continuous function of y. 

81. Examples. 1. We found in [28] the particular solution of the equation 

satisfying the conditions 
!g + *Hr-/W, 

= ^ - | = 0 . (23) 
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I t has the form: 
t 

y = —j- / (w) sin k (t — u) du, 
0 

This may easily be checked by direct differentiation in accordance with rule 
(21). We have: 

t t 
-JL — f (u) cos k (t — u) du + -=— / (u) sin k (t — u) = / (u) cos k (t — u) du 

- = — k \f (u) sin k (t — u) du + / (u) cos k (t — u)\ = — k2y + f(t). d*y 
dt2 

o 
i.e. in fact: 

The expressions above give conditions (23) directly, on setting t = 0. 
2. Let us evaluate the integral [I, 110]: 

flog(l+*) 
1 J 1 4- x2 J 1 +* 2 

We introduce a parameter a and consider: 

0 

I t is immediately clear that 

I (0) = 0 and 1(1) = ! ! . 

Application of (21) in regard to a gives: 

da J (1 + a*) (1 + x2) "*" 1 + a* 
o 

We get on decomposing the rational fraction into partial fractions: 

;_? = _ ! _ [ g _ . _ ^ _ ■ q I 
(1 + air) (1 -f a;2) 1 + a2 |_ 1 4- ax ^ 1 + a2 ^ 1 -f ^2]' 

and on integrating with respect to x: 
a 

x , log (1 + a2) a arc tan a 
(1 4- ax) (1 -f x2) ~~ 2(1 + a 2 ) + 1 + a2 ' 

0 
Finally: 

dl (a) log(l 4-a2) a arc tan q log (1 4- a2) _ log (1 4- a2) a arc tan a 
da "~ 2 ( l + o 2 ) + 1 4- a2 H 1 + a2~ ~ 2 (1 +' a2) + 1 4-a* * 

T / . 1 flog (1 4- a2) fa arc t a n a , ,O J . 
1(a ) = "2- I l + ^ ~ d a +J 1 + a» d°' (24) 



252 MULTIPLE AND LINE INTEGRALS [81 

where we do not write a constant of integration since 7(0) = 0. The second 
term may be integrated by parts: 

a a 
f a arc tan a . I f , , . ,. , 9. 
J 1 2 da = — J arc tan a d log (1 + a2) = 

- arc tan a • log (1 -f a2) °=a l riog(i + q 2 ) , 
a=o 2 J 1 + a2 ' 

and therefore, by (24): 

whence, with a = 1: 

I (a) = -^r- arc tan a .log (1 + a2), 

T C log( l+:e ) n , _ 
J* = l + »' ^ - - 8 - l Q g 2 -

3. We evaluate the integral: 

'sin px dx. 

We consider instead of this what at first sight appears to be more difficult: 
00 

I(a,j?)= J V n * ? i ^ d z (a>0). (25) 

We differentiate with respect to /S: 

dI(a,P) 
dp ■\-w{° 

sinpx I da? = e aX cos px da?, 
o 

This last integral is easily evaluated [I, 201] 

aT(q,jg) 
dp 

whence 

■j e"** cos /fad* - e " « = a C°S **-+ * S i n ^ «8-f£2 c=o a2 + p* ' 

I(«,P)=$^^ + C=*rct*n-L + C, (26) 

It only remains to find the constant of integration (7, which is independent 
of p. We let P tend to zero in (25) and (26): 

lim I(at p) — I{at 0) = 0; 7(a, 0) = arc tan 0 + C = 0, 
/J-*0 

whence it is clear that (7 = 0. We thus have: 
o 

I(a, p) = arc tan -̂ — . 
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The integral to be evaluated is obtained from I (a, ($) with a — 0, where a 
must tend to zero through positive values, i.e. a -*■ + 0. If we let a approach 
zero in the above equation, we get different limits according to whether 
£ > 0 or 0 < 0: 

1 

lim arc tan 
a—f0 a 

- n for p > 0 

— jr for p < 0 

so that finally :f 

w-[ sin/to d# = < 

for p = 0 

— 7r for 0 > 0 

■n for j5 < 0 

for 0 = 0. 

The integral gives us a discontinuous function I(P) of p. The graph of the 
function consists of two half-lines and a point, and is shown in Fig. 74. 

/J 
? 1 

1 , V 

i 

' t * " 
FIG. 74 

4, On differentiating the obvious equation 

1 /< xdr = ( a > 0 ) 

fThe above arguments are not rigorous, since the equations have been 
assumed: lim I(a, P) = I(a, 0); lim /(a, 0) = = 7(0, 0); these can be taken 

/3-*-f-0 a-+0 
as self-evident if I (a, P) is known to be continuous with respect to both P 
and a. A further point is that, if we had not introduced the factor e~ax under 
the integral sign, the meaningless integral J cos Px dx would have been obtained 

o 
after differentiation. A rigorous proof of the continuity of I (a, p) is given 
in [85]. 
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k times with respect to a, we get: 
00 

h~aXxk dx : 
a k+i 

We now consider the integral: 
00 

In=*Se-ax2xnax ( a > 0 ) . 
o 

If n is odd: n = 2k + 1, In is obtained by substituting x2 — t: 
oo oo 

0 0 

For the case of n even, we introduce a new variable of integration x = Yot 
into (4). After replacing t by x again in the result obtained, we arrive a t : 

'•-]'•-'—TFT ■ In 
0 

We find on differentiating this k times with respect to a: 
00 

0 
whence 

ft d* f 1 1 / - ^ Yn . l - 3 . . . ( 2 * - l ) . 

5* We shall take a as constant in the integral: 
CO 

J (/5) = f e _ a x 2 cos jfo da; (a > 0), 
o 

which depends on two parameters a and /?. We differentiate with respect to 
?■■ 

61 (ft) = — e °*2 sin jlx • x dx = -j— sin /fa de~ 
d/5 

o 
We now integrate by parts: 

00 00 

^ ^ = ^ - e - a X 2 s i n ^ r = 0 3 - - # - f e - G X 2 c o s ^ d r r = - ^ - f e - ^ c o s ^ ^ , d£ 2a x-o 2a J 2a J d£ 2a 
o 

that is, 
dljP) V = " ^ J ( « -
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This is a differential equation with separable variables: 

I (ft 2a ap' 
whence we obtain on integration: 

I((S) = Ce 4 a , (27) 

where the constant C is independent of ($. We substitute ($ = 0: 

7(0 )=fe—d,=- i -^ . 
0 

On the other hand, by (27): 
I ( O ) = 0 , 

so that (7 = 1/2 f/ĵ /a; and finally, on substituting this value for C in (27): 

cos fix dx 
r _P_ 

1 1 / 7T 4 a 

-2-1' ^ e 

On replacing a by a2, we get a result that will be used later in investigating 
the equation of thermal radiation: 

,— __?L 
[ e - a ^ 2 c o s ^ d c = ^ - e 4 a \ 
b 

82. Improper integrals. We have come across integrals more than 
once in which either the integrands or the limits have tended to 
infinity. We agreed in [I, 97,98] to ascribe a definite meaning to 
such integrals, provided certain conditions were fulfilled. We now 
treat the subject in detail. 

1. The integrand tends to infinity. In the integral: 
b 

§f{z)dx (b>a) 
a 

let f(x) be continuous for a < x < 6, whilst tending to infinity at 
x = 6; or more precisely, let f(x) be unbounded as x tends to 6 from 
below. We now have by definition [I, 97]: 

b b-s 
J / (x) dx = lim J / (x) dx, 
a e->+0 a 

provided the limit on the right exists. The condition for existence 
may be investigated as follows. The necessary and sufficient con-
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dition for a variable to have a limit is, by Cauchy's basic test [I, 31], 
that the difference between any two values of the variable, as from 
a certain point of its variation, should be less in absolute value than 
any previously assigned positive number. The difference becomes in 
our case: 

b—e" b—e' b—e" 
j " f(x)dx— j " / ( * ) d » = j * f(x)dx ( £ " < £ ' ) , 

a a b^-e' 

and we arrive at the following general condition: a necessary and 
sufficient condition for the existence (convergence) of the improper 
integral 

ff(x)6x, 
a 

in which the integrand f(x) tends to infinity for x = b — 0, is that for 
any given small positive 5 there exists an rj such that 

b—e" 
\^f{x)dx\<d for 0 < e' and e" <rj. 
b—e' 

If we use the familiar inequality [I, 95]: 

b—e" b—e" 
| J f(x)dx\< f \f(x)\dxf 

it follows immediately that the convergence of the integral 

/ | / (*) | d s (28) 
a 

implies the convergence of 

b 

J f(x)dx. (29) 
d 

The converse is not true, i.e. the convergence of integral (29) does 
not imply the convergence of (28). If (28) converges, (29) is said to 
be absolutely convergent [cf. I, 124]. 

A test of Cauchy's which is very important in applications follows 
from the general test: if the integrand f(x) is continuous for a < x <b 
and, for x near 6, satisfies the condition 

l/(*)l<15-=b>ir' (30) 
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where A and p are positive constants and p < 1, the improper integral 
(29) is absolutely convergent. 

On the other hand, if 

! / ( * ) ! > (6=i jP a n d V> 1> (31) 

integral (29) does not exist. 
We have, in fact, in case (30): 

5—e" b—er b—e" 

b—s' b—e' 
x)P 4 ~. 

1 — P 

where the right-hand side becomes as small as desired, with sufficiently 
small z' and e"', since the power (1 — p) is positive (p < 1). 

In case (31), we can say first of all tha t the continuous function 
f(x) keeps a constant sign in the neighbourhood of x = b; this follows 
because the absolute value of f(x) remains greater than a positive 
number, by (31), so tha t f(x) cannot vanish, as would be the case 
if it changed sign. If we confine ourselves 
to the case of positive f(x), we have y ^ 

b—B" b—e" 

J H*)**>A] ^ 
b—e' b-e' 

x)P 

e' A log -p for p = 1 

4 — 
1—p 

where the right-hand side can be made as 
large as desired with suitably small e' 
and e", since by hypothesis, 1 — p < 0. 

The geometrical interpretation of Cauchy's test is very simple. 
In case (30), as x approaches 6, the curve y = f(x) lies wholly inside 
the area included between the two symmetrical curves 

F I G . 75 

V=± (b — x)P (32) 

(Fig. 75); this area is finite for p < 1, so that the area under f(x) 
is also finite. In case (31), the curve y = f(x) passes outside the shaded 
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area, and since this is infinite for curves (32) with p > 1, the area 
under f(x) must also be infinite (Fig. 76). 

Exactly similar arguments apply when f(x) tends to infinity at 
the lower limit x = a, or a t some intermediate point x = c of the 

interval of integration [I, 97]. 
2. Infinite limits. We now take the case 

of b = + oo, i.e. the improper integral 
+ °° b 
j " / {x) dx = lim f / (x) dx 

a b-*-+<*> a 
with the assumption that f{x) is contin
uous for x > a. We get on applying 

X Cauchy's test as in the previous case: 
the necessary and sufficient condition for 
the existence (convergence) of the improp
er integral 

J f(x)dx (33) 
a 

is that, for any given small positive d there 
exists a positive N such that 

| f f(x) dx | < d for V and V > N. 
FIG. 76 

In particular, we can prove Cauchy's test just as in the previous 
case: if the integrand f(x) is continuous for x > a and 

\f(z)\<~ and p > l , (34) 

the improper integral (33) is absolutely convergent. 
If, however, 

\f(x)\>± and p < l , (35) 

integral (33) does not exist. 
The treatment is similar for the improper integrals [I, 98]: 

b +c° 

j * f(x)dx and J f(x)dx. 

We indicate a convenient practical method for applying Cauchy's test. 
We start with an integral of type (33). Condition (34) for its convergence 
amounts to the existence of a p > 1 such that f(x) xp remains bounded as 
x -*■ + oo. This is evidently true if a finite limit exists: 

lim f (x) xp. 
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Similarly, condition (35) for divergence is satisfied if the limit exists: 

limf(x)xp (P<1), 

differing from zero (finite or infinite). Thus, e.g., the integral of example 5 
[81] is absolutely convergent, since e~ax2cos f$x*xp tends to zero as x -*■ + oo 
for any positive p. This follows because the absolute value of cos /fo does 
not exceed unity, whilst it is easily shown that e~a*2 xp -+- 0 by applying 
l'Hopital's rule with, say, p = 2 [I, 65]. 

The integral: 

o 
is divergent, since 

The integral of a rational fraction, with one or both limits infinite, is in general 
convergent only when the difference in the degrees of denominator and numera
tor is at least two. Furthermore, the denominator must not vanish in the interval 
of integration after any possible cancelling. If the interval is (—oo, + °°)> 
the denominator must have no real zeros. 

Similar use can be made of conditions (30) and (31) for the convergence 
and divergence of integrals in which the integrand tends to infinity. For instance, 

l 
f sin x , 
J u»-dx 
o 

is convergent for m < 2, since (sin xjxm)xm~l — sin xjx tends to unity a s o ; ^ + 0 , 
and p = m — 1 < 1. On the contrary, the integral is divergent for m > 2. 

83# Conditionally convergent integrals. Cauchy's test only gives 
sufficient conditions (30) or (34) for the convergence of improper 
integrals. I t cannot be applied say to conditionally convergent integrals, 
i.e. those where 

b +oo 
§ f(x)dx or J f(x)dx 
a a 

is convergent, whilst 

f | /(*) |A» or f \f(x)\6x 
a a 

is not convergent. We now give a test suitable for conditionally 
convergent integrals: if 

F(x)=$f(t)dt (a>0) 
a 
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remains bounded on indefinite increase of x, 
+ 0O 

f f(x] 
J xP 

f(x) dx 

is convergent for any p > 0. We have, on integrating by parts: 

a a a 

or, since F(a) = 0: 

f JW_dx - *w + v [.Ii*Ldx 
J xP ax - NP + P J x'+P QX-

a a 

The first term on the right tends to zero with indefinite increase 
of N, since F(N) is bounded by hypothesis and p > 0. The second 
term represents an integral which is convergent by Cauchy's test, 
since the numerator F(x) of the integrand is bounded by hypothesis 
as x-> + ° ° , whilst the degree of x in the denominator is greater 
than unity. Hence the limit exists: 

a a a 

Examples, 1. We take 
CO 
f sin fix dx, (36) 

already investigated in Example 3 [81]. We notice that the integrand takes a 
finite value /? for x = 0, so that the integral is only improper on account of 
the infinite limit. I t is clear that 

N 
r r i "IX=N 
I sin fix dx = -5- cos fix , 

whence 
N 

sin^xdx < 4 - 05 > °)> 

i.e. J sin fix dx is bounded for any a and N. The theorem proved is therefore 
a 

applicable to (36), and this is convergent. 
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2. We also consider 
CO 
J sin (x2) dx. 

261 

(37) 

On changing the variables in accordance with x = Yt9 this is reduced to the 
form 

1 r sin t 

and we can show its convergence as in Example 1. We consider in further detail 
the reasons for the convergence of (37). The graph of the integrand f(x) = sin (x2) 

FIG. 77 

is shown in Fig. 77; since f(x) does not tend to zero as x -+ + oo, Cauchy's 
test cannot be applied. We subdivide the interval (0, 4- oo) as follows: 

(0, ft); ( R Yte); (VST, Yto); . . . ; tfm, Y(n + l)n); 

so that f{x) retains an invariable sign in each sub-interval: ( + ) in the first, 
( —) in the second, ( + ) in the third, etc. We write: 

un=*{—l)n J sm{a?)dx. 

On replacing x by a new variable t: 

x = Yt + nn, 
we get: 

(—l)n f sin (t + nn) ■j 
2
 0

J * + "* o — - J - J smt 
Yt -{-nn 

dt, 

whence it is clear that un is positive and decreasing with increasing positive 
integral n. Moreover, it follows from the inequality 
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that un-+ 0 as n -+ + 0 0 . All this implies that the alternating series 

" 0 - W i + « 2 - t / 3 + ••• + ( - 1 ) " w n + ••• (38) 
is convergent [I, 123]. 

We now suppose that 

Vrrm < b < / (m- f 1)JT, (39) 

and consider the integral 

b y» y ^ y^w 
J sin (x2) dx = J sin (#2) &E + J sin (x2) dx + . . . + J sin (x2) dx + 
0 ° y^ y(m-i)7r 

+ Ĵ _ sin (a*) dz = w0 - ux +... + (— l)"*"1 u ^ + 0 (— l)m wOT, (40) 
ym* 

where 0 < 0 < 1, since the last interval (^nmy b) consists of only part of 
(Vrrm, Y(m + l)n) or is even absent with b = )/r7UT. If & -*• 00 and the integral 
m, given by inequality (39), tends to (+00), the existence of the improper 
integral 

+ °° b 
J sin (x2) dx = lim j* sin (x2) dx = u0 — ux + u2 — u3 + • • • 

follows from the convergence of series (38) and equation (40). 
The existence of the improper integral in this case is due to the alternation 

of the integrand, and to the fact that the successive areas, above and below 
the x axis, decrease in size and tend to zero on moving away from the origin, 
this last being due to the indefinite compression of the areas and not to the 
fact that their heights tend to zero. 

Integral (36) may be considered in exactly the same way. 
We obtain the following value for integral (37) in Volume I I I : 

+ °° +°° 
I sin (x2) dx = cos (—x2) dx = — ] — . 

0 0 ' 

The integrals written are known as Fresnel or diffraction integrals, the latter 
name being due to the role they play in optics. 

84. Uniformly convergent integrals.*)* If the integrand of an improper 
integral depends on a parameter y, the numbers r) and N mentioned 
in the general tests 1 and 2 of [82] in general also depend on y. 

f I t may be useful to revise the theory of uniformly convergent series in 
Volume I before reading the present section. 
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/ / , as y varies in the interval a < y < /?, the numbers r\ and N in the 
conditions 

\b-Bf 
<8 for 0 < E' and s" < r\ J f{x,y)dx\ 

—e' 

b" 

j f(x,y)dx 
b' 

< 8 for V and b" > N 

can be chosen independently of y, the improper integrals 

+ 00 
§f(x,y)dx, J f(x,y)dx 

(41) 

(42) 

(43) 

are said to be uniformly convergent with respect to y. 
In particular, the integrals encountered when applying Cauchy's tests 

are uniformly convergent if the constants A and p are independent of y. 
Every convergent improper integral can be written in the form 

of a convergent series in which each term is an ordinary integral. 
We can use this approach for the above; let us take the first of integrals 
(43). Let 

« i , e 2 , €3> • • • , « « » • • • ( 4 4 ) 

be a series of positive, decreasing terms which tend to zero; then 
we can write: 

| f(x, y) dx = f ' f(z, y) dx + & f V f 8 + . . . + 
a a b—et b—Bt 

b—en+1 
+ J + . . . = u0(y) + u1(y) + u2(y)+... + un{y)+..., (45) 

b-en 

where 

b-en 
(46) 

For the second of integrals (43), we can specify a series of in
definitely increasing numbers 

and obtain 

+ 

bv b2, 6 3 , . . . , bn,.. (47) 

] f(x,y)dx=$lf(x,y)dx+ f+ f + . . . +bf + ...= 
an a bx b\ bn 

= ^0 (y) + ux (y) + u2{y)+... + un(y)+.. (48) 

file:///b-Bf
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It follows at once from the definition of uniform convergence of 
integrals and series [I, 143] that, if an improper integral is uniformly 
convergent, the series corresponding to it is also uniformly convergent 
for any choice of numbers (44) or (47). In fact, if we sum say remote 
terms of series (45), we get the integral over an interval close to b 
for which inequality (41) is satisfied. 

Uniformly convergent integrals have similar properties to those of 
uniformly convergent series [I, 146]. We shall state these explicitly 
for the second of integrals (43), but what is said is likewise applicable 
to the first integral. 

(1) If f(x, y) is continuous for a < x and for y in a finite interval 
a < y < /?, and if 

+f f(x,y)dz (49) 
a 

is uniformly convergent, the integral is a continuous function of y in 
a<y< fi. 

(2) With the same conditions, the formula for integration under the 
integral sign is also valid: 

P co - f o o p 

j " dy J f(x,y)dx= j " da; §f(x,y)dy. (50) 
a a a a 

(3) If integral (49) is convergent with continuity of f(x, y) and 
df(x, y)jdy, whilst 

a 

is uniformly convergent, the formula for differentiation under the integral 
sign is valid: 

%))%V)te=)'^*x. (52) 
a a 

We give the proofs of properties (1) and (3) as examples. The 
terms of series (48): 

My)=f/(*,y)da?, (53) 
bn 

are continuous by what was proved in [80], and the series is uniformly 
convergent due to the uniform convergence of the integral; hence the 
sum of the series, i.e. integral (49), is also continuous [I, 146]. 
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We prove (3) by noticing the consequence of [80], that integral 
(53) can be differentiated under the integral sign, i.e. 

But we have, by the uniform convergence of integral (51), the 
uniformly convergent series: 

+ °° bn+i 

a n = 0 bn n » 0 

Series (48) is thus convergent, whilst the series of derivatives is 
uniformly convergent. Hence it follows [I, 146] that the sum of 
series (54) is the derivative of the sum of series (48), which leads us 
to (52). 

We indicate a simple test for absolute and uniform convergence 
of improper integrals, similar to the corresponding test for series 
[I, 147]. To be explicit, we take the second of integrals (43); the test 
is similar for the first integral. 

Let f(x, y) be continuous as usual for a < x and a < y < /?. If the 
positive function cp(x) exists, continuous for a < x, such that \ f(x, y) | < 
< cp(x) for a < x and a < y < /?, and if 

+ 00 

J (p (x) dx (55) 
a 

is convergent, integral (49) is absolutely and uniformly convergent 
(with respect to y). By the convergence of (55), for any given d > 0 
there exists an N such that: 

U(x)dx<d for 6', V >N, 

this N being independent of y> since cp{x) does not contain y. But we 
have, since | f(xt y) \ < cp(x): 

| J 7 ( * , y ) d s | < Uf(z9y)\dx< $ <p(x)dx<d for b',b">N, 
\y if' b* 

i.e. the same N, independent of y, is suitable for integral (49) and 
further, for the integral 

yj/(*,y)|d*, 
a 

which proves our statement. 
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85. Examples. 1. We consider Example 3 of [81] in more detail: 
00 

J ( a , j 9 ) = J e - » ? ^ d * . (56) 
o 

Let a be a fixed positive number for the present, so that (56) depends on the 
parameter /?. We notice that (sin f$x)jx remains continuous at x = 0, where it 
takes the value /?; hence (56) is an improper integral only on account of the 
infinite limit. For positive x > 1, we have | (sin $x)\x | < 1 and therefore 

c_a3C sinftc < e " a * , 

whilst the integral 
oo 

f e - ^ d r - \ L e - " * ] * " 0 0 = — e~rt 

J L a Jx=i a 
l 

is convergent; hence, by the test proved, (56) is uniformly convergent with 
respect to (3. On differentiating with respect to /? under the integral sign, we 
get 

oo 

Je -^cos / t eda ; , 
o 

which is also uniformly convergent, since | e~ax cos @x | < e~ax. Hence it follows 
that (56) is a continuous function of f$ and can be differentiated under the integral 
sign. All the arguments of the example mentioned will be justified if it is proved 
that lim I(a, {$) = 1(0, /?), i.e. (56) with fixed (3 is a continuous function of 

a->+0 
a to the right of zero. We prove the continuity for a > 0. The convergence 
for a = 0 has already been shown above. 

We can take (3 > 0 without loss of generality, since p < 0 reduces to this 
case by simply changing the sign of the integral, whilst our statement is obvious 
if 0 = 0. 

We shall proceed as in [83] for Fresnel integrals. We subdivide (0, + °°) 
as follows: 

( 7T "\ ( n 2TC\ fnn (n + 1 ) n\ 

'TJ' IT' T)'""\J' J )"" 
so that the integrand 

/ (X) = e-°*ELfa (« > 0 and 0 > 0) 

is ( + ) in the first sub-interval, ( —) in the second, and so on. We write 

«n(a)-(-l)«Je— M d * . 
nn 
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We replace re by a new variable t : t = x — nnjfi, and get: 
n 

~~R 

nan sin fit 
"a (a) = J at £ d£, 

whence it is evident tha t the v>n{a) are positive and decrease with increasing n. 
Furthermore, since 

n 

T 
0 T 

it follows that un(a) -+■ 0 as n -»► + °°-
We can thus write our integral for a > 0 as the sum of an alternating series: 

j e - a x ^ ^ d x = u0(a)-u^^ + u^a)-...+ (-l)nun(a)+... (58) 
o 

We have for the remainder term of the series, by (57) and the theorem 
of [I, 123]: 

Vn («) I < I wn f l (a)\ < n , 

where l[(n-{-l)-*- 0 as n -*- + oo independently of a. The series is thus uniformly 
convergent for a > 0, and its sum is therefore continuous [I, 146], inasmuch 
as the terms un(a) are continuous by [80]. 

We remark that the uniform convergence of the integral does not follow 
without further argument from the uniform convergence alone of series (58) 
for a > 0. I t can be shown tha t the integral in this particular case is in fact 
uniformly convergent for a > 0. 

We notice that 
00 

f sin Bx _ 
z 6x> 

which is equal to n/2 for p > 0, (— n/2) for ($ < 0, and zero for fi = 0, 
gives a function of /? with a break in continuity at ft = 0. Hence it follows 
that this integral cannot converge uniformly with respect to p in an interval 
containing f$ = 0. If we take the interval to the right of zero, the integral, 
equal to TZ/2, has a zero derivative with respect to (3; the integral cannot 
be differentiated with respect to j3 under the integral sign, however, since this 
yields the integral of cos fix from 0 to oo, which is meaningless. 

2. In Example 4 of [81], we differentiated 

/< — (a > 0) 
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k times with respect to a under the integral sign. To justify this operation, it 
is sufficient to show that, with positive integral ky 

CO 
J e~aXxkdx 
o 

is uniformly convergent for every interval c < a < d, where c > 0. Since 
x > 0 in the interval of integration, obviously e~aX < e~cx and e~aX x* < 
< e~cx xk, and by the test for uniform convergence proved in [84], it is sufficient 
for us to prove the convergence of 

00 

J e~cxxkdx. 

We write f(x) =e~cxxk and apply PHopitaPs rule in the ordinary form 
[I, 65] to see that f(x) x2 = e~cx xk+2 -*- 0 as x -*■ + oo; hence, by the test proved 
in [82], the integral written is in fact convergent. 

3. We obtained the solution of Abel's problem in [79] as: 

2 

M(2) = Ĵ L A. Cm** 
n dz J Yz-h Yz-h 

We show how the derivative on the right can be evaluated. We write: 

z 
(p(h) dh /(*)=_[ Yz-h 

If we were to differentiate with respect to z under the integral sign, we should 
get (z — h)~3^2 in the integrand, which leads to a divergent integral [82], so 
that we must proceed otherwise. We assume the existence of a continuous, 
bounded derivative (p'(h) in the neighbourhood of h = 0 with h > 0, and 
integrate I(z) by parts: 

j Yz-h J 
\h=z 

h=+0 

+ 2 J <p' (h) Yz - h dh = 2cp(+ 0)Yz + 2 $ <p' (h) Yz~=H dh' 
0 0 

I t may be recalled t ha tp (+0 ) = Hm <p(h). This is a constant which in general, 

differs from zero, whereas <p(0) = 0 by definition. We obtain on differentiating 
the above expression and using (21) of [80]: 

d f <p(h)dh y ( + 0 ) , fq>'(h) 
+ dzj Yz~=li V'z J V; m* 
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If (p(h) is constant, <p'(h) = 0, and we arrive at the expression already obtained, 
If <p(+0) = 0, we have 

_d_ f y(ft) dA = f gf (h) du 

o f o 
We pass over the proof of the applicability of (21) of [80] to the improper 

integral I(z). We notice that, if h is replaced by a new variable of integration 
u, where h = zu, an integral with constant limits is obtained for I(z): 

I{2) _ n f^*L. 
• ! yl — u o 

It is easily shown that, with the above assumption of the existence of a 
continuous, bounded derivative (p'(h) for h > 0, we can differentiate under the 
integral sign: 

l l 
dl(z) _ 1 (' cp' (zu) du v- f 9/ (zu) u du i*(z) = 1 f ¥ (zu) du y- C <p' (z\ 
& 21/5 J vr=z "*" J rr 

If we integrate the first term by parts and return to the former variable h, 
we again get (59). 

86. Improper multiple integrals. We shall start by considering 
improper double integrals. Improper integrals can be of two kinds, 
as above: either the integrand, or the domain of integration, is 
unbounded. We begin with the first kind, and let f(M) be continuous 
in a finite domain (a) excluding the point C, in the vicinity of which 
f(M) is unbounded. We surround G with a small domain (A), so tha t 
f(M) is continuous throughout the remaining domain (a — A), and 

J fP)*r. 
has a meaning. 

If the integral tends to a definite limit as A contracts to C, inde
pendently of how the contraction takes place, the limit is called the 
improper integral of f(M) over (a): 

J J f(M) da = lim f f f{M) dcy. (60) 
(a) ( a - J ) 

To start with, let f(M) be positive, or more precisely, non-negative 
in the neighbourhood of C Let (A') and {A") be two small domains, 
where (A") lies inside (A'). The integral over (a — A") will now differ 
from the integral over (a — A') by a positive quantity, equal to the 
integral over (A' — A") in which f(M) > 0. I t follows at once from 
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this that integral (60) increases on indefinite contraction of the (A) 
to C (if each successive (A) is included in the previous (A)); hence, 
the integral either tends to a limit or increases indefinitely. If the 
limit is finite for one method of contracting (A) to C, the same limit 
will be found by any other method of contraction. The existence of a 
limit is characterized by the fact that the integral over any domain 
which excludes G but lies in the neighbourhood of C, where f{M) is 
positive, remains less than a definite positive number (the integral 
here will tend to zero if the neighbourhood contracts to C). lif(M) < 0 
near (7, we get the above case on taking the minus sign outside the 
integral. We now let f(M) change sign in any small neighbourhood of C. 
We shall consider in this case only absolutely convergent integrals, 
i.e. such that 

S$\f(M)\dc (61) 

has a meaning, t h a t is to say, is convergent. The integrand is now 
non-negative, and the above remarks are applicable. I t follows in 
particular from these remarks that , if fx{M), f2(M) are two positive 
functions, whilst fx(M) < f2(M) and the integral of f2(M) is con
vergent, the integral of fx(M) is likewise convergent. We now write 
our f{M) as the difference between two positive functions: f{M) = 
= | f{M) | — [| f{M) | — f(M)]. Integral (61) is convergent by hypo
thesis, so that the integral of 2 | f{M) | is convergent. We have 
[| f(M) | - f(M)] = 2 | f(M) | when/( i f ) < 0,and = Owhen f(M ) > 0, 
i.e. 0 < | f(M) | — f(M) < 2 | f(M) |, so tha t the integral of this 
positive function is also convergent. I t follows that the integral of 
the difference: | f(M) \ — [| f(M) \ — f(M)] = f(M) is convergent. 
Hence, if integral (61) is convergent, the integral of f{M) is also con
vergent. 

We indicate a sufficient condition for the convergence of (61): 
if | f(M) | < A\rv in the neighbourhood of C, where r is the distance 
of the variable point M from C, and A and p are constants and p < 2, 
integral (61) is convergent. From what has been said above, it is 
enough for us to show that (61) is bounded over any domain (a') 
which excludes C but lies in a circle of centre C, radius r0. We use 
polar coordinates with G as origin, and note the inequality written 
above for \f{M) |; we have: 

\\\f{M)\ da < A J j~r rdrd<p = A$$-^drdcp. 
<*0 (*') <«0 
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The domain (cr') must lie inside a ring bounded by the circles r = r\ 
and r = r0, where rj can be taken as small as desired. The integrand 
is positive, so tha t we can only increase the result by integrating 
over the whole of the ring, i.e. 

In r, 

^\f(M)\da<A\d<p^1dr^^-(rl-"-^-n. 
(a) 0 I? 

Since 2 — p > 0, this gives us finally for the integral over (a'): 

jj\f(M)\da<g±f>rP9 (62) 

which proves the above statement. 
I t may be noted that the integral over (cr') may be as small as 

desired, given a sufficiently small r0. 
The definition is similar for an improper triple integral over a 

finite domain (v), when f(M) is unbounded near the point C. All the 
above remarks apply, except that the sufficient condition for absolute 
convergence now reads: if \ f{M) | < Ajrp in the neighbourhood of the 
point C, where r is the distance of the variable point M from C, and A 
and p are constants and p < 3, the integral 

fj"j7(jf)d* 
(V) 

is absolutely convergent. Here, the condition p < 2 is replaced by 
p < 3, since an elementary volume in polar coordinates in space is 
dv = r2 sin 0 dr dO d(p (with r2 instead of the r in da = r dr dcp). 

We now take the case when the domain of integration (a) is un
bounded, i.e. extends to infinity in every direction. Let (a±) be a 
finite domain contained in (cr), and let it be extended so tha t any 
point M of (a) eventually lies inside (ax). Assuming tha t f(M) is 
continuous in (a), we can form the integral 

j (7( i l f )dcr . (63) 

If the integral tends to a definite limit on indefinite extension of (oi), 
the limit is defined as the integral oif(M) over the infinite domain (cr): 

\$f(M)da = limS$f(M)do. (64) 

If f(M) > 0 for all sufficiently remote M, integral (63) either has a 
limit or increases indefinitely on extension of (a^. The first case is 
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characterized by the fact tha t the integral is bounded over any domain, 
or in fact any finite number of domains, belonging to (a) and lying 
outside a circle with centre at the origin and radius r0 (with this, 
the integral tends to zero if r 0 - > °°). Letter ') denote the set of these 
domains. We notice a consequence of the definition of improper inte
gral, that if 

fi|/(Jf)|der, (65) 

is convergent, (64) is also convergent. Integral (64) is now said to be 
absolutely convergent, and we shall only consider integrals of this 
type. The following sufficient condition for convergence may easily 
be proved: if \ f(M) | < Ajrp for all sufficiently remote points M, 
where r is the distance from any fixed point (origin) to the variable 
point M} and A and p are constants and p > 2, integral (64) is con-
vergent. If we use the inequality written and introduce polar coordinates, 
we have: 

f j | / ( i f ) | d c r < 4 j j j j t i d f d y . 

The set (a') must be contained within a ring bounded by circles of 
radii r = r0, r — R, where B can be as large as desired. Integration 
over the whole of the ring gives: 

JJ|/W|d,<^Jd^dr = | ^ ( ^ - ^ ) . 
Since p —- 2 > 0, we have finally for the integral over (a'): 

K) ° 
which proves our proposition. The integral over (o*') may be as small 
as desired, with rQ sufficiently large. 

An improper triple integral over an infinite domain is similarly 
defined. The condition p > 2 in the last theorem has to be replaced 
by P > 3 for triple integrals. I t may also be noted that the above 
remarks about improper double integrals in which f(M) tends to 
infinity are applicable to improper integrals over curved surfaces; 
these reduce to plane surface integrals, as we have seen [63]. 

An absolutely convergent improper integral reduces, as we saw 
above, to the integrals of the non-negative functions | f(M) \ and 
[| f{M) | — f(M)], whilst it is of no consequence for these integrals 
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how (A) contracts to the point C or how (a^) is extended. I t can always 
be assumed tha t (A) is a circle or a sphere (AQ) with centre G and 
whose radius Q tends to zero, and that (a±) is a part of (a) consisting 
of a circle (KR) with centre at the origin, the radius of which increases 
indefinitely. The uniform convergence of improper multiple integrals 
which depend on a parameter may easily be defined with the aid 
of these remarks. For instance, integral (60), when its integrand 
depends on the parameter a, is said to be uniformly convergent with 
respect to a if, for any positive d, there exists a positive rj, independent 
of a, such that 

|£j7(Jf)da|<<5, 
where (o,/) is any part of (a) contained in the circle (A^). The uniform 
convergence of the other improper integrals is similarly defined. 
In particular, it follows from (62) tha t the integral is absolutely and 
uniformly convergent if A and p are independent of a. 

The properties and test of [84] apply for the uniform convergence 
of multiple integrals. 

A more difficult problem arises in the case of improper multiple 
integrals where the integrand is unbounded in the neighbourhood of 
a line (I) instead of in the neighbourhood of a point. Here, the line 
has to be excluded with the aid of a domain (A)f then (A) is allowed 
to contract to the line. 

If f(M) is assumed positive in the neighbourhood of (Z), we can 
say tha t the integral over the remaining domain either tends to a 
limit or to infinity, independently of the method of contraction of 
(A) to (I). Definitions similar to the above are obtained for absolutely 
convergent integrals, which are the only type that we take into 
consideration. 

87, Examples. 1. We consider: 

dx dy w (l + *■ + y2 ( * # 1 ) . 

where (a) is the whole plane. We use polar coordinates and integrate over the 
circle (K#) with centre at the origin and radius R, and get 

n r drdq> _ n Y 1 ~| 

(1 + r2)a" ~~ I ~ ^ [ (1 + i*2)^1" ~ J 
(Ks) 

If a < 1, the right-hand side increases indefinitely on indefinite increase of 
R and the integral is divergent. If a > 1, the right-hand side has a finite limit 
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n I (a — 1), so that the integral is convergent and equal to n\(a — 1). The con
vergence in this second case can be proved by applying the sufficient condition 
stated in the previous article. 

2. We take: 
*y dx dy IP Yx 

where (a) is the square bounded by a? = 0, x = 1, y = 0, y — 1. The integrand 
tends to infinity along the side x = 0. We exclude this side by means of a narrow 

vertical strip, and integrate over the rect
angle (ae), bounded by x = e, x = 1 , y — 0, 
y = l ( e > 0): 

C(WJ 

and we have the limit unity as e -*■ 0, i.e. 
the integral is convergent and equal to unity. 

FIG<% 7 g 3, The attraction exerted by a mass on a 
particle, located outside or inside the mass 
(Fig. 78). Let the particle, a t C(xt y, z), be 

of unit mass. We divide the attracting body (v) into elementary masses Am 
containing the points M($, 77, C). We take the total mass Am as concentrated 
at M and get the approximation for the attraction at G due to Am: 

Am 

where r is the distance CM, and the gravitational constant is taken equal 
unity. Since the attraction is along CM, its projections on the axes are: 

Am { — x m Am r\— y # Am f — z 

The projections of the total attraction will be given approximately by 
X ~ V I -Am; '* Y~ y 

If (i(£, r), C) denotes the density of the body at M, we have: 

Am^ixAv, 

and finally, if we decrease each element indefinitely whilst increasing their 
number, we find: 

(v) (v) (v) 
(66) 

We notice that the coordinates (£, 77, C) of the variable point M of (v) are 
the variables of integration here, the density //(£, 77, t) being a function of them. 
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The coordinates (x, y, z) of G appear both directly in the numerator of the 
integrand and indirectly via 

r = V{5- xf + (v- y)2 + (C - *Y> 

and these coordinates act as parameters, X, Y and Z being functions of 
(«, y> z). 

If G is outside the body, r never vanishes and we have ordinary integrals 
to deal with. If G is inside the body, the integrands in (66) tend to infinity as 
the point of integration M approaches G, so that we are concerned with improper 
integrals. These clearly have a meaning, however, if we take (i to be a continuous 
function, since, on writing fi0 for the upper limit of the function | fi |, we have: 

1 § — x 
< 

l*o v—y 
y3 < f*0 C-z 

v>- < 
!*o 

so that p = 2 in the rule given above and A == fi0. 
A meaning may also be attached, all the more, to 

"-in 
(t>) 

r\ dv 

(67) 

(68) 

denoting the potential of the mass concerned at the point C. (A more detailed 
treatment of potential will be found below). 

4. We have the obvious expressions 

r 
x 

= -

± 
Y] 

dr 
dx 

— X 

-y 

v — y 

=is" ITJ : 

dr 
&y '■ 

r 

Z-z dr 
~dz~ 

^•3 

j "" dx [ r J ; 

{■¥}■ d 
dr 

so that integrals (66) can be written in the form: 

*-iil>4;{±)<« ' -JJJ ' im* 
(V) (V) 

Hll»H±Y-
(») 

i.e. these integrals are found by differentiating (68) under the integral sign with 
respect to x> y and z. The differentiation is carried out with respect to the 
coordinates (x, y, z) of points at which the integrand is discontinuous, and 
this case does not come within the scope of the conditions for the theorems 
established above [84], regarding continuity and the possibility of differentia
tion under the integral sign. We shall see later [200] that, provided fi(£, rj, C) 
is continuous, integrals X} Y, Z are continuous functions of (x, y, z) throughout 
space, whilst U is a continuous function with continuous first order partial 
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derivatives, these latter being obtainable by differentiation of (68) under the 
integral sign, i.e. 

Y - J*L . v - J*L . 7 _ du 
A ~ dx y X ~~ dy ' ~ dz ' 

Further differentiation of the potential U with respect to x, y, z under 
the integral sign gives us, since fi(£, 77, C) is independent of (x, y,z): 

d2U CCC 92 / 1 \ &U 

dz2 

(V) 

(69) 

These formulae are valid only when C(x} y, z) lies outside the attracting 
body (v), in which case they contain only proper integrals. If O is inside (v), 
it is easily shown by direct double differentiation that 

dx2 { r ) rb r* ' dy2 { r ) r6 r3 ' | 

82 f M = 3(C - z)2 1 \ 
dz2 { r ) r6 

r 

and the convergence test of [87] is no longer applicable to (69), i.e. with C 
inside (v), the second derivatives of U cannot be obtained by differentiating 
twice under the integral sign. 

We get, on adding equations (70): 

Bx2 U J dy2 U J dz2{r) 
mS-x)2 + (rj-y)2 + (C~z)2] _JL = 0i 

r5 r3 

and therefore, on adding equations (69), which are valid for O outside (v), 
we find the equation: 

*U . *U + _ | ^ L = 0 . (71) 
dx2 ' dy2 ' dz2 

The mass potential U(x, y, z) of a volume satisfies (71) at points C(x, y, z) 
lying outside the volume. We show further on how the equation has to be modified 
if O lies inside the volume. 

5. We take the case of a homogeneous sphere of radius a (u = constant). 
We take the axis OZ along 0 0 , where O is the centre of the sphere (Fig. 79), 
and introduce spherical coordinates (Q, 6, cp): 

u=j j-jv, J*L - 47f—^ **ae *• (72) 
(») 0 0 0 
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Obviously, 

r2 =- qi _|_ zt _ 2QZ cos ( 

We take first the integration with respect to 0: 
n 
f sinGde 

(73) 

We take r as variable instead of 0, Q and <p being assumed constant. Two 
cases must be distinguished here: if z > Q, as 0 varies from 0 to n with Q and 

FIG. 79 FIG. 80 

0 constant, r varies from (z — Q) to (z -\- g); if z < g, r varies from (g — z) 
to (o ■{- z) (Fig. 80). Also, from (73), with constant g and <p: 

rdr =3#z sin 0 d0; 

Hence we have: 

sin 0 d9 __ dr 
r ~~ QZ 

C s in9d0 _ 
J r ~ 

Z+Q 

= (z > Q) 
J QZ z v 

-e 
+z 

— = — (z < e). 

2-C 
e+z 

We again distinguish two cases, on substituting from here into (72): 
(1) G is outside or on the surface of the sphere: we have a < z, and g < z 

throughout the interval (0, o), so that 

U=^d<p$ 2g2 dg 47ia3 (x TO 
3z 

(74) 

o o 

where m is the total mass of the sphere. 
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(2) G lies inside the sphere (Fig. 80): here we have to divide (0, a) into two 
intervals (0, z) and (z, a), and we get 

2n z a 

0 0 z 

with z = a, i.e. the point on the surface of the sphere, (74) and (75) both give 
the same value for U, which proves the continuity of the function U. 

We now calculate the attraction. This must be along OZ by symmetry, so 
that we only have to find: 

Z dU 

dz 

We use (74) when C is outside the sphere: 

when G is inside, (75) gives 

* — £ ■ ; <76> 

Z = - - | - 7 V * z . (77) 

Expressions (76) and (77) coincide for z — a, proving the continuity of the 
attraction Z. 

We see from (74), (76), (77) that the potential and attraction of a homogeneous 
sphere at a point outside it are found by concentrating the total mass of the sphere at 
its centre. Further, the attraction at an internal point of the sphere is proportional 
to the distance of the point from the centre of the sphere. 

We chose the axes in a particular way for simplicity, with G lying on OZ, 
with the result that z in the above expressions is the distance of G from the 
centre of the sphere. With any other disposition of the axes (with the origin 
at the centre of the sphere), z must be replaced by ^x2 + y2 + z2, where (x. y, z) 
are the coordinates of G as usual; (74) and (75) now become: 

U = — (C outside the sphere); 
ix2 + y2 + z2 

U = 2nfA a2 — (x2 + y2 + z2) (G inside the sphere). 

The first expression for U evidently satisfies (71). If we differentiate the second 
expression twice with respect to x, y, z we get: 

d2U d2U d2U 
-| —̂— = — ^7t{x (C inside the sphere). (78) &c2 ^ dy2 ' dz2 

As we shall see later, this equation is valid for any volume (v) of variable 
density, when G lies inside (v). 
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6. Let the attracting mass be distributed over a surface (S) with surface 
density {i(M), which is a function of the position of the variable point M on 
(S). Let C(x, yy z) be the attracted particle of unit mass as above, and r the 
distance | CM |; we get for the potential: 

U=\\J^p-OS (79) 
(S) 

and for the projections of the attraction: 

*--i--.fW(T-)* '-tr-.ff'«*>£(T-)<* 
(5) (S) 

«~S~.fW(4-)« 
(S) 

We generally speak of (79) as the potential of a simple layer. We only take 
into account in this problem the case when C lies outside (S), so that all the 
integrals are proper. Potential (79) now satisfies equation (71), as above. 

§ 9. Supplementary remarks 
on the theory of multiple integrals 

88. Preliminary concepts. We took as our starting point in the treatment 
of multiple integrals the intuitive ideas of area and volume. The present article 
is devoted to the justification of these ideas and to a rigorous discussion of 
the basis of the theory of such integrals. We start by establishing certain con
cepts and proving a number of useful theorems regarding sets of points. Our 
treatment is confined to the case of a plane, since all the arguments are easily 
extended to the case of space. 

We take a plane referred to Cartesian axes XY. The e-neighbourhood of the 
point M is defined as th° circle with centre M and radius e. We shall consider 
all possible sets of points in the plane, which can consist of either a finite or 
an infinite number of points. Let (P) be a given set of points. The point M 
is called a limit-point of the set (P) if an infinite set of points of (P) 
belongs to any e-neighbourhood of M. The point M may belong to (P), or it 
may not. If all the limit-points of (P) belong to (P), we say that (P) is a closed 
set. M, belonging to (P), is called an interior point of (P) if all the points of 
an e-neighbourhood of M belong to (P). 

For example, let (P) be the set of all points lying inside the square: 0 < 
< a? < 1, 0 < y < 1. Every point is now an interior point of the set, and is 
also a limit-point. All the points belonging to the boundaries of the square, 
i.e. its sides, will also be limit-points of the set. Since we have not included 
these latter in (P), the set is not closed. 

An open set or domain is defined as a set, all the points of which are interior 
points. A connected domain is defined as an open set (P), such that any two 
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points of (P) can be joined by a line, all the points of which belong to (P). 
With this definition, the interior points of a square form a connected domain, 
whereas the interior points of two separate squares do not. What we have 
referred to above as simply a domain is sometimes called an open domain. 
The boundary of a domain (P) is defined as the set (I) of points M' with this 
property: the ikf' do not themselves belong to (P), but any e-neighbourhood 
of M' contains points of (P). Since (P) consists of interior points, we can 
say tha t an infinite set of points of (P) lies in any e-neighbourhood of M', 
and we can define the contour (I) of a domain as the set of limit-points 
of (P) which do not belong to (P). I t may easily be seen that (I) is a closed set: 
we show that, if N is a limit-point of (I), it belongs to (I). There are points M' 
of (I) in any e-neighbourhood of N, by the definition of a limit-point, whilst 
N cannot belong to (P) since all the points of (P) are interior points. But there 
are points of (P) in any e-neighbourhood of an M' (by the definition of bound
ary), and hence, there are points of (P) in any e-neighbourhood of Ny i.e. N 
in fact belongs to (I). If we include in (P) its boundary (Z), a closed set (P) is 
obtained, which is occasionally referred to as a closed domain. If there are points 
of (P) in any e-neighbourhood of a point M, whilst M does not belong to (P), 
there must be points of (I) in any e-neighbourhood of M and it follows, since 
(I) is closed, that M belongs to (I) and therefore to (P). If M belongs to (P), 
it will certainly belong to (P). I t follows from what has been said that (P) 
must in fact be a closed set. We remark that after inclusion of the points of 
the boundary (I) in a domain (P), the boundary points can become interior 
points of the new domain (P). If, say, (P) is a square with an internal incision, 
the points of the incision are points of (I), but they become interior points of 
(P) after including (I) in (P). 

We now introduce some concepts referring to any set of points (P) in a 
plane, and not merely to a domain. We define the derived set (P') of a set (P) 
as the set of all limit-points of (P). The proof that every derived set is closed 
follows exactly the same lines as the proof that (I) is closed. Let (Pt) be the 
set of all the points of the plane not belonging to (P); it is usually called the 
complement of (P). The boundary (I) of a set (P) is defined as the set of points 
either belonging to (P) and the derived set of (Px) or to (Pj) and the derived set 
of (P), i.e. belonging to (P) and (P[) or to (P') and (Px). This definition amounts 
to the previous one, as regards the boundary of a domain. Another definition 
of boundary can be given, equivalent to the above. We call M an isolated 
point of a set (P) if there exists an e-neighbourhood of M which contains no 
points of (P) apart from M itself. I t may easily be seen that the boundary of 
a set (P) consists of the isolated points of (P) and of the limit-points of (P) 
that are not interior points of (P). I t can be shown, as above, that (I) is a closed 
set. We shall be dealing in future chiefly with domains. 

I t should be noted that all the above is applicable to sets of points on a 
straight line, which can be taken as the axis OX. What we call an e-neighbour
hood of the point x = c now becomes the interval (c — e, c + e), i.e. the interval 
of length 2e with its centre at the given point. 

89. Basic theorems regarding sets, A set (P) is said to be bounded if all its 
points he in a bounded part of the plane. This latter can always be taken as 
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a square with sides parallel to the axes. We can therefore say that (P) is bounded 
if all its points belong to such a square. 

THEOREM 1. Every infinite bounded set (P) has at least one limit-point. We 
prove this first for the case when the points of (P) lie on a straight line, say-
on the x axis. Set (P) is infinite by hypothesis, i.e. it contains an infinite num
ber of points; also, since (P) is bounded, all its points belong to a finite inter
val (a, b). We bisect (a, b). At least one half (a,, bx) contains an infinite set of 
points of (P). We now bisect (av 6X). At least one new half (a2, b2) contains 
an infinite set of points of (P), and so on. We get the sequence of intervals 

(a, b,) (av bj, (a2, 62) , . . . , («„,&„),..., 

each successive member of which is half the previous one, whilst all the (an, bn) 
contain an infinite set of points of (P). We know [I, 42] that an, bn have 
a common limit p. Given any e > 0, the interval (p — e, p + e) contains 
all the (an, bn) as from a certain n, and therefore contains an infinite set of 
points of (P), i.e. p is a limit-point of (P), which is what we wanted to 
prove. 

We now prove the theorem for a plane. Since (P) is bounded, all its points 
belong to a square a < x < b, c < y < d, which we shall denote symbolically 
as [a, 6; c, d~\. We divide the square into quarters. At least one quarter [alt bx\ 
cx, dx] contains an infinite set of points of (P). We next divide this quarter 
square into quarters, at least one of which contains an infinite set of points 
of (P), say [a2, 62; c2, d2], and so on. We get two sequences of intervals 

(a, b), (ax,bx), (a2 ,62) , . . . , (awbn),... 

(c ,d) , (Cpdi ) ( c 2 , d 2 ) , . . . , ( c n , d n ) , . . . , 

in each of which each successive member is half the previous one. Hence, 
an and bn have a common limit p, whilst cn, dn have limit q. By construction, 
any e-neighbourhood of the point (p, q) contains all the squares \an, bn;cn,dn] 
as from a certain n, and therefore contains an infinite set of points of (P), 
i.e. (p, q) is in fact a limit-point of (P). 

We take a sequence of e-neighbourhoods of the point (p, q), with e taking a 
decreasing sequence of values tx, e2, . . . which tend to zero. Let Mx be a point 
belonging to (P) in the ^-neighbourhood of (p, q). Let M2 be a point belong
ing to (P) in the e2-neighbourhood of (p, q), differing from Mx. Let M3 be a 
point of (P) in the ^-neighbourhood, differing from Mlf M2 and so on. This gives 
us a sequence of points Mn which will tend to the point M(p, q), i.e. the distance 
Mn M tends to zero or, what amounts to the same thing, the coordinates 
(xn, yn) of the point Mn tend respectively to the limits p and q. In other words: 
a sequence of points, tending to a limit, can be chosen from an infinite bounded 
set (P). 

We shall only consider bounded sets in future and shall not specially stipulate 
this. Let (P) and (Q) be two sets, and let us take all the possible distances 
MN between points M of (P) and points N of (Q). We now have set of non-
negative numbers MN, which must have a strict lower bound S [J, 42]. 
The non-negative number d is called the distance between sets (P) and (Q). 
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THEOREM II . If (P) and (Q) are two closed sets with no common points, the 
distance d between them is positive. 

We use reductio ad absurdum. Let d = 0. Sets (P) and (Q) have no common 
points, so that there can be no MN = 0. But it follows from the definition of 
strict lower bound that , for any e > 0, there exists an M of (P) and an N of 
(Q) such that MN<e. We can, therefore, choose a sequence of points Mn 
of (P) (n = 1, 2, 3, . . . ) and Nn of (Q), such that Mn Nn -> 0. Two cases may 
be imagined as regards the Mn: either there is an infinity of identical points 
among them, or there is not. In the first case, we retain only the pairs Mn Nn 
in which the identical Mn appear (there will be more than one set, if there are 
several such infinite groups of identical points), and we enumerate the pairs 
by means of integers. In the second case, the infinite bounded set of Mn clearly 
has a limit-point M and, in accordance with the above, we can choose a sub
sequence of Mn which tends to M. We retain only the pairs Mn Nn in which 
members of the subsequence appear and enumerate these by means of integers. 
We carry out a similar process in regard to the Nn. We are now left with pairs 
of Mn and Nn such that : (1) MnNn ->- 0; (2) Mn tends to M (or coincides with M 
for all n) and Nn tends to the point N (or coincides with N for all n). We obtain 
on passing to the limit: MN — 0, i.e. M and N coincide. On the other hand, 
M, as the limit-point of Mn, belonging to (P), is a limit-point of (P) and, since 
(P) is closed, must belong to (P). Similarly, N must belong to (Q). But M and 
N coincide, i.e. (P) and (Q) have a common point, which contradicts the ori
ginal assumption of the theorem. The hypothesis that <5 = 0 is therefore false, 
which proves the theorem. 

We carried out the proof for the case when Mn and Nn do not coincide with 
M and N. If, say, Mn coincides with M for all n, whilst Nn does not coincide 
with N, we have MNn -+- 0, where M belongs to (P). We again have MN = 0 
in the limit, and the proof remains as before. The case when all the Mn coincide 
with M and all the Nn with JV clearly contradicts the assumption that (P) 
and (Q) have no common points. 

A repetition of the above proof could be used for the following theorem: 
if (P) and (Q) are closed sets, there is at least one pair of points M of (P) and N 
of (Q) such that MN = <5. 

We introduce one further concept. Let us take all the possible distances 
M'M", where M', M" are any two points of a given set (P). The set of non-
negative numbers M'M" is bounded above, since (P) is bounded, and there
fore [I, 42] has a strict upper bound d, which is called the diameter of the set 
(P). If (P) is closed, it can be shown as above that at least one pair of points 
M', M" of (P) can be found such that M'M" = d. 

All the above is applicable to three-dimensional space, referred to axes 
XYZ. An e-neighbourhood of a point M must be understood here to mean a 
sphere with centre M and radius e, whilst we must take the cube a < x < b, 
c < y < d, e < z < f, instead of the square a < x < b, c < y < d. 

A square must replace an interval on the x axis. 

90. Interior and exterior areas. We take as the basis for the measure of 
area the statement that the area of a square with sides parallel to the 
axes is equal to the square of the length of side. We take lines parallel 
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to the axes, dissecting the plane into a mesh of equal squares. A closed domain 
consisting of a finite number of squares of the mesh will be called a domain 
of type (a). 

The area of this domain is defined as the sum of the areas of the constituent 
squares. There is an infinite number of ways of drawing lines parallel to the 
axes that will dissect a domain of type (a) into corresponding squares. We shall 
not stop to prove the simple fact that 
the sum of the areas of these squares is 
always the same for a given (a) domain. 
Furthermore, if one or more (a) domains 
with no common interior points lie inside 
an (a) domain (̂ L), the sum of the areas 
of these domains is less than the area 
of (.4). In future, square will be under
stood to mean the square together with 
its boundary. 

Let (P) be a bounded set of points. 
On dissecting the plane with a mesh of 
equal squares, let (S) be the set of all 
the squares of the mesh, all the points 
of which (including also points of their 
boundaries) are interior points of (P). 

We use the same letter S to denote 
the sum of the areas of these squares. 
Clearly, (S) is a domain of type (a) 
(Fig. 81). Further, let (S + S') be the 
set of squares of the mesh having points 
in common with (P). Let S + S' de
note the sum of the areas of these squares. Evidently, (S + S') has the 
same structure as (S), and (S) is part of (S + S'). The latter set contains, 
apart from squares appearing in (S), the set (£') of squares having points 
in common with (I). 

On taking all the possible meshes of different squares, wo get an infinite 
set of numbers S. All these numbers will be less than the area of the square, 
inside which the bounded set (P) is situated. The upper bound of the set of S 
is called the interior area of set (P). We denote this by a. Similarly, the set 
of positive numbers (S + S') has a strict lower bound, which we call the exterior 
area of (P) and denote by A. Finally, let r denote the length of side of a square 
of the mesh. We prove the following basic theorem [cf. I, 115]: 

THEOREM. Ifr-+0,S-+a and S + S'-+ A, i.e. as the mesh grows indefinitely 
finer, S tends to the interior area and S + S' to the exterior area. 

We always have S + S' > A by the definition of strict lower bound. We have 
to show that, for any given positive e there exists a positive n such that S + 
+ S' < A + e if r < rj. From the definition of strict lower bound, a mesh of 
squares exists such that the corresponding sum S + S', which we denote as 
S0 + S', is less than A + e, i.e. S0 + S' < A + e. Let r0 denote the length 
of side of a square of this mesh. The boundary of (S + S') consists of a finite 
number of lines parallel to the axes. We can border (S0 + 8') by squares of 

FIG. 81 
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side rjn, where n is a positive integer, so as to obtain an (a) domain ^formed 
by squares of side rjn which contains (S0 + S') strictly inside itself. If we 
make n sufficiently large, the area Sx of domain (St) will differ by as little as 
required from S0 + S't so that we can write St < A + £. 

Let (Ij) be the boundary of (Sj) and (I) the boundary of (P). The closed 
sets (lt) and (I) have no common points and the distance d between the sets 
will be positive. If we take r < 6/^2, all the squares of the mesh having points 
in common with (P) will clearly lie inside (<S'1), and hence, S-\-S'<Sl<A + e 
for r > (5/̂ 2- We can therefore take the above rj as equal to 5/^2, and we have 
proved that S + S' -+■ A as r -+- 0. The proof that S -*■ a as r -** 0 is exactly 
similar. 

COROLLARY. (S) is part of (S + S')> and therefore S < S + S'. We get 
a < 4 as r -> 0, i.e. ^ e interior area is not greater than the exterior area. 

If (P) has no interior points, S = 0 for any mesh of squares and the interior 
area is zero. If there are interior points, an e-neighbourhood of an interior 
point of (P) will contain a square with sides parallel to the axes, all the points 
of which are interior points of (P). We shall have S > 0 for the corresponding 
mesh, so that the interior area of (P) will be greater than zero. 

If the exterior area of (P) is zero, the interior area will certainly likewise 
be zero, and it follows that (P) has no interior points in this case. Sets with 
zero exterior area will be of considerable importance to us later. I t follows 
from the above that these are the sets (P) for which the sum of the areas of 
the squares of the (closed) meshes having points in common with (P) tends to 
zero as r -*• 0. 

I t can be shown that closed curves exist which do not cut themselves and 
which have the parametric equations x = <p(t), y = y>(£), where q>(t) and tp(t) 
are continuous functions, whilst their exterior areas are greater than zero. These 
curves are the boundaries of connected domains, as may be shown, and interior 
areas are less than exterior areas in such domains. 

91. Measurable sets. A set (P) is said to be measurable if a = A, i.e. if its 
interior and exterior areas are equal. The common value of a and A is called 
the area of set (P). We notice that, if the exterior area is zero (A = 0), a = 0, 
as we saw above, i.e. the set here is measurable and its area is zero. Conversely, 
if a set is measurable and its area is zero, it is obvious that - 4 = 0 . 

The necessary and sufficient condition for a set to be measurable is evidently 
that S and S -{- S' have the same limit as r -> 0, in other words, that S' -»► 0 
as r -+• 0. This means that, given any positive e, there exists a positive r\ such 
that S' < e if r < t;. 

If the boundary (I) of (P) has zero area, S' -► 0 a s r - > 0, since all the (closed) 
constituent squares of S' have points in common with (I). The converse is also 
true, i.e. if S' -*- 0 as r -»* 0, the area of (I) is zero. The proof is as follows. 
Squares of any mesh that have points in common with (I) can only be absent 
from (S') in the case when their only common points with (I) are on their bound
aries, since if points of (I) lay inside a square, points of (P) would also lie inside, 
i.e. the square would belong to (S'). Squares of this sort — having points in 
common with (I) only on their boundaries, and neither containing points of 
(P) nor belonging to {S') — can in fact exist (there is a finite number of such 



91] MEASURABLE SETS 285 

squares), though there must be points of (P) in at least one of the eight squares 
that border such a square. If we add to all the squares that belong to (S') all 
the squares that border on them, we must obtain all the squares without excep
tion having points in common with (I). The area of all the squares thus obtained 
is not greater than dS', and, since S' -*- 0 by hypothesis, as r -** 0, we can say 
that the exterior area of (I) is zero, i.e. simply, the area of (I) is zero. We get the 
following important theorem from the above. 

THEOREM . A necessary and sufficient condition for a set (P) to be measurable 
is that the area of its boundary (I) is zero, i.e. it is necessary and sufficient for the 
sum of the areas of the squares of the mesh that have points in common with (I) 
to tend to zero as r -* 0. 

Remark. This theorem can be re-stated as follows by using the theorems of 
[90]: the necessary and sufficient condition for (P) to be measurable is that, for 
any given positive e, there exists a mesh of squares such that the sum of areas of 
squares of the mesh with points in common with (I) is less than e. 

If the exterior area -4 = 0 for a given set, we have all the more A = 0 for 
part of the set, i.e. any part of a set with zero area also has zero area. 

We note a further property of sets of zero area. By using the above method 
of surrounding a square with its neighbouring squares, it can easily be shown 
that, for any given positive e, a set with zero area can strictly enclose an (a) 
domain of area less than e. 

We now consider domains, instead of sets in general. 
Let a measurable domain (P) be divided into two parts (P^ and (P2) w i th 

the aid of a set (of lines) (A), the exterior area of which is zero. This means 
that interior points of (Pj) and (P2) are interior points of (P), not belonging 
to (A). 

I t follows from the above that (Px) and (P2) are measurable, whilst the sum of 
their areas is equal to the area of (P). The same is true when (P) is divided into 
any finite number of domains. Conversely, if we combine into one set any finite 
number of measurable closed domains (or sets) (Pk) with no common interior 
points, the new set (P) is measurable, and its area is equal to the sum of the 
areas of the original sets. Points on the boundaries of the (Pk) may become 
interior points of the total set. If a measurable domain (set) (QJ is part of a 
measurable domain (set) (Q2), i.e. if every point of (QJ belong to (Q2), the area 
of (Qt) cannot exceed that of (Q2). All this follows from the above definitions 
and theorems. 

We shall in future take it for granted that the sub-division of a measurable 
set is carried out with the aid of a set of points with zero exterior area. 

A simple example may be given of a curve (A) with zero exterior area, i.e. 
such that the sum of the areas of squares of the mesh having points in common 
with (A) tends to zero along with r; a t the same time, we take (A) to have the 
explicit equation y = <p(x), where x varies in a finite interval (a, b) and <p(x) 
is continuous in this interval. By uniform continuity, for any given positive 
e there exists a <5 such that | <p(x") — <p(x') | < e/3(6 — a) if x', x" belong to 
(a, b) and | x" — x' | < d [I, 43]. We choose r less than S and less than e/3(6 — a). 
We construct the mesh by dissecting (a, b) with the points a = x0 < x1 < 
< x2 < . . . < xn__x < xn = 6, where the lengths (xk — xk_1) are all equal to 
r except for the extreme dissections, (xx — a) and (b — %n-i) being possibly less 
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than r (Fig. 82). We consider the squares of the mesh lying in the band between 
# = xk__t and x = xk. Since xk — xk_x < d, it can be asserted that the difference 
cok between the greatest and least values of <p(x) in the interval (xk_lt xk) (i.e. 
the oscillation of q>{x) in the interval) is less than e/3(6 — a). The square with a 
point in common with the lowest point ofy=(p(x) can go at the most a distance r 
lower (the length of side of the square), whilst the square with a point in common 
with the highest point of the curve can go higher by r a t the most. The sum of 
the heights of the squares that have points in common with (A) and that lie in 

the band x = xk_.1} x = xk, is thus less than 
ejfS(b — a) + 2r, or less than e/(b — a), since 
r < 6/3(6 — a), whilst the sum of their areas 
is less than e(xk — #/c-i)/(& "~ a)- We see, 
on summing from k = 1 to h = n, that the 
sum of the areas of the squares with points 
in common with (A) is less than e, and it 
follows, since e is arbitrary, that the exterior 
area of (A) is zero. The proof is the same, 
that a curve with explicit equation x = y>(y), 
where \p(y) is continuous in a finite interval, 
also has zero exterior area. A simple curve 
is defined as one which has an equation 
y = <p(x) or x = tp(y)y where cp(x) or tp(y) is 
continuous in the corresponding finite inter
val of variation of the independent variable. 

I t follows from the above that the exterior area of a simple curve is zero. 
Hence follows a sufficient test as to whether a domain is measurable. 

THEOREM. If the boundary of a domain (or set) (P) is a simple curve, (P) 
is measurable. 

It follows from the above discussion that , if we divide a measurable domain 
into a finite number of domains by means of a simple curve (or, what amounts 
to the same thing, a finite number of simple curves), each new domain is also 
measurable, and the sum of the areas of these is equal to the area of the original 
domain. I t must be remembered that what has been said is applicable to the 
division of any measurable set into a finite number of measurable parts. 

b 
I t is easily shown that the definite integral f <p(x) dx gives the area, in the 

a 
above sense of the word, of the domain bounded by the curve y = <p(x)t the x 
axis, and the straight lines x = a, x = 6, it being assumed that cp(x) > 0. 

"%-7 b 

FIG. 82 

92. Independence on the choice of axes. The definition of (interior and 
exterior) area is closely bound up with the choice of axes, inasmuch as our 
measurements were made with a mesh of squares with sides parallel to the axes. 
Parallel displacement of the axes evidently plays no part in the measurements, 
but rotation of the axes about the origin makes a fundamental difference, since 
(P) now has to be covered with a different mesh of squares. Instead of turning 
the axes counter-clockwise by an angle (p, we can keep them fixed and rotate (P) 
by an angle (—<p) about the origin. I t is evident from this that the independence 
of the area on the choice of axes amounts to the area being unchanged on 
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displacement of (P) as a whole over the plane. The case of parallel displacements 
is obvious, but that of rotation about the origin requires proof. 

We can prove the following theorem, analogous to that of [90]. 
THEOREM I. Let the complete plane be divided into measurable domains (Av) 

with diameters not greater than a number d and such that any bounded part of 
the plane has points in common with only a finite number of these domains. Let 
E denote the sum of the areas of those domains, every point of which, including 
the boundary points, is an interior point of (P); also, let E + E/ denote the sum 
of the areas of domains with at least one point in common with (P). Then if d -*- 0, 
E tends to the interior area of (P), whilst E + E' tends to the exterior area of (P). 

The implication of this theorem is that, in evaluating the exterior and interior 
areas, we can use any mesh of measurable domains, provided d -»- 0, instead 
of a mesh of squares with sides parallel to the axes. 

We note that the boundary of a square, however disposed relatively to the 
axes, is a simple curve, and any square is therefore a measurable domain. The 
above theorem, which we shall only use in the case when the squares of our 
mesh are equal, has the direct consequence that the area of a domain may be 
measured by using say a mesh of squares with sides not parallel to the axes, 
provided the side tends to zero. But here we need to know the value of the 
area of a square with sides not parallel to the axes; that this area is equal to 
the square of the length of side is still not explicit, strictly speaking, since our 
basic theorem on the measurement of area assumed a square with sides parallel 
to the axes. If we can prove that the area of any square is equal to the square 
of the side, we can assert, by the above, that measurability and area are both 
independent of the choice of direction of the axes, and that an area is unaffected 
by a rotation. 

All this leads us to proving Theorem I I . 
THEOREM II . The area of a square with sides parallel to the axes is unchanged 

on rotation about the origin. We first of all recall that the boundary of any square 
is a simple curve, so that any square is a measurable domain. Let (q) be the 
initial square, with side r, and let (qt) be the square obtained by rotation. 
We use the letters without brackets to denote the corresponding areas and let 
qjq = 8. The ratio qjq will be the same for a givenrotation of the axes for all 
squares of side r, since we can make any parallel square of side r coincide 
with (q) by a parallel shift of the axes, which does not affect area. We now 
carry out a transformation of similitude on the plane, with centre at the origin, 
in which the length of any radius vector from the origin is multiplied by some 
positive number k. The transformation amounts to shifting a point with 
coordinates (x, y) to the point (kx, ky) [3]. All dimensions of length will be 
multiplied by k. Every square with sides parallel to the axes becomes a similar 
square with k times the length of side. I t follows that an (interior or exterior) 
area is multiplied by k2. Let (g'), (q[) denote the squares obtained by the trans
formation of similitude from (q)y (q^) respectively. Obviously, (q[) is found from 
(q') by the same rotation as that giving (q^ from (q). But q' = k2 qx and q' = k2 

q, so that q'Jq' = s. Now we can transform the square (q) into a square with 
any length of side by a suitable choice of k. Hence we see that the ratio 
qjq = 8 is the same for all initial squares (q) for a given rotation of the plane. 
We now prove that s = 1. We take the circle x2 + y2 < 1 with centre at the 
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origin and unit radius, covered with a mesh of squares with sides parallel to 
the axes. This circle is clearly a measurable domain. 

The area of a square is multiplied by 8 on rotation about the origin, and by 
the definition of area and the theorem proved above, the area of the circle 
must also be multiplied by 8. But the circle is unaffected by rotation, so that 
its area must be unchanged, i.e. 8 = 1, which proves our theorem. 

93. The case of any number of dimensions. The entire theory of areas can 
be carried over to the case of three-dimensional space, giving us interior and 
exterior volumes and measurable three-dimensional domains or sets. Cubes 
perform the role of squares. 

We can construct an analogous theory of the measurement of "area", or 
theory of measure, for any n-dimensional space. A point becomes the set of 
n real numbers (xlt#2, . . . , # n ) , arranged in a definite order. The distance 
between two points (xlt x2, . . . , xn) and (ylt y2, . . . , yn) is given by the expres
sion: 

t s=l 

A sphere with centre (alta2, . . . , an) and radius Q is defined as the system 
of points (xlt x2, . . . , xn) whose coordinates satisfy the inequality 

n 

Finally, a cube with edge r is defined as the system of points whose coordinates 
satisfy the inequalities as < xs < bs (8 = 1, 2, . . . , n), where bs — as = r. We 
call rn the m sure of the cube. These definitions together enable us to re-state 
all the above t eory for n-dimensional space and establish the concepts of interior 
and exterior leasure of a domain in general, as also to speak of a domain 
(or set) being measurable. All the theorems proved are valid for n-dimensional 
space. A paruilel shift is now given by x's = xs -\- as (« = 1, 2, . . . , n), whilst 
rotation about the origin is expressed by a linear transformation, in which 
the distances of points from the origin remain unchanged. A more detailed 
treatment of these transformations will be found in Volume III. 

We used the idea of a step-line, i.e. a line composed of a finite number of 
pieces of straight lines, in defining a connected domain. A straight line in n-
dimensional space is defined as a line (i.e. a set of points) having the parametric 
equations xs = <ps(t), where the (ps(t) are first degree polynomials. A domain 
in n-dimensional space is exemplified by the set of interior points of a sphere 
or a cube. Such a domain is usually defined by certain inequalities which the 
coordinates of its points must satisfy. We remark that, with n = 1, i.e. on 
a straight line, a connected domain must mean the set of interior points of 
a certain interval. What we have said about simple curves is easily generalized 
for n dimensions. In particular, if z = cp(x, y) is the explicit equation of a given 
surface in three-dimensional space, where <p(x, y) is continuous in some bounded 
closed domain of the XY plane, the surface is a measurable set and its measure 
is zero. The further concept of a simple surface is easily built up after the 
manner of [91 ], and any domain bounded by a simple surface will be measurable. 
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94. Darboux's theorem. Having established the concept of area, we turn 
to the theory of double integrals. All our discussion will equally apply to triple 
integrals, and will be arranged along the same lines as used for ordinary integrals 
in Volume I; detailed arguments will be omitted when precisely analogous 
to those of Volume I. 

Let (a) be a measurable domain in the plane and let f(N) be a bounded 
function, defined at all points of the closed domain (a). We divide (a) into a 
finite number of measurable domains (ak) (k = 1, 2, . . . , n) and let a and 
ak denote as usual the corresponding areas, so that a = ax + a2 + • • • + an* 
We take the diameter of any (ak) to be less than some number d and let Nk 
be any point belonging to the closed domain (ak). 

We form the sum of produots: 

2 /(#*)**- (i) 
k = l 

The type of function / (N) for which this sum has a definite limit as d -+ 0 will 
be discussed later. Let Mk and mk be the strict upper and lower bounds of 
f(N) in the closed (ak). As well as the sum (1), we form: 

S=VMkok (2) 

n 
8 = £ mk ak-

We have, as in [I, 115]: 

* < 2 f(*k) *k < s> 

and we can say that, for any dissection of (a), S and 8 lie between the bounds 
ma and Ma, where M and m are the strict upper and lower bounds of f(N) 
in the closed (a). 

We now consider S in more detail, and assume that/(N) is always positive. 
Let three measurable domains (aj^), (tfj?*), (a^) with no common interior 
points lie inside (ak), and let the strict upper bounds of f(N) in the new domains 
be respectively M(

k
l\ M%>, M$\ Since M[l\ M(

k
2\ M<jp < Mkf a^ + o[2> + 

+ aff) < ak, and all f(N) are positive, we can write: 

MiD <#> + Mp op + M£» ajf) < Mk fffc. (6) 

Let L be the strict lower bound of all possible values of S. We prove that 
S -*■ L as d -*• 0. It is sufficient to show that, for any positive e, there exists 
a positive 77 such that S < L + e provided d < 77. By definition of L, there 
exists a fully defined rule (I) for dissection of (a) into (ak) such that the value 
of S thus obtained, say S', is less than L + e/2. Let (A0) be the closed set of 
points consisting of points of the boundary of (a) and of the boundaries of all 
the (ak). The area of (A0) is zero by the definition of measurability, and we 
can enclose (A0) strictly inside a finite number of squares, the sum of the areas 
of which is less that e/2M. Let (J0) be the boundary of the closed domain (Q0) 

(3) 

(4) 
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formed by these squares. Let <5 be the positive distance between the closed 
sets (A0) and (l0), which have no common points. We show that it is sufficient 
to take rj = <5/2. Let us take d < d/2 for the dissection of (cr). We divide the 
sub-domains obtained into two classes: those that have no common points with 
(A0) go into the first class, and the remainder go into the second. Let us call 
sub-domains of the first class (</s), and of the second class (rm). The sum S is 
now divided into two sums: S — St + SZi where 

^ i = 2 T ^ c 7 / ; St***2Wm* 
and Hi and vm are the strict upper bounds of f(N) in the closed (07) and (rm) 
respectively. 

Every (cjj) lies inside a certain (c^) of the first rule (I) for dissection of (a), 
and by (5), the sum of the terms of Sx for which (at) lies inside (a'k) is not greater 
than Mk a'k, so that St < S', i.e. since £" < L + e/2, we have St <L + e/2. 
As regards S2, the (rm) have points in common with (A0) and their diameters 
are less than (5/2; hence, they all lie inside the squares forming (Q0). I t follows 
that £rm cannot exceed the sum of the areas of these squares, i.e. Erm < e/2M. 
We have vm < M, so that 

S2 = 2vmTm< M-2JT==-Y ' 

The required inequality S < L + e for d < rj follows from S1 < L + e/2 
and S2 < e/2. Our assertion that S -»- L is proved for positive functions. 
We see that it is true for any bounded function by repeating the argument 
of [I, 115]. Similarly, we can show that 8 -»- I as d -» 0, where I is the strict 
upper bound of s. This gives us the following theorem. 

DARBOTJX'S THEOREM. On indefinite decrease of the greatest of the diameters of 
the sub-domains (ok), the sums s and S tend to definite limits I and L, where KL. 

The whole of the above discussion is applicable word for word to the case 
when (a) and (ak) are any measurable sets. Darboux's theorem remains valid. 

95. Integrable functions. We call f(N) an integrable function over (a) if 
the sum 

2fWk)°k (6) 
k=l 

has a definite limit as the greatest of the diameters d of the sub-domains (sub
sets) (ok) tends to zero. The limit is called the double integral off(N) over the 
domain (set) (a): 

n 
J7/(tf)dey = lim 2 f(^k) ^ 
(a) A = l 

I t can be shown, as in [I, 116], that the necessary and sufficient condition for 
f(N) to be integrable is that the limits I and L of the sums s and S coincide, i.e. 
that the difference between the sums: 

2(Mk-mk)ak (7) 
k=l 

tends to zero as d -► 0. The common limit of s and S is the value of the integral. 
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If f(N) = 1, (6) is always equal to the area a of the domain (set) (a), i.e. 

JJda = a. 
(") 

We also note that , by Darboux's theorem, the above condition for integrability 
can be re-stated as: for any given positive e there exists a dissection of (a) into 
sub'domains such that expression (7) is less than e. Use of the condition for inte
grability reveals certain classes of integrable functions. 

1. Iff(N) is continuous in a closed domain (set) (a), it is integrable. The proof 
is the same as in [I, 116]. 

2. Now let f(N) have points of discontinuity, whilst being bounded as before, 
in the closed domain (a). If we assume that the area of the set (R0) of points 
of discontinuity is zero, we can show that f(N) is integrable. 

We first let (a) be a square with sides parallel to the axes and we let it be 
dissected into squares; the case of any measurable domain will be considered 
in the next section. Let e be a given positive number; (a) can be divided into 
equal squares in such a way that every point of (R0) lies strictly inside an 
(a) type domain, the area of which is less than e/2fi, where fi — M — m [cf. 
91]. We have uniform continuity of f(N) in the remaining closed (a) domain, 
since this contains no points of (R0). Let these (a) domains be (E) and (F). 
Since f(N) is uniformly continuous in the closed domain (F), this can be dis
sected into as small sub-domains as required, such that the sum of the terms of 
(7) which relate to these is less than e/2. On taking into account that Mk 
— mk < M — m = u, and that the area of (E) < e/2u, we can see that the 
terms of (7) relating to (E)t which cannot be sub-divided, is less than e/2; 
hence, the whole of (7) is less than e, so that f(N) is integrable. 

I t follows that, if the set of points of discontinuity of a bounded function f(N) 
has zero area, f(N) is integrable. This condition is certainly satisfied if f(N) has 
a finite number of points of discontinuity or if the points of discontinuity lie on 
a finite number of simple curves. 

96. Properties of integrable functions. We briefly indicate the properties of 
integrable functions, corresponding to [I, 117] for single integrals. 

I. If f(N) is integrable in a measurable domain (a) and we change the value of 
f(N) at a set of points (R0) of zero area whilst preserving the boundedness of the 
function, the new function is also integrable and the value of the integral remains 
unchanged. 

The proof is much the same as at the end of the previous article when (a) 
is a square with sides parallel to the axes. The (a) domains (E) and (F) are 
distinguished as before. The value of f(N) is unchanged in (F), and since f(N) 
is integrable, the terms of (7) relating to (F) have a sum less than e/2 for a 
sufficiently fine dissection of (F). The terms relating to (E) are less than e/2 
by the smallness of the area of (E), and hence follows the integrability of the 
new function, as above. Further, the set (R0) has no interior points, and there 
is a point Nk in each of the (ak) acquired by dissection of (cr) a t which the 
value of f(N) is unchanged. We see by using these points in forming the sum (6) 
that the value of the integral is unchanged. 
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II. Iff(N) is integrable in a measurable domain (a) and the domain is divided 
into a finite number of measurable domains (o^), (a2), . . . , (on)t f(N) will be integrable 
in each of the (ak) and the integral over (a) is equal to the sum of the integrals over 
the (ak). 

We dissect (a) by subdividing the (ak). The sum (7), consisting of non-
negative terms, will tend to zero by the integrability of f(N). The sum of the 
terms relating to each particular (ok) will all the more tend to zero, i.e. f(N) 
is integrable over (ak). The second part of the statement follows directly, if 
passage to the limit in sum (6) is carried out for each summation relating to 
each particular (ak). The converse is obviously also true: integrability over the 
(ak) implies integrability over (a). The other properties of integrals given in 
[I, 117] also remain valid; these relate to the removal of a constant factor 
outside the integral sign, to the integrability of the sum, product and quotient 
of integrable functions, as also of the absolute value of an integrable function. 
The proof of the mean value theorem follows the same lines as in [I, 95]. 

We next turn to the proof of the second condition for integrability [95] 
and of the first property of the present section for the case of any measurable 
domain (a). Let the bounded function f(N) be given in this domain and on its 
boundary, the set (R0) of points of discontinuity of the function having zero 
area. We draw a square (Q) with sides parallel to the axes and with (a) lying 
strictly inside, and we take a new function fi{N), defined as follows in (Q): 
f^N) =f(N) in the closed (a) and fx(N) = 0 elsewhere. The points of (Q) belong
ing neither to its boundary nor to the closed (a) can easily be seen to form an 
open set (domain), say (GJ). The boundary points of (oj belong to the boundary 
(I) of (a) and to the boundary of (Q). Since (a) is measurable, the area of (I) 
is zero and the same can be said of the area of the boundary of (Q). 

Hence the boundary of (o^) also has zero area, i.e. (at) is measurable. The 
points of discontinuity off^N) in (Q) are the points of (R0) and also, possibly, 
points on (I). The area of the set of points of discontinuity of f^N) in (Q) is 
zero in either case, so that fi(N) is integrable in the square (Q) [95], in other 
words, it is integrable over (a) and (ot). 

But ft(N) =f(N) in the closed (a), so that/(2V) is integrable over (a), which 
it was required to prove. The proof of the first property of integrable functions, 
carried out above for a square, may be carried out on similar lines for f(N) 
and any measurable (a). 

We return to ft(N), which is zero at interior points of (a^, so that its integral 
over (at) is zero, whence: 

H/Wdcr^JjV^dtf. 
(°) (Q) 

I t may be remarked that, since the boundary (I) of the measurable (a) has zero 
area, the value of the bounded f(N) on (I) does not affect the value of the 
integral. 

97. Evaluation of double integrals. We now establish the formula for reducing 
a double integral to two quadratures. We first take the case of a rectangle (R) 
with sides: 

x = a\ x = b\ y = c; y = d, (8) 
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parallel to the axes. We let f(N) — f(x,y) be integrable over (i?), i.e. there 

SSf(N)do = SSf(x,y)dxdy. (9) 
(*) (*) 

We further suppose the existence, for every x of the interval (a, b), of 
d 

F(x) = $f(x,y)dy, (a < x < b) (10) 
c 

and of the iterated integral: 
b b d 

J *■(*) da - J" [ J /(*, y) dy] dx. (11) 
a a c 

We dissect (R) by sub-dividing the intervals with the points 

a = x0 < xx < x2 <... < xn_x <xn = b 

C «= y0 < Vi < Vz < • • • < Vm-i <Vm = d 
and we let (Rik) denote the sub-rectangle of the dissection, bounded by: x = #z, 
a; = #H*> y = ykj y = y^+1. Also, let m# and Jkf^ denote the strict lower and 
upper bounds of f(x, y) in the closed (Rik), and let Axt = xl+1 — xjt Ayk = 
= y^+1 — 2/fc. On integrating the inequality 

mik < /(*»1/) < Mik [(*» V) f r o m (Eik)1 
over the interval t/̂  < y < y ^ , we get: 

m i* ^V* < I /(*»!/) d l / < Mik AVk (x(<x < jr/+1), 
y* 

where (yk, y^i) is part of (c, d) and the integral exists since (10) exists [I, 117]. 
We obtain on adding these inequalities: 

m-i d m-i 
2 mikAlJk < I f(*>y)dy < 2 MikAyk. 

k=0 c fc=0 
We integrate over the interval (xit xl+l): 

m—l xi+x d m 
2 mikAykAxi< J [$ f(x,y)dy]dx< 2 ' i t f / * ^ J»,; 

the integral just written exists, since (11) exists. We sum these latter inequalities 
over i: 

n—l m—l b d n—l m—l 
2 2 mikAykAxi < I [ J f(x,y)dy]dx < 2 2 MikAykAx(. 
i=0 Jc=0 a c i=0 k=Q 

On noticing that Zlyfc Ax( is the area of (Rik), we can say that the extreme terms 
of the inequality tend to integral (9) as the sub-rectangles diminish indefinitely, 
which proves the required formula: 

b d 
J J /(*, y) dx dy = J [ $f(x, y) dy] dx, (12) 
(R) a c 



294 MULTIPLE AND LINE INTEGRALS [97 

i.e. if double integral (9) and iterated integral (11) exist, (12) is valid and the 
integrals are equal. 

We remark that the existence of integral (11) presupposes the existence 
of (10). If f(N) is continuous in the closed rectangle (i?), (9) and (10) clearly 
exist ([95] and [I, 116]). With this, as we saw in [80], (10) is a continuous func
tion of #, so that (11) also exists. We now consider a domain (a), bounded by 
the curves y — <p2(x), y — (p^x), and by the lines x = a, x = b (Fig. 83). We 

assume the existence of the double integral 

^f(N)da = ^f(x,y)dxdyt (13) 
(*) <*) 

of the single integral 
9>t(x) 

F(x) = $ f(x,y)dy (14) 

and of the iterated integral 
b b <pt(x) 

5F(x)&x = $[ j* f(x,y)dy]dx. (15) 
| j i a a v^x) 

-Q\—£ ~ir*~
x 

Let (R) be the rectangle formed by the 

.p, lines (8), where c, d are chosen such that 
c> <Pi(x), d> <p2(x) for all x of (a, 6), i.e. (a) 
forms part of (R). We define the function 

fr(N) ^fiiXyy) in (R), equal to f(N) at points of (or) and zero throughout 
the remainder of (R). The curves y = <p2(x), y — <Pi(x) divide (R) into three 
parts: (a), and domains (I) and (II), lying below and above (a) (Fig. 83). We 
have fi(N) integrable in (CJ), since it coincides there with f(N), and integrable 
in (I) and (II), since it is zero at interior points of these domains. 

Hence f
±
(N) is integrable in (R) [96] and 

J J A ^ d o r ^ J J / ^ d o r . (16) 
(R) (*) 

Similarly, for every x of (a, 6), we have the existence of 
d <pt(x) 

F(x)=iSf1(xiy)dy= J f(x,y)dy (17) 
c ?i(x) 

and of integral (15). 
I t follows that (12) is valid for/^iV), and by (16) and (17), the reduction of a 
double integral over (a) to an iterated integral is obtained from (12) as: 

b <pt(x) 
J J /(*, y) dx dy - J [ j f(x, y) dy] dx. (18) 
(<r) a 9»i(x) 

We assumed the existence of integrals (13), (14) and (15) for this argument. If 
f(x,y) is integrable in the closed domain (a), integrals (13) and (14) exist, as 
above. Moreover, by [80], (14) defines a continuous function in x, and therefore 
(15) also exists. The formula for reducing a triple to an iterated integral, the 
latter consisting of three quadratures [58], can be proved in the same sort of way. 
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98. n-tuple integrals. All the remarks of [94] and [95] can be carried over 
directly to the case of n dimensional space, leading to the concept of the integral 
of a bounded function over a bounded measurable domain in n dimensions, as 
well as to the condition for integrability given above and to the usual properties 
of integrals. A formula exists, similar to that of [97], for reducing an n-tuple 
integral to an iterated integral, made up of n quadratures. The formula can be 
proved by induction, n being varied by unity. The limits of the multiple integral 
are obtained from the inequalities that define the domain of integration. Let 
f(N) = f(xv x2, . . . , xn) be continuous in a closed measurable domain (Pn) in n 
dimensions, interior points of the domain being defined by the conditions: 
The points (xXi x2, . . . , xn__x) are interior points of a certain measurable domain 
Qn—i of (^ ~ 1)-dimensional space, and the xn satisfy the inequalities 

<px (xv xv..., xn_x) <xn<q>2 (xv xl9..., xn_x), 

where <px(xx, x2, . . . , xn_x) and <p2(xx, x2, . . . , xn_x) are continuous functions in 
Qn-i' The n-tuple integral is now given by a quadrature with respect to xn and 
an (n — 1)-tuple integral over (Qn-X): 

J I • • • J Hxv xv- ->xn) d a V • -d^n =* 
{Pn) 

9>i(Xi,...,Xn—i) 

= i , J- - -J , [ S f(x1,...9xn)dxn]dxl...dx„^v (19) 

The generahzation to n dimensions of a plane rectangle with sides parallel to 
the axes is the prismatoid (Bn), defined by: 

a1<x1< bx; a2 < x2 < 62; . . . ; an < xn < bn. (20) 

Integration over this prismatoid reduces to an iterated integral in which all the 
limits are constant: 

bi bn—i bn 
$$ ...$f(xx,...)xn)dxx...dxn= J d a ? ! . . . J daJn - 1 J f(xl9...,xn)6xn, 

(/?») «i Cln-x On 

where the order of the integrations can be varied arbitrarily, provided the limits 
remain unchanged. 

The formula for change of variables in an n-tuple integral may be mentioned 
for the benefit of readers familiar with determinants. Let the variables 
(x19 x2J . . . , xn) be replaced by new variables (x'l9x'2, . . . , x'n), where 

Xi = <pi(xi, xb,...,x'n) (i = l , 2 , . . . , n ) . (21) 

We now bring in the functional determinant of system (21): 

1 9?i 
dx{ ' 
9^2 
dxi ' 

dxi ' 

dx'2 

9^2 
dx'i 

dx'i 

dx'n 

dq>2 
'" dx'n 

d<Pn 
dxn 

(22) D = 
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The formula for change of variables runs 

$$...Sfdxx...dxn = S$...Sf\D\&xi...dx'n, (23) 
(P») (P\) 

where the inequalities defining the new domain of integration (P'n) are obtained 
from those defining (Pn) by replacing the xt appearing there by expressions (21). 
The conditions for (23) to be applicable are the same as laid down for double 
integrals in [77]. Improper n-tuple integrals are defined in the same way as 
improper double and triple integrals [86]. We now turn to some examples. 

99* Examples. 1. A tetrahedron in n-dimensional space, bounded by the 
hyperplanes 

^1 = 0; a? 2 «0; . . . ; xn = 0 ; xx + x2 + . . . + xn = o (o > 0), 

s defined by the inequalities: 

xx > 0; x2 > 0 ; . . . ; xn > 0; xx + x2 + . . . + xn < a. (24) 

With n = 3, an ordinary tetrahedron is obtained, bounded by the coordinate 
planes and by the plane x + y + z = «• We introduce new variables by put
ting: 

xi = xi + x2 + • • • + xn> x'z: a(x2+... + xn) 
xi r x2 i • • • i xn 

_ q ( t t 3 + . . . +xn) m m _ axn 

x2+... + xn xn_x + xn 

whence it follows that 

xx + . . . + xn = x{\ a(x2 + . . . + xn) = x{x'2\ 

a*(x3 + . . . +xn) = xix'2XQ;...; a""1 xn = xix'2t...x'n. 

Conversely, the old variables are given in terms of the new by the expressions 

x{ (a — x£) x{ xi (a — #3) 
xx- - ; x2=* — ; . . . ; 

xn-\ = 
xj x'i*. ,Xn—i (o> *— x'n) ^ x{x2* • .x'n 

n-i— 0 n - i > *n— an-i 

It follows at once from these formulae that tetrahedron (24) can be replaced 
by the n-dimensional cube: 

0 <x{ <a; 0<X2<a;...; 0 < x'n < a. (25) 

2. We find the measure (volume) of the n-dimensional sphere with centre 
at the origin and radius r, defined by 

x* + xl+...+ x2
n<r*. (26) 

If a transformation of similitude is carried out with coefficient k, the volume 
of a cube is multiplied by kn

t and the radius of a sphere by k. It follows at once 
from this that the required measure vn is a function of r only, of the form 

»„«CV, (27) 



99] EXAMPLES 297 

where Cn is a numerical constant, different for different ft. If sphere (26) is 
cut by a constant xx plane, it is clear from (26) that an (n — 1)-dimensional 
sphere is obtained, the square of the radius of which is equal to (r2—xf). The 
volume of the new sphere will be Cn_x(r* — a;2)("-i)/2 by (27). The part of the 
w-dimensional sphere lying between the planes xx and xx + dxx will have a 
volume Cn_x(r2 — #2)(n-i)/a dxx, whence we have the following expression 
for vn: 

. r n-i 
^n = Cnrn = Cn^^ ( r»~*i ) » dxlt 

— r 

or, on substituting xx = r cos (p, we have the following relationship between 
Cn and Cn_x: 

n 
n 2 

Gn = C„_x J sin" 9? d<p = 2Cn_1 J sin" <p d<p, (28) 
o o 

where, as we know from [I, 100], 

n 
2 
f . n , ( f t - l ) ( n - 3 ) . . . l 7i _ 

J S m y d y ? = ft(ft-2)...2 2" f°r e V 6 n "' 
o 

2 
f . n ( w - 1 ) ( n ~ 3) . . .2 f _, sm" w a<p = x , ox—— for odd n, 

J ^ ft(ft — 2 ) . . . 3 
o 

On replacing ft by (ft — 1) in (28), we get: 

n 
2 

0 ^ = 2 0 ^ J o n " - 1 9 dp. 
o 

It follows from the equations written that, for any integral ft: 

Cn = On.i^-. (29) 

But we know that Cz = n, Cz = 4w/3. Hence we have from (29): 

C" =
 W ( n - 2 ) . . . 2 f ° r e V e n n ' 

2 i ("+DJ(n-i) 

° - = n ( n - 2 ) . . . l f ° r ° d d n-



C H A P T E R IV 

VECTOR ANALYSIS AND FIELD THEORY 

§ 10. Basic vector algebra 

100. Addition and subtraction of vectors. The present chapter is 
mainly concerned with vector analysis. Since a number of specialized 
treatises are now available on the subject, we shall confine ourselves 
to the broad outlines, including only details directly connected with 
the previous matter and essential for our treatment of the founda
tions of mathematical physics. 

We encounter two types of magnitude, scalars and vectors, when 
studying physical phenomena. 

A scalar is a magnitude which, for a given choice of unit, is fully 
characterized by the number measuring it. 

For instance, the temperature at any point of a heated body in 
space is characterized by a definite number, and we can, therefore, say 
that temperature is a scalar. Density, energy and potential are further 
examples of scalars. 

Velocity may be taken as an example of a vector. To characterize 
a velocity, we need to know its direction as well as the number meas
uring its magnitude. In other words, we need to construct a vector: 
a straight line whose length is equal to the magnitude of the velocity 
on a given scale and the direction of which coincides with the direction 
of the velocity. A vector is fully defined by its length and direction. 
Force, acceleration and impulse are also vectors. 

We return to our example of a heated body. The temperature u 
at any point of the body is characterized by a definite number and 
can be said to be a function of the points in space occupied by the body. 
If space is referred to a system XYZ of Cartesian coordinates, we can 
say that the scalar u is a function of the independent variables (x, y, z), 
defined in the domain of space occupied by the body. Here we have 
an example of a scalar field. 

298 
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If a vector is defined at every point of a certain domain, we get a 
vector field, a suitable example being the electromagnetic field, 
where the electric and magnetic forces are defined at every point. 

I t becomes important in certain cases to know the point of appli
cation of a vector, i.e. the point in space at which the origin of the 
vector is situated. We shall be concerned in future, not so much with 
such tied vectors, as with free vectors, for which the point of appli
cation is arbitrary. We shall therefore look on two vectors as equal 
when they have equal magnitude (length) and the same direction. 

F I G . 84 F I G . 85 

Vectors will be written in heavy type A, B, . . . , their respective 
magnitudes (lengths) being denoted as | A |, | B |, . . . ; letters in normal 
type are used for scalars. 

Let A, B, C be three vectors. We draw A with its origin at a given 
point 0, we draw B from the terminus of A, and C from the terminus of B. 
The vector S, with origin at the origin of the first vector and terminus at 
the terminus of the last vector, is called the sum of the given vectors: 

S = A + B + C. 

Vector sums have the commutative and associative properties of 
ordinary sums, expressed by the formulae (Fig. 84): 

A + B = B + A; A + (B + C) = (A + B ) + C . 

2/ from the terminus of A, a vector C is drawn, equal in magnitude and 
opposite in direction to B, the vector M with origin at the origin of A and 
terminus at the terminus of C is called the difference between A and B 
(Fig. 85): 

M = A - B . 

This vector is easily seen to be fully defined by the relationship: 

B + M = A. 
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In general we write (—N) for the vector with the same magnitude 
but opposite direction to N. The difference between A and B can then 
be defined as the sum of A and (—B), i.e. 

A + ( - B ) = A - B . 

I t is easily shown that the vector sum and difference thus defined 
are subject to the same rules as ordinary algebraic sums and differ
ences, and we shall omit the proof. 

The rule for vector addition has numerous applications in mechanics 
and physics. For instance, if a particle is subject to several types of 
motion, its final velocity is found by vector addition of the velocities 
due to each individual motion. Similarly, vector addition gives the 
resultant of several forces acting on a particle. 

If the terminus of the final vector in a sum coincides with the origin 
of the initial vector, i.e. if the step line given by the above construction 
is closed, the sum is said to be zero: 

A + B + C = 0. 

In particular, we obviously have: 

A + ( - A ) = 0. 

In general, a vector is said to be zero if its magnitude is zero; there is 
then no occasion for speaking of its direction. 

101. Multiplication of a vector by a scalar. Coplanar vectors. Given 
the vector A and the real number a, the product aA or Aa is defined as 
the vector of magnitude | a | • | A |, its direction being the same as A if 
a > 0, and opposite to A if a < 0. 7/ a = 0, aA also equals zero. 

Hence, if A and B are two vectors with the same or opposite direc
tions, the relationship exists between them: 

B = 7iA, 

which may be written more symmetrically as: 

aA + 6B = 0, 
on setting n = —a/6. 

Conversely, the existence of this relationship shows that A and B 
have the same or opposite directions. 

Now let A and B be any two vectors whose directions are neither 
the same nor opposite. Let us draw two straight lines, parallel to the 
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given vectors, through an arbitrary point 0 (Fig. 86). These lines 
define a plane, which is parallel, not only to A and B, but to all mA 
and nB, where m and n are any numbers, and to their sum, by the 
addition rule, 

C = mA + nB. 

Conversely, any vector C parallel to the plane can be written in the 
form mA + nB. This may easily be seen by marking off C from 0 
and representing it as the diagonal of a parallelogram with sides 
parallel to A and B. The above rela
tionship may be written in the more yj ■ 
symmetrical form: | / j S v \ 

FIG. 86 FIG. 87 

and expresses the condition for three vectors to be coplanar, i.e. the 
fact tha t all three are parallel to the same plane. If A and B have the 
same or opposite directions, they are coplanar with any vector C, 
and we have to take c = 0 in the above relationship. 

102, Resolution of a vector into three non-coplanar components. 
Let A, B, C be three vectors not in the same plane. Any vector can 
be represented as the diagonal of a parallelepiped, the three edges 
of which are parallel to A, B, C. Thus, any vector can be expressed in 
terms of three non-coplanar vectors (Fig. 87): 

D = mA + nB + pC. 

I t follows from this tha t a relationship exists between any four 
vectors of the form: 

aA + bB + cC + dD = 0. 

If the first three vectors are in the same plane, we have to take d = 0. 
The most important particular case of the above rule for resolving 

a vector into three others is when space is referred to rectangular 
coordinates XYZ and A, B, C are of unit length and are directed along 
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OX, OY, OZ respectively. They are then called unit vectors and 
are denoted by i, j , k. 

Any vector A can be written as 

A = mi + n}+pk. (1) 

If A is taken from the origin of coordinates, the numbers m, n, p are 
the coordinates of its terminus and give the projections of A on the 
axes. We shall in future refer to these projections as the components 
of A along the axes and write them as Ax, Ay, Az. The above relation
ship can now be written as: 

X = Axi + Ayi + Az\L. (2) 

The projection of A along any direction n in space will be 

An = |A| cos (ny A) 

or, if we use the familiar expression of analytic geometry for the cosine 
of the angle between two directions: 

An = |A| [cos (n, X) cos (A, X) + cos(7i, Y) cos (A, Y) + 

+ cos (n, Z) cos (A, Z)] = Ax cos (n, X) + 

+ Ay cos (n, Y) + Az cos (n, Z). 

When vectors are added, their components are obviously added (the 
projections of the closing side of the vector polygon are equal to the 
sums of the projections of the components). 

103. Scalar product. The scalar product of two vectors A and B is 
defined as the scalar equal to the product of the magnitudes of the vectors 
multiplied by the cosine of the angle between them. 

We write the scalar product as A • B, so that 

A - B = |A||B|co8(A,B). (3) 

It follows at once from the definition that 

A B = B A, 
i.e. scalar products obey the commutative law. 

If A and B are perpendicular, clearly 

A B = 0. 

In particular, we have for the unit vectors: 

i . j = j . k = k .i = 0. 
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If A and B have the same direction, 

A . B = |A||B|, 

whilst if their directions are opposite, 

A . B |A||B|. 
In particular, 

A.A = \A\* = A* + A* + A* (4) 
and 

M = j - j = k . k = l . (5) 
The scalar product is given in terms of the components as follows: 

A • B = |A| |B| cos (A, B) = |A| |B| [cos (A, X) cos (B, X) + ] 
+ cos (A, Y) cos (B, Y) + cos (A, Z) cos (B, Z)] = ( 

= |A| cos (A, X) |B| cos (B, X) + \A\ cos (B, Y) |B| cos (B, Y) + I ( } 

+ |A| cos (A, Z) |B| cos (B, Z) = AXBX + Ay By + Az Bz, ] 

i.e. the scalar product is equal to the sum of the products of corresponding 
components of the vectors. 

I t may be noted that the obvious independence of the left-hand 
side of the above equation on the choice of axes implies the not-so-
obvious independence of the right-hand side on the axes. 

We have made use in (6) of the familiar expression of analytic geo
metry for the angle between two directions [102]. 

A scalar product may easily be seen to obey the distributive law, 
i.e. we have 

(A + B) C = A B + B C. (7) 

We can use the expression just obtained for a scalar product to write: 

(A + B)-C = (Ax + Bx)Cx + (Ay + By)Cy + (A2 + Bz)Cz = 
= (AXCX + AyCy + A2CZ) + (BXCX + ByCy + BZCZ) = 

= A C + B C. 

The distributive property gives us at once the more general formula 

(Ax + Bx) . (A2 + B2) = Ax • A2 + AX .B 2 + B ^ A2 + B r B 2 . (8) 

which expresses the ordinary rule for removing brackets when cross-
multiplying. 

104. Vector products. We draw two vectors A and B through any 
point 0 of space and construct a parallelogram on them. The perpen
dicular through 0 to the plane of the parallelogram can have either 
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of two opposite directions. We take the direction with the property 
that , for an observer standing along it, the rotation of less than n 
required to turn the direction of A into tha t of B has the same sense 
as the rotation of nj2 needed to turn the positive direction of OX 
into tha t of OY for an observer standing along OZ. The direction of 

the perpendicular is shown in Pig. 88 for right-
and left-handed systems of axes. 

The vector product of A and B is defined 
•--^^ as the vector of magnitude equal to the area 

s' of the parallelogram constructed from A and 
B and directed along the perpendicular as 
above defined to the plane of the parallelogram. 

The vector product is generally written 
symbolically A X B. Its magnitude is, by 
definition: 

|A| |B|sin(A,B). (9) 

Its direction depends on the orientation of the axes, and if this is 
changed, its direction is reversed. 

The vector product is zero if A and B have the same or opposite 
directions. In particular, obviously: 

A X A = 0. 

We now consider the vector product of B and A. Its magnitude is 
clearly the same as for the product of A and B, whereas it has the 
opposite direction, since transposition of A and B means rotation of B 
only, and not A, in the reverse sense. Thus: 

B x A = - A x B , (10) 

whence it is clear that the commutative law does not apply; in fact, 
interchange of the factors in a vector product changes its sign. 

We have the obvious relationships for the unit vectors: 

i x i = j x j = k x k = 0; j x k = i; k x i = j ; i X j = k . (11) 

We next express the components of the vector product P = A X B 
in terms of the components of A and B. We can write, since A X B i s 
perpendicular to A and B: 

PxAx + PyAy + P2Az = 0f PxBx + PyBy + PzB2 = 0. 

We now use the following elementary algebraic lemma. 
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LEMMA. The solution of the two homogeneous equations in three 
variables 

ax + by + cz = 0; ax x + 6X y + cx z = 0 

has the form 

x = ^(6^ — cbj); y = X(ca1 — acx); z = A(a6x — fra^, 

where X is an arbitrary factor and it is assumed that at least one of the 
differences in brackets is not zero. 

We leave the proof of this simple lemma to the reader; it gives us f: 

Px = X(Ay Bz - Az Byy} Py = X{AZ Bx - Ax Bz); 

Pz = X(AxBy-AyBx), 

where A is a coefficient of proportionality which must still be defined. 
For this, we use an important additional identity, generally known 

as Lagrange's identity: 

(a2 + 62 + C2) (fl2 + b2 + C2) _ ( ^ + ^ + CCi)2 = 

= (bcx — cbxY + (cax — acx)2 + (abx — ftaj2, (12) 

which is easily verified by removing the brackets on both sides. We 
also notice that (P* + P$ + P\) is the square of the length of P , i.e. 

A2 [(Ay Bz - A2 Byf + (Az Bx - Ax Bz)* + (AxBy-Ay Bxf] = 

= |A|2 |B|2sin2(A,B). 

We apply Lagrange's identity to the left-hand side of this last equation, 
which gives us 

A2 ([Al + A* + A\) (B\ + B$ + B\) - (Ax Bx + AyBy + Az P2)2] = 

= |A|2 |B|2sin2(A,B), 

or, on using (4) and (6): 

X2 [ |A|2 |B|2 - |A|2 |B|2 cos2 (A, B)] = |A|2 |B|2 sin2 (A, B), 

whence it follows at once tha t X = ± 1 . 
We finally show tha t X = + 1 . We subject A and B to continuous 

deformation, such that A coincides with the unit vector i, and 
B with j . The deformation can be carried out in such a way that 

f If all three of the differences in brackets are zero, the angle between A 
and B is 0 or 7r, and A x B = 0, i.e. Px = Py = Pz = 0. 
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A and B do not vanish and do not become parallel to each other. 
Then A x B will not vanish and will finally become 

iXJ = k, 

since A coincides with i, and B with j . 
Since the change is continuous and X can only have two values (±1 ) , 

we can say that X will not change during the deformation, and hence 
it must keep its final value. But we have after deformation: 

Ax=l; Ay = Az = 0; By=l; Bx = Bz = 0; 

Pz=l; Px = Py = 0, 

and we can conclude from the relationship 

Pz = X{AxBy~AyBx) 
tha t A = + 1 . 

We thus get the following expressions for the components of A X B: 

AyBz-A2By; AZBX-AXBZ; AxBy-AyBx. (13) 

By means of these expressions, the reader may easily verify that 
vector products obey the distributive law, i.e. t h a t : 

(A + B ) x C = A x C + B x C. (14) 

Hence we find, on using (10): 

Cx(A + B ) = C x A + CxB , 

which leads on to the more general formula: 

(A1 + A2)X(B1 + B2) = 

= AiXBi + Ax X B2 + A2 X Bx + A2XB2 , (15) 

which is the exact analogue of (8) for scalar products. 

105. The relationship between scalar and vector products. We form 
the scalar product of the vector A with the vector product N = B X C: 

A-(BxC). 

The magnitude of N is given by the area of the parallelogram formed 
from B and C. But 

A.(BxC) = A-N = |A||N|co8(A,N), 

and the scalar product can therefore be looked on as the product of 
area I N I of the parallelogram and the projection of A on the direction 
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of N, which is perpendicular to the area, i.e. the scalar product 
A '(B X C) expresses the volume of the parallelepiped formed from A, B, 
and C. Its sign depends on the orientation of the coordinate system. 
I t is easily seen to be ( + ) if the set of vectors B, C, A or, what amounts 
to the same thing, A, B, C has the same orientation as the axes. We 
can prove this by the method of continuous deformation used abovef. 

When referring to the volume of the parallelepiped, we took as its 
base the parallelogram formed from B and C. We might equally well 
have taken the base as the parallelogram formed from C and A or 
from A and B. We thus have the following relationships: 

A . ( B x C ) = B . ( C x A ) = C . ( A x B ) . (16) 

It only remains to notice the signs of these scalar products; they are 
the same, since the sets (A, B, C), (B, C, A), and (C, A, B) have the 
same orientation. The two latter sets are acquired from the first by a 
cyclic change. A different order changes the sign, e.g. 

A . ( B x C ) = - B - ( A x C ) . (17) 

If A, B, C are coplanar, the volume of the parallelepiped is zero, i.e. 

A- (BxC) = 0. (18) 

This equation is the necessary and sufficient condition for three vectors 
A, B, C to be coplanar. 

We now consider the vector product of A and B x C, i.e 

D = A x ( B x C ) . 

Since D is perpendicular to B X C, it is coplanar with B and C, and 
hence [101]: 

D = mB + nC; (19) 

but D is also perpendicular to A, and hence [103]: 

A • D = ra A • B + rc A • C = 0, 

so that 

m = jLiA'C; n=— / /A-B, 

f T h e dependence of the sign of A» (BxC) on the orientation of the axes 
conies from the dependence of B x C on the orientation. Hence A«(BxC) is 
not an ordinary scalar, the magnitude of which has to be independent of the 
choice of axes. In general, quantities that depend on the axes only to the extent 
that a change of orientation implies a change of sign are called pseitdoscalars. 
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and finally 
A x ( B x C ) = D = / / { ( A . C ) B - ( A . B ) C } , 

where it only remains to find the coefficient of proportionality //. 
For this, it is enough to compare the components along one of the axes 
of the vectors on the left and right-hand sides of the last equation. 
We take OX parallel to A and find the components along OZ. On noting 
that with this choice of axes 

Ax = |A| = a; Ay = A2 = 0, 

we have for the left-hand side [104] 

Dt = Ax (B xC)y =, a(B2 Cx - Bx Cz), 

and for the right [103] 

fi{aCxBz-aBxCz), 

on equating which, we get \x = 1. 
This leads us to the following expression. 

A x ( B x C ) = ( C - A ) B - (A-B)C. (20) 

As a corollary of this, we can resolve a vector B into two component 
vectors, parallel and perpendicular to a given vector A. We put C — A 
in (20) and re-write it as 

(A • A) B = (A • B) A - A x (A x B) 
or 

B = B' + B", (21) 
where 

«' A B A . H" AX (AxB) 

which gives the required result, since clearly, B ' is parallel to, and B" 
perpendicular to, A. 

106. The velocities at points of a rotating rigid body; the moment of a vector. 
Vector products have important applications in mechanics, primarily in the 
dynamics of a rigid body.'f 

We first consider a rigid body rotating about a fixed axis (L). In this case, 
every point M of the body has a velocity v which is equal in magnitude to the 
product of the distance PM of M from the axis of rotation (Fig. 89) and the 
angular velocity co of the rotation, and which has a direction perpendicular 
to the plane containing M and the axis of rotation. The velocity v can be repre
sented geometrically as follows. We choose the direction along (L) with respect 

f We use a right-handed system of axes in future. 
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to which the rotation is counter-clockwise and call this positive. If we mark off 
a length equal to co in this direction from an arbitrary point A of the axis, 
we get a vector o called the angular velocity vector. We let r denote the vector 
along AM and use the definition of vector product; this gives us the simple 
expression for v: 

v = o X r, 

since the magnitude of o x r is equal to 

|r| |o| sin (r, o) = co . \~MA\. sin <p = co. \MP\ =*\w\, 

whilst its direction is the same as that of T. 
We know from kinematics that, in the case of the motion of a rigid body 

about a fixed point O, the velocity of any point of the body a t any given 
instant is the same as it would be if the body rotated about an axis (the instan-

i 

0) 

4. 

>(Q 
0 

FIG. 90 

taneous axis) through the point 0 with an angular velocity co (the instantaneous 
angular velocity); generally speaking, the position of the axis and the value 
of co change with time. By the above, the velocity of a point of a rigid body is 
given at any given instant by the vector product of the instantaneous angular 
velocity and the vector OM. 

We take a second example. Let a force represented by the vector F be applied 
at the point M, and let A be a given point of space (Fig. 90). 

We define the moment of the force F about the point A as the vector product 
F x r, where r is the vector with origin at M and terminus at A. 

Let AP be the perpendicular from A to the line along which F lies. We get 
from the right-angled triangle AMP: 

|AP | = |r | |s in(r,F) | 

so that the magnitude of the moment of the force F about A is 

|r||F|8in(r,F)| = |F| |3?| , 
i.e. it is equal to the product of the magnitude of the force and the distance of the 
point A from the line along which the force acts. The direction of the moment is 
found by using the above rule for the direction of a vector product. 

I t follows from what has been said that the moment of a force does not vary 
with movement of the point of application M along the line of the force. The 

FIG. 89 
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definition of the moment of a force about a point can evidently be generalized 
for the case of any vector. 

We now find the components of the moment. Let (a, 6, c) be the coordinates 
of A and (x, y, z) the coordinates of M. The components of r are: 

a — x, b — y, c — z. 
We use the expressions for the components of a vector product [104] to 

obtain the components of the moment as follows: 

(y-b)F2-(z-c)Fy; (z-c)Fx-(x-a)F2] (x - a) Fy - (y - b) Fx. 

Returning to the example of a rigid body rotating about an axis, we <5an 
say that the velocity of a point M of the body is equal to the moment of the 
angular velocity vector about M. If we take the coordinates of M as (x, y, z), 
whilst (x0, y0, z0) is the origin of the angular velocity vector, with components 
Ox, Oyy Ov we have the following expressions for the components of the velocity 
of M: 

(z ~ z0) Oy-(y- y0) 02; (x - x0) Oz~(z- z0) Ox; (y - y0) Ox~(x~ x0) Oy. 

We now define the moment of a vector about an axis. Let A be a straight line 
in space to which a definite direction is assigned (the axis). 

The moment of a vector F about the axis A is defined as the algebraic value of 
the projection on the axis of the moment of F about any point A of zl.f 

The definition is justified by showing the independence of the projection of 
the position of A on A. We take A as axis OZ and let (0, 0, c) be the coordinates 
of A and (x, yy z) the coordinates of the origin M of F. With this choice of axes, 
the projection on A of the moment of F about A is the same as its component 
along OZ, and is equal, by the above formula, to 

xFy - yFx, 
since a = b = 0. This is independent of c, i.e. of the position of A on A. 

§ 11. Field theory 

107. Differentiation of vectors. We extend differentiation to the 
case of a variable vector A(r), depending on a numerical parameter r. 
We shall take the vector from a fixed point, say the coordinate origin 
0 (Fig. 91). As r varies, the terminus of the vector A(T) describes a 
certain curve (L). Let the positions of the vector for the values of the 
parameter (r + Ax) and r be respectively OMx and OM. The straight 
line MMX corresponds to the difference A(r + Ax) — A(r), and the 
ratio 

A(T + AT) - A(T) 
AX 

f The moment of a vector about a point is a vector, whilst the moment 
about an axis is not. 
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gives us a vector parallel to MMV The limiting position of this vector 
as Ax -> 0, if it exists, represents the derivative 

dA(r) 
dr lim 

Jr-*0 

A(T + AT) - A(T) 
AT (22) 

This derivative is evidently a vector directed along the tangent to 
the curve (L) at M. I t also depends on r, and its derivative with 
respect to r gives a second derivative d2A(r)/dr2 and so on. 

We can write A(r) in terms of the 
unit vectors i, j , k: 

A(T) = Ax (r)i + Ay (r) j + A2 (r) k. 

Definition (22) now gives 

dA(r) 
dr 

dAx(r) dAyJj) dAz(r) 
dr dr 

and in general 

dm A(T) _ dm Ax(r) 
dr" dr7 7 

(23) 

dmAy(r) dmAz(r) k 

dr" dz" 
(23^ 

i.e. differentiation of a vector amounts to differentiation of its components. 
The familiar rule for differentiation of a product may be extended 

to the product of a scalar and a vector and to scalar and vector pro
ducts, in accordance with the formulae: 

^ { / ( r ) A ( r , } = f A ( r ) + /(r)M 

^ A ( r ) . B ( T ) = ^ . B ( T ) + A ( T ) . « -

A A(T) x B(r) = i £ L x B(T) + A(r) X ^ 

(24) 

(24i) 

(24,) 

where /(r) is a scalar, and A(T) , B(T) are vectors, depending on T. 
We verify say (24x); the left-hand side may be written: 

-gjT {Ax (T) Bx (T) + Ay (T) 5 y (T) + Az (t) fiz (T)} = 

The same result may be easily seen to be obtained for the right-hand 
side. Of course it is assumed tha t the derivatives exist. The existence 

FIG. 91 
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of the derivatives in the factors of (24), (24x), (242) implies the existence 
of the derivative of each product [cf. I, 47]. The proof of the ordinary 
rule for differentiating a vector sum is purely elementary. If a point M 
moves along a curve (L), the radius vector r of M is a function of time t. 
We get the velocity vector of the point on differentiating the radius 
vector with respect to t: 

dr 
dt 

ds 
dt 

dr 
ds (25) 

The length of this vector is given by the derivative of the path s 
with respect to time t, whilst its direction is tangential to (L). The veloc
ity vector also depends on time and we can differentiate it to get the 
acceleration vector w = dv/df. 

If we take the length s of the curve as the independent variable, 
the derivative of r with respect to s is represented by the unit vector along 
the tangent t=dr/ds. We saw in [I, 70] that ^ Ax2+Ay2jAs-^l, that is, 
the ratio of length of chord to length of corresponding arc tends to 
unity. The same is evidently true for curves in space [I, 160]. I t 
follows at once from this and definition (22) with t = s that the length 
of the above tangential vector is in fact unity. 

108. Scalar field and gradient. If a physical quantity has a definite 
value at every point of the whole or part of space, a field of the quan

t i ty is defined. The field is said to be sca
lar, if the quantity is scalar (temperature, 
pressure, electrostatic potential), or vector 
[100], if the quantity is a vector (veloc
ity, force). 

We start with a scalar field, which is 
defined simply by defining a function of 
a point U(M) = U(x, y, z). 

A heated body, for instance, gives a scalar 
temperature field. The temperature U(M) 
has a definite value at any point M of the 
body, and can vary from point to point. 

We take a definite point and draw a straight line through it with an 
assigned direction (I) (Fig. 92). We consider the value of U(M) at the 
point M and at a neighbouring point Ml on (I). The limit of the ratio 

U{MX) - U(M) 
MMX 

FIG. 92 
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is called the derivative of the function U(M) with respect to the direction 
(I) and is written as: 

dU(M) = l i m U(MX) - U(M) ( 2 6 ) 

This derivative characterizes the rapidity of variation of U{M) a t 
the point M in the direction (I). The function thus has an unlimited 
number of derivatives at any given point; but it is easily shown tha t 
the derivative with respect to any given direction is expressible in 
terms of the derivatives with respect to the three mutually perpendic
ular directions X, Y, Z in accordance with: 

ol ox oy 

+ ™P-coS(l,Z). (27) 

We remark first of all that we could have formed derivative (26) by 
taking any directed curve (L) through the point M instead of a straight 
line (Fig. 92). Instead of (26), we should have had to consider the limit 

iim fr(Mx) - mm 

This is, in fact, clearly the derivative of U(M) with respect to the 
length of arc s of the curve (L) and we can write, on using the rule 
for differentiation of a function of a function: 

lim U(Ml) ~ U{M) - dU(M) 

dU(M) 

dx dU(M) 
ds + dy 

dz 
ds ' 

dy , 
ds ■*" 

(28) 

But we know from [I, 160] that dx/ds, dy/ds, dzjds are the direction-
cosines of the tangent to (L) a t M and when (L) is a straight line, we 
again get (27). Furthermore, (28) shows tha t the derivative with 
respect to the curve is the same as the derivative with respect to the 
tangent (m) to the curve at M. 

We now bring in the idea of level surfaces of a scalar field. These 
surfaces are characterized by the condition tha t U(M) has the same 
constant value C a t all points of the surface. On assigning different 
numerical values to the constant, we get a family of level surfaces 
U(M) = C, with a definite surface passing through any given point 
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of space. In the case of a heated body, the level surfaces are those of 
constant temperature. Let (S) be the level surface passing through 
the point M (Fig. 93). We take three mutually perpendicular directions 
through M: the normal (n) to (S), and two directions (£x), (t2) lying 
in the tangent plane. The directions (£x), (t2) will be tangential to curves 
(Lj), (L2) respectively, lying on the level surface. Since U(M) is constant 
along these curves, we have : 

dU(M) BU(M) 
dtx dt, = 0, (29) 

We now take any direction (I). We use (27) with (n), (tx) and (t2) as 
the three mutually perpendicular directions and take (29) into account, 

which gives: 

' ^ / ( t 2 ) J ^ = J ^ o o t f , » ) . (30) 
If we draw a vector along (n) of al

gebraic magnitude dU(M)ldn, its pro
jection on any direction (I) gives the 
derivative d(U)M/dl, by (30). 

The vector thus drawn is called the 
gradient of U(M), i.e. the gradient of a 
scalar field is, by definition, the vector 
field obtained as follows: the vector at 
any point is along the normal to the 

corresponding level surface, whilst its algebraic magnitude is equal to the 
derivative of U(M) with respect to the normal. The gradient of the 
scalar field U(M) is written grad U(M), and we can write (30) as: 

wgo—g^um, (3D 
where grad/ U(M) is the projection of the vector grad U(M) on (I). 

I t is easily seen tha t the choice of the direction of normal (n) to the 
level surface (S) does not affect the direction of grad U(M). The latter 
vector is always in the normal direction to (S) in which U(M) is 
increasing. 

Examples. 1. The gravitational field discussed in [87] leads to a scalar field 
of the gravitational potential 

um-jfj 
(v) 
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where fi(Mx) is the density of the matter occupying volume {v) and r is the 
distance of the point M from the variable point Mx of integration. We had the 
following expressions for the components of the gravitational force: 

dU(Ml _ dU(M) _ dU(M) 
Px~ dx ' y~ dy ' ' 2 ~ ~ dz ' 

where Fx, Fy, F2 are the components of the vector F. I t follows at once that, 
in general, Ft = dU(M)/dl> i.e. the vector field of the gravitational force is 
the gradient of the potential U(M). The work done by the force is given by 

(B) (B) 
j Fx dx + Fy dy + Fz dz = J dU(M) = C/(JB) - t/(^), 

(A) (A) 

i.e. the work is given by the potential difference between points A and B. 
Every conservative field of force, i.e. every field for which F = grad U(M)y 

clearly has this property. We often call — U(M) the potential, instead of U(M) 
itself. 

2. If different points of a body have different temperatures U(M), movement 
of heat will take place in the field from hotter to cooler points. Let dS be a 
small element about M of any surface through M. We find from thermodynamics 
that the quantity of heat crossing the element cLS in time d£ is proportional 
to d£ dS and the normal temperature derivative dU(M)/dn, i.e. 

AQ =kdt dS dU{M) 
dn 

(32) 

where k is the coefficient of proportionality called the internal thermal con 
ductivity and (n) is the normal to dS. 

We now draw the vector —k grad U(M), called the heat flow vector; the (—-) 
sign is used because heat flows from points of higher to lower temperature, 
wliilst grad U(M) is along the normal to the level surface in the direction of 
increasing V(M). We can say by (32) that the quantity of heat AQ passing in 
time dt through the element dS is given by: 

AQ = k dt dS |gradn U(M)\. (33) 

109. Vector fields. Curl and divergence. We now consider a vector 
field A(M), obtained when a vector A(M) is defined in magnitude and 
direction at every point of the whole or part of space occupied by the 
field. In fluid flow, for instance, we have a vector field of the velocity 
v at any given instant. 

We define a vector line of the field as a curve (L) such that the 
tangent a t every point has the direction of A(ilf) (Fig. 94). I t may 
easily be seen, as in [22], tha t a vector line has a differential equation 
of the form 

d# dy dz 
Ax Ay Az 

(34) 
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where the components Ax, Ay, Az are known functions of x, y, z. If the 
conditions of the existence and uniqueness theorem are observed, it 
follows from this tha t one and only one vector line passes through 
any point ilff. If we draw all the vector lines through all the points 
of a piece of surface (S)y their aggregate gives us a vector tube 
(Fig. 94). 

FIG. 94 

Let (v) be a volume in the field bounded by the surface (S) and let 
(n) be the direction of the outward normal to (S) from (v). We find on 
applying Ostrogradskii's formula [63] to functions Ax, Ayy Az: 

(V) 

or [102] 

JU(^+^+-8#h 
f f [Ax cos(n, X) + Ay cos (n,Y) + Az cos (n, Z)] dS 
(s) 

dAy dAz ]dv= f r^„d,Sf. (35) 

The surface integral on the right is usually called the flux of the field 
through the surface. I ts physical significance is explained later. The 
integrand of the volume integral is called the divergence of the vector 
field and is written 

d ivA = dx ^ dy ^ dz (36) 

f The conditions of the theorem are certainly satisfied if Ax, Ay, Az are con
tinuous and have continuous derivatives, whilst X(M) differs from zero at 
M, i.e. a t least one component differs from zero [51]. 
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We can thus write Ostrogradskii's formula as 

y j d i v A d * = ^ n d S , ( 3 ? ) 

i.e. the volume integral of the divergence is equal to the flux of the field 
through the surface of the volume. Definition (36) of divergence is related 
to the choice of axes X, F, Z, but an independent definition is easily 
obtained with the aid of (37). Let (SJ be the surface of a small volume 
(vx) surrounding the point M. If we apply (37) and use the mean value 
theorem [61], we can write 

SSAndS 
div A •€?!= {{AndS, i.e. div A = ^ , 

(Si) 

where the value of div A is taken at a point Mx of volume (vx), the 
magnitude of which is denoted by vv On indefinite contraction of the 
volume to the point M, Mx tends to M, and the above expression 
gives in the limit the value of the divergence at M: 

l\An*S 
d i v A = lim ^ , (38) 

i.e. the divergence of the field at the point M is the limit of the ratio of the 
flux through a small surface surrounding M to the volume enclosed by this 
surface. 

The above discussion shows that every vector field A gives rise to a 
scalar field div A, i.e. the field of its divergence. We show next that, by 
using Stokes' theorem, we can generate a unique vector field from 
the initial field A. We take 

P = AX) Q = Ay; B = AZ, 

and write Stokes' formula [70] as: 

\AXdx + Ay dy + A2dz= JJ f ( ^ - - ^ ) cos (», X) + 
(0 (S) 

+ (-^r - ^ ) c o s <».*> + (Q ~ w)cos {n' Z)]ds ■ m 

Let ds be a directed element of arc of the curve (Z), i.e. an element 
of arc considered as a small vector. Its components on the axes will be 
dx, dy, dz, and the expression under the line integral sign con
sists of the scalar product A • da, i.e. is equal to As ds, where A$ is the 
projection A on the tangent to (I). 
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We introduce another vector, with components equal to the differ
ences appearing under the double integral sign. This vector forms the 
new vector field and is called the curl of field A, being written curl A 
thus: 

, A dAz dAy . 1 A dAx dAz . A dAy dAx 

(40) 
We can now write (39) as: 

§A5ds = J J[curlxAcos(w,X) + curl>;Acos(^,7) + curl2Acos(7i,Z)]d# 
(0 (5) 

or 
§Asds = j"j"curlnAdflf, (41) 

(0 (S) 

where curln A is the component of curl A along the normal (n) to (S). 
The line integral on the left is usually called the circulation of 
vector A round the contour (I) and Stokes* formula can be stated thus: 
the circulation of the field round the contour of a given surface is equal to 
the integral over the surface of the normal component of the curl, i.e. 
equal to the flux of the curl through the surface. We can define curl 
independently of the choice of axes with the aid of (41). Let (m) be a 
given direction through the point M, and let (a) be a small plane 
surface through M normal to (m). We apply (41) to this area and use 
the mean value theorem: 

j As ds = curlm A|M; • a, i.e. curlm A\Ml = (A) , 
<*) 

where (A) is the contour of (a) and M1 is a point of the area. On indefi
nite contraction of the area to the point M, we get in the limit, as in 
the case of divergence, the value of the component of curl in any given 
direction (m) at the point M: 

$Asds 
ourlm A = lim _W (42) 

(a)-*Af a 

Numerous examples will occur later of applications of curl and 
divergence, when the physical meaning of these will be explained. 

110. Lamellar and solenoidal fields. We obtained in [108] the vector 
field grad U(M) as the gradient of a scalar function U(M). Such a field 
is called a lamellar field. Of course, not every vector field is a lamellar 
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field, and we now give the necessary and sufficient conditions for the 
field to be lamellar. The relationship A = grad U(M) is equivalent 
to [108] 

A - - ^ - A - ^ L - A -2L 
^x ~ dx ' y~~ &y ' *z ~~ dz ' 

i.e. to the fact tha t the expression 

Ax dx + Ay dy + Az dz (43) 

is the total differential of a function. We saw in [73] that there are 
three necessary and sufficient conditions for this: 

dy dz U ' dz dx U ; dx dy 

which are in turn equivalent to the vanishing of the curl of the field: 
curl A = 0, i.e. the necessary and sufficient condition for a vector field 
to be lamellar is that its curl vanishes. If this condition is satisfied, the 
potential is defined by [73] as a line integral: 

(M) (M) 
U(M)= j Axdx + Aydy + Azdz= j Asds. (44) 

(M.) (Mo) 

With this, A = grad U(M), and [73] 
(B) (B) 
f As ds = J grad s U (M) ds = U.(B) -U(A). 

(M (A) 

We can suppose that expression (43), whilst not itself a total differ
ential, has an integrating factor, i.e. there exist the function fi(M) 
of the point M such that 

li (Ax dx + Ay dy + Az dz) = dU (45) 

is a total differential. We speak of a field of this sort as compound 
lamellar. We saw in [76] that the characteristic of such a field is the 
existence of the family of surfaces U(M) = G orthogonal to a vector 
line of the field, whilst it follows from (45) that fiA = grad U or 

A = — g r a d U, 

i.e. the field A in this case differs from the lamellar field by a numeri
cal factor l/./z, with different values at different points of space. 
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The necessary and sufficient condition for a compound lamellar 
field is given by [76]: 

A (dAz dAy\ fdAx dAz\ A (dAy dAx\ __ 

which can be written as 

A.curlA = 0, (46) 

i.e. the necessary and sufficient condition for the existence of a family of 
orthogonal surfaces to a vector line of the field is given by (46), i.e. 

the vectors A and curl A are perpendicu
lar or else curl A vanishes. 

If the space occupied by the field is 
multiply connected, the field potential 
defined by (44) may be a many-valued 
function. 

We investigated above a vector field, 
the curl of which is zero, and discovered that the field is lamellar. A 
field for which the divergence is zero, i.e. where we have identically 
div A = 0, is called solenoidal. We have by (37) for this sort of field: 

J ( X d S = 0, (47) 

where (S) is any closed surface inside which the field exists everywhere. 
Let (S) be the part of a vector tube between its two sections (Sx) 

and (S2) (Fig. 95). Since A lies in the tangent plane to the lateral part 
of (S), we have here An = 0. If we take the normal (n) for both the 
sections (S^ and (S2) in the direction of movement along the tube, we 
shall get the inward normal in the case of (Sx) and the outward normal 
for (S2) with respect to the piece of tube (S). We have on using (47): 

where the integral over (Sx) has the ( —) sign since (n) is in the opposite 
direction to the outward normal. This equation shows that 

S$AndS (48) 
(S) 

has the same value for every section (S) of a vector tube in the case 
of a solenoidal field. The integral represents the flux of the field through 
the section (S) and is usually called the strength of the vector tube at 
section (S). Hence we can say that the strength is the same at all sections 

FIG. 95 
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of a vector tube in the case of a solenoidal field. If the cross-sectional 
area increases on moving along a tube, i.e. the tube expands, the value 
of the flux intensity An generally speaking diminishes, so that the 
value of integral (48) remains unchanged. 

111. Directed elementary areas. We now bring in directed elementary 
areas dS, corresponding to the directed elementary arcs of [109]. We 
suppose that two sides have been distinguished of a given surface, 
such that there are two opposite normal directions at any point of the 
surface, depending on which side is taken, and where continuous 
variation of either one direction is implied by continuous motion over 
the surface [64]. If the surface is closed, we get the inward and outward 
normals with respect to the volume enclosed by the surface. We define 
a directed elementary surf ace dS as the vector of length equal to the area dS 
of the elementary surface and with direction along the normal (n) to the 
element. We agree to take (n) as the outward normal in the case of a 
closed surface, where the inward normal will be written (T^). 

The projections of dS on the axes give us the projections of the ele
mentary area on the corresponding coordinate planes, with the sign 
plus or minus, depending on whether the angle between (n) and the 
axis concerned is acute or obtuse. 

Let f(M) and A(M) be scalar and vector functions defined on the 
surface (S). We take the expressions: 

Jf/WdS (49) 
(s) 

J f A(Jf)-dS "(49i) 
(s) 

JJA(M)xdS. (492) 
(S) 

The first is a vector with the components: 

f f f(M) cos (n, X) dS; J j f(M) cos (n, Y) dS; 
(S) (S) 

j* f/(ilf) cos (n, Z) dflf. 
(5) 

Expression (49x) is a scalar: 

[.fA.dS = J U n d 5 
(S) (S) 
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whilst finally, (492) is a vector with components: 

J | [Ay cos {n, Z) - A2 cos (n, Y)] dflf, 

J f [Az cos(n, X) — Ax cos (n, Z)] dff, 

J f [^x COS (W, Y) - Ay COS (72, X)] &S. 

Let ($) be closed and let (v) be the enclosed volume, f(M) and A(M) 
being defined throughout the volume. By applying Ostrogradskii's 
formula, we can easily verify the following three equations: 

JI/<iS = IJIgrad/d* (50) 
(S) v 

JjA.dS = JJJdivAdi; (50!) 
(S) v 

f J A x d S = - J J J cur] Adi;. (502) 

Equation (50x) is the same as (37). Equation (502) is verified as 
follows. The components of the left and right-hand sides along the x 
axis are given by the integrals: 

J J [ ^ c o s ( n , Z) - Azcos(n, Y)]dS ; - J j * / ( ^ - ^ ) dt>, 
(S) v 

which are easily seen to be of the same magnitude by transforming 
the double integral with the aid of Ostrogradskii's formula [63]. 

Similarly, by using Stokes' formula and a directed elementary area, 
we can write the following expressions: 

j fds= - j j g r a d / X dS (51) 
(0 (S) 

J A - d s = J j c u r l A - d S . (51x) 
(0 (S) 

Here, (S) is a given surface and (I) its contour. The second formula is 
the same as (41), since curl A • dS = curl„ A • dS by definition of 
scalar product. The components along OX of the left and right-hand 
sides of (51) are: 

f /c te ; - J J [ ^ - c o s ( ^ Z ) - - g - c o 8 ( w , Y)]dS; 
(0 (S) 

these expressions are easily shown to be equal using (22) of [70] . 
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112. Some formulae of vector analysis. We prove certain relationships 
between the vector operators introduced. We saw in [110] that the 
curl of a lamellar field is zero: 

curl gradC/ = 0. (52) 

A rotational field is easily seen to have zero divergence: 

div curl A = 0. (53) 

We have, in fact: 

d i v c u r l A = A f ^ - ^ ) + ^ f ^ - ^ ) + ^ f ^ - ^ l = 0 aivcuriA— dxydy dz ) ^ dy [dz dx r dz { dx dy J u" 

We next consider the divergence of a lamellar field: 
r) r) ft 

div grad U = -^ gradx U + -^ grady U + w gradz U, 

or 

div grad U = -^r + - w + - w . (54) 

The differential operator 

*U = ^ + -W + -dzT (55) 

is called Laplace's operator. From the left-hand side of (54), it is clearly 
independent of the choice of axes. On applying (38) to the vector 
grad U, we get AU at the point M defined as: 

ji an 
W = l i m - ^ — . (56) 

We have defined A{7 for the case of a scalar U. The symbol AA, 
where A is a vector field, denotes the vector with components <\AX, 
&Ay, AAZ. We now prove the following formulae: 

curl curl A = grad div A — AA, (57) 

div (/A) = / div A + grad / -A , (57x) 

div A X B = B • curl A—A • curl B, (572) 

curl /A = g r a d / x A + / cu r lA, (573) 

M(py>) = tpA(p + tp A^ + 2grad99-grady». (574) 



324 VECTOR ANALYSIS AND FIELD THEORY [113 

We shall only prove the first of these, leaving the remaining proofs 
to the reader. We take the component along OX of the vector on the 
left-hand side of (57) and show that it coincides with the component 
of the vector on the right: 

curL curl A = ^— curL A — -~— curl, A = 
x dy z dz y 

dy { dx dy ) dz [ dz dx J ' 

whence, on removing the brackets and adding and subtracting d2Ax/dx2: 

curl curl A - -?- ( M i + *h. + ML) (*£* + *** + ***)-

= W d i v A _ A i 1 * ' 

which is what we wished to prove. I t may be remarked here tha t the 
independence of AA on the choice of axes follows from (57), since 

AA = grad div A — curl curl A. 

113. Motion of a rigid body and small deformations. We saw in [106] tha t , 
in the case of rotation of a rigid body about a point O, the velocity of any 
point was given by: 

v = oXr, 

where o is the instantaneous angular velocity vector and r is the radius vector 
OM-

We get the most general case of motion of a rigid body on giving it in addition 
a translation of velocity v0, its total velocity being now: 

v = v0 + o x r . (c8) 

Conversely, given the velocity field v, the angular velocity vector is found 
as follows. First of all we notice that the vectors v0 are the same at any given 
instant at all points of the body, so that they are independent of x, y, z. Hence 
we have by (40), curl Y0 = 0. 

Let p, g, r be the axial components of o, and let O be the origin. The com
ponents of the vector product o X r will be [104]: qz — ry, rx — pz, py — qx, 
so that by (40), the components of curl o X r are 2p, 2q, 2r, whence the angular 
velocity vector is given in terms of v by 

o = -jr-curlv. (59) 

This is the reason for curl v being alternatively called rot v, i.e. the rotation 
of the velocity vector. 

If we multiply v by the small element of time dt, we get a vector v dt which 
gives the approximate displacement of a point of the body in time d£. We thus 
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get a vector field of displacements of points of a rigid body: 

A = vd*. 

On returning to (58) and assuming that translation is absent, i.e. that the 
point O is fixed, we get the following expression for the displacement vector: 

A = o1Xr, (60) 

where ox = o dt is a small vector directed along the axis of rotation and equal 
in magnitude to the small angular displacement in time dt. Let the components 
of this vector be pv qv rx, and let {x, y, z) be the coordinates of a variable point 
of the rigid body. The components of A will be: 

^x = Qiz ~ nV J Ay = rxx - pxz ; Az = pxy - qxx. 

Hence, as above, the vector of small rotations is easily found in terms of 
the displacement vector in the form: 

OX = -^-CUT\A. (61) 

Furthermore, the previous formulae show that the components of A are linear 
homogeneous functions of the coordinates (x, ytz). 

We now consider the general case of a linear homogeneous deformation 
in which the components of the displacement vector are linear homogeneous 
functions of the coordinates: 

Ax = axx + bxy + cxz \ 
Ay = a^ + bty + c^ \ (62) 
Az = ajc + b3y +Cj2. j 

We shall assume that coefficients o, 6, and c are small, and shall confine our
selves to the case of a small volume (v) near the origin. Every point of the volume 
will be displaced by the vector A and its new coordinates will be: 

S = x + Ax, tj = y + Ay\ C = 2 -f A2, 
i.e. 

I = ( l - f - a l ) * + 6ly + cxz j 
r\ = a& + (1 +b2)y+c^ \ (63) 
C = a3x + 63t/-f (1 + c3)z. J 

This transformation will amount to a rotation of (v) as a rigid whole about 
O only in particular cases. In the general case, it will be accompanied by de
formation of the volume, i.e. with a change in the distances between its points. 
We shall explain this in more detail. 

The components of the curl of the displacement vector A are by (62): 63 — c2, 
cx — o3, a2 — 6 r If the transformation reduced to rotation of the elementary 
volume as a whole, we should have a displacement vector A^) with components 

^i l ) = 4 " ( C l " ° » ) z ' " T ' ( 0 l " 6 l ) v ; 4 1 ) = = - ^ ( « 2 - f e i > * ~ 4 <63-c2U; 

A{P = ~Y (6a - CJ y - ~Y (Ci ~ a'j) x' 
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On subtracting this vector from A, we can represent the latter as 

A = A(1) + A<2>, (64) 

where the vector of pure deformation A ^ has the components: 

A{P = axx + — (bx + a2)y + — (cx + a3) z 

^42) = - y (h + at) x + b2y + -^- (c2 + b3) z j> (65) 

A2) = - y (cx + a3) z + — (c2 + b3) y + c3z. 

It is easily seen that this latter is a potential vector, and in fact: 

A(2) = -y - grad [a2x* + b2y* + c3z* + (bx + a2) xy + (cx + a3) xz + (c2 + b3) ijz] , 

whilst its curl is evidently zero. 
We now find the change in an elementary volume as a result of deformation. 

The new volume after deformation will be given by: 

(v) 

If we carry out the change of variables in accordance with the formula of 
[60], we must write: 

df drj dC = {(1 + a,) [(1 + b2) (1 + c3) - c2b3] + bx [c2a3 - o, (1 + c8)] + 
+ cx [a2b3 - (1 + b2) a3]} dxdydz. 

On removing the brackets and keeping only the free terms and first powers 
of the small a, 6, c, we get: 

df drj dC = [1 + (ax + b2 + c3)] dx dy dz, 

and the above formula gives: 
vi = I I I I1 + (°i + 62 + c3)] da; d?/ dz = v + {ax + 62 + c3) v, 

(V) 

where v is the volume before deformation. The dilatation is 

v. — v 
v 

Oi + *>2 + c3 

whilst the sum on the right is easily seen, by (62), to be div A, i.e. the divergence 
of a displacement field gives the dilatation. 

114. Equation of continuity. Let v denote the velocity of flow of a 
fluid, and let us find the quantity of fluid flowing through a given 
surface (S) (Fig. 96), a small element of which is dS. The particles 
occupying dS at time t move by an amount v dt in time dt; thus the 
quantity dQ of fluid which passes through dS in time dt occupies a 
cylinder of base dS and generator v dt. The height of the cylinder is 
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clearly vn dt, where vn is the projection of v on to the normal (n) to the 
surface, so that 

dQ = QVndtdS, 

where Q is the density of the fluid. A negative dQ will be obtained if the 
angle (n, v) is obtuse. In the case of a closed surface, (n) is the direction 
of the outward normal, and a negative dQ is obtained if fluid flows 
into the volume enclosed by the surface through dS. The total quantity 
of fluid flowing through the surface per unit time will be: 

Q=fj>„dS, 
■<s) 

(66) 

where fluid flowing in is understood to take the minus sign. 
The quantity of fluid occupying the volume (v) bounded by (S) is 

given by 

and this changes in time dt by an 
amount 

(V) 

so that the increment in the quantity 
per unit time is 

FIG. 96 

Whilst the quantity flowing out is given by the same integral with the 
reverse sign; hence we obtain two expressions for Q: 

«-//«.*»—/J/-S-*. 
(5) (v) 

or, on using (37): 

Q=JJJdiv(ev)d,= -J fJ | -d , ) 
(*) (V) 

where the density Q is kept under the divergence sign since it may be 
variable, i.e. depend on the position of the point. The last expressions 
give us an equation which is valid for any volume inside a fluid: 
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I t follows that the integrand must be identically zerof, and we get: 

-g- + div(£v) = 0. (67) 

This important relationship between the density and velocity of flow 
of any fluid, compressible or not, is known as the equation of conti
nuity. I t may be written in an alternative form by considering the 
change in density of the fluid particle occupying the position (x, y> z) 
at the instant t. 

We take g(t, x, y, z) as the fluid density at the point (x, y, z) at time 
t, and consider the change in density of a particle. As the particle 
moves, its density depends on t both directly and via (x, y, z), since its 
motion implies alteration of its coordinates. The total derivative of g 
with respect to t is: 

dg dg , dg dx , dg dy , dg dz 
^ ^ ^ + "^x~d^"'"^^"d^~^~^""d^ , 

which can alternatively be written as 

dg _ do dg , dg tig 

or 

^ = f + g r a d e - v . (68) 

We can use (57x) to write (67) in the form 

dg 
dt + grad Q • v -f g div v = 0, 

i.e. by (68): 
^ + £>divv = 0, 

whence 
div v = £ 

g at 

(69) 

The divergence of a velocity field v thus gives the relative change 
in density per unit time of a fluid element situated at a given point. 

If the fluid is incompressible, this change must be zero, and (69) 
gives us the condition for incompressibility: 

d ivv = 0. (70) 

t We proved in [71] that, if a double integral over any domain is zero, the 
integrand must be identically zero. The same proof may be used for triple 
integrals. 
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We deduced the continuity condition by finding two different ex
pressions for the quantity of fluid flowing out of a volume. It is 
naturally assumed here that there are no sources in the volume, either 
positive or negative (sinks). 

If the flow is irrotational or, in other, words, potential, i.e. v is the 
lamellar vector: 

v = grad <p, 
we call <p the velocity potential. We get on substituting in (70): 

d i v g r a d , = 0, i.e. ^ + g + £ ? = <>, (71) 

i.e. the velocity potential must satisfy Laplace's equation (71) in the case 
of an incompressible fluid. 

115. Hydrodynamical equations for an ideal fluid. We shall understand by 
ideal fluid a deformable continuous medium such that the internal forces, 
whether the medium is in equilibrium or in motion, reduce to a normal pressure: 
so that if we distinguish a volume (v) of the fluid bounded by a surface (S), the 
action of the remainder of the fluid amounts to a force directed along the inward 
normal at every point of (S). We let p denote the magnitude of this force 
(pressure) per unit area. The pressure p(M) at any given instant gives us a scalar 
field. The resultant of the pressure on the surface of (v) at a given instant gives 
us a scalar field. The resultant of the pressure in the surface of (v) is given by 
using (»r)0): 

~ I I p d S = -JJJgradpdi;, 
(S) (v) 

where the (—) sign is taken because a positive pressure acts along the inward 
normal, the vector dS being along the outward normal by hypothesis. 

By d'Alembert's principle, the pressure must be in equilibrium with the 
external forces, which we denote by F per unit mass and which yield the re
sultant for volume (v): 

JTfeFdtf, 

to which must be added the inertia force on an elementary mass — gdv W, 
where Q is the density and W is the acceleration of the fluid particle, so that the 
inertia force for (v) becomes 

- j - J JeWdi , . 
(V) 

d'Alembert's principle thus gives us: 

I I I [ e F - g r a d p — eW]d» = 0, 
(*) 

whence we can conclude, by the arbitrariness of (v) as above, that the integrand 
is zero, i.e. 

QW = QF — grad p. (72) 
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This expression embraces the three fundamental equations of the hydrody
namics of an ideal fluid. 

Let ut vy w be the components of the velocity, expressed as functions of the 
coordinates (x, y, z) of a point and time t. The component of the acceleration 
W along OX will be equal to the total differential of the component u(x, yy z, t) 
of the velocity with respect to time, so that we can write: 

__du_ du dx du dy du dz 
x~ dt + dx dt + dy dt + 'dz dt ' 

or 
du t du , du , ^u 

Similarly: 
dv , dv dv t dv 

dw , dw , dw , dw 

Vector equation (72) thus leads to the three equations: 

du du , du , du ~ I dp 

dv , dv , dv , dv _, 1 dp 
-dT + -Wu+-Wv+-l^w=Fy-'T-dV < 7 3 ) 

dw , dw , dw , dw „ 1 dp 
-dT + ^ u + ^rv+-dT-w==F*—T-dr-

These are referred to as the hydrodynamical equations in Euler's form. With 
them must be associated the continuity equation deduced in the previous 
article. Using the present notation, we can re-write (69) in the form: 

do dQ QQ , dg . (du , dv dw\ _ nAS 

A characteristic feature of the equations written is the fact that we have 
chosen the coordinates (x, y, z) of a point of space and time t as the independent 
variables when investigating the motion. In certain cases, the coordinates of 
the position of a fluid particle a t the initial instant are chosen as independent 
variables instead of the coordinates (x, y, z) of a point; the hydrodynamical 
equations naturally have a different aspect with this choice. 

116. Equations of sound propagation. Equations (72) and (73) are valid for 
gases as well as for fluids in the narrow sense of the word. The essential require
ment is simply the hypothesis that the internal forces amount to a pressure 
only. We shall assume the motion sufficiently small for the terms containing 
products of the velocities and their derivatives with respect to the coordinates 
to be neglected on the left-hand sides of equations (73). With this, (73) become: 

8u _ _ 1 _9p_. jdv__ L J ^ _ . ^ L - F _ J L J £ - r r a 
~W ~~ x~~ g dx > dt -*y Q dy ' dt ~~rz

 Q dz • [i0) 



Q 

Q 

= e0a + «). 
ds 

l+s 
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or in vector form: 

- £ - - F — i - g r a d p . (76) 

Similarly, neglecting the products of the velocity components and the deriv
atives of the density with respect to the coordinates in (74), we get: 

- | - + e d i v v = 0. (77) 

Let Q0 be the constant density of the medium in the state of rest. Let s be 
a small quantity characterizing the relative change in density during the 
motion and defined by the equation: 

From this: 

^ds} 

the small quantity s being neglected in the denominator (1 + s). I t follows 
tha t we can take ds/dt = (l/g) dg/dt, and (77) gives: 

- | L = _ d i v Y . (78) 

I t can be assumed that the gradient of the pressure is proportional to the gradient 
of 8, characterizing the compression or expansion, i.e. 

grad pe=ae grad s, 

where e is the modulus of elasticity of the medium. On substituting this in 
(76) and taking g — g0 here, we get: 

~ar=F~^Tgrad*-
We take the divergence of both sides of this equation: 

9 e —- div v = div F div grad s. dt Q0 

On taking into account (78), we can write this as: 

28 : a* As — div F (a = ] / — 1 . (79) dt* 

This is the equation that must be satisfied by the function s of time and of the 
coordinates of a point. The differentiation with respect to t was taken outside 
the divergence sign when taking the divergence of dv/dt, which is permissible 
since the result of differentiation is independent of the order in which it is 
carried out. 

If there are no external forces, (79) becomes: 

•$.-*>. (.-yz). m 
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This latter is generally known as the wave equation. If we bear in mind that 
s characterizes the amount of compression or expansion, we can say that in our 
case the equation gives the law for sound propagation. The sound sources are 
the parts of space where div F differs from zero. 

117. Equation of thermal conduction. We saw in [108] tha t the 
quantity of heat passing in time dt through an elementary surface dS 
may be taken as 

dQ = kdt dS | - | ^ - | = kdtdS |gradn U(M)\, 

where k is the coefficient of internal thermal conduction, U is the tem
perature and (n) is the direction of the normal to dS. Let (S) be a 
closed surface bounding the volume (v), and let us find the total 
quantity of heat passing through (S). We easily see tha t : 

dQ=-dt§ fJfcgrad^t/dS. (81) 

Here, if the temperature decreases in the direction (n) of the outward 
normal, dU/dn < 0, and the corresponding elements of the integral 
are negative, whilst the situation is reversed with increasing tempera
ture. Noting the ( —) sign on the right of (81) and that heat flows in 
the direction of decreasing temperature, we can say that Q is the 
quantity of heat passing out of (v) in time dt. The heat flowing into (v) 
will be given by (81) with the ( —) sign. 

The quantity of heat given out may be alternatively obtained 
by observing the change of temperature inside the volume. WTe con
sider the elementary volume dv; if its temperature increases by dU 
in time dt, the quantity of heat expended must be proportional to the 
temperature rise and to the mass of the element, i.e. the quantity of 
heat is 

y dU'• gdv = 7Q—QT^ dt>, 

where Q is the density of the body and y a coefficient of proportionality 
known as the specific heat of the body. The heat given out by the 
total volume is thus 

dQ= -diJJJye-^-dt;, 

where the ( —) sign indicates that heat given out is to be understood. 
and not heat acquired. 
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On equating the two expressions obtained for dQ and using (37) of 
[109], we have 

J f Jye-?Tdf ;=f \ j div(kgndU)dvf (82) 

i.e. we must have, for an arbitrary volume, 

J" J 7 [ye -^—div (* g rad u)]dv = °> 
whence we get the differential equation for thermal conduction: 

w ^ - d i v ( f c g r a d [ 7 ) (83) 

or 

n^ = w(k^) + w[kW)+^lk^y (83l) 

This equation must be satisfied at all interior points of the body. The 
temperature U depends on the coordinates of the point and on time. 

If the body is homogeneous, y, Q and k are constants, and (83) can be 
written 

f._^ (.-|fZ) m 
or 

~W ~ a \w + W + ~^)' (84l) 

If the thermal phenomenon is stationary, i.e. the temperature is 
independent of time t and depends only on (x, y, z), (84) takes the form 

A«7 = 0, i.e. _ + _ + - _ = (). (85) 

We have thus arrived a t Laplace's equation, already encountered in 
[87] and [114], for the temperature in a stationary process. 

We assumed when deducing the thermal conduction equation (83), 
that no heat sources were present in the body; if this were not the case, 
we should have to replace (82) by another equation: 

j \ J VQ ~Qj- dt> = f J" f div (k grad U) dv + J f j" e dv, 

where the last term on the right-hand side represents the quantity of 
heat originating in the volume (v) and reckoned per unit time. 

The integrand e(t, M) gives the strength of the heat sources con
tinuously distributed throughout (v) and can depend on time as well as 
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on the position of the point M. Instead of the differential thermal con
duction equation (83) we should obtain an equation of the form 

VQ^ = div(£grad U) + e (86) 

or, in the case of a homogeneous body, we should have instead of (84): 

™=a>AU+±e. (87) 

Equations (87) and (84) are analogous to (79) and (80) of [116]. 
The presence of heat sources in the thermal conduction equation is 
analogous to that of external forces or, more precisely, sound sources 
div F in the propagation equations. The differential equations, (79) 
or (87), are non-homogeneous in both cases for this same reason, that 
they contain free terms, div F or e, which have to be looked on as given 
functions, in addition to the required functions s or U. An essential 
difference between equations (80) and (84) should be noticed. The 
first contains the second derivative of the required function with 
respect to time, whilst the second contains the first derivative. This 
circumstance makes an essential difference as regards the integration 
of the equations. 

118, Maxwell's equations. The following vectors are introduced in the study 
of electromagnetic fields: the electric intensity E, the magnetic force H, the 
total current r, the electric displacement D, the magnetic induction B. The 
two basic laws of electrodynamics, which are generalizations of the Biot-Savart 
and Faraday laws, can be written in the form 

Jfl,d*=4"J7r»d*' (88) 
(0 (S) 

^Esds= L-*-^BndS, (89) 
(/) (S) 

where c is the speed of light in vacuo. 
The first equation connects the circulation of the magnetic force round 

the contour of a surface with the flux of total current through the surface. 
The second connects the circulation of the electric intensity with the derivative 
with respect to time of the flux of magnetic induction through the surface. 
In these equations, (I) is an arbitrary closed contour bounding a surface (S). 
Furthermore, D and B are related to E and H in a quiescent homogeneous 
medium by: 

D = eE; B = ^H, 
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where e and fi are constants, called respectively the dielectric constant and 
the permeability of the medium. The total current is made up of two terms, the 
conduction current and the displacement current: 

where A is the coefficient of conductance of the medium. Hence (88) and (89) 
take the final form: 

§HS ds = - i - J" J" \lEn + e ~f} dS , (90,) 
(0 (5) 

|"^d*= L ^ C ^ d ^ . (902) 
(6 W) 

The integrals on the left-hand sides can be transformed to surface integrals 
by Stokes' formula: 

fj*cur]nHd^ and j J" curl„ E dS, 
{S) (S) 

so that the equations now become: 

[ [ [ c c u r l n H - ( ^ n + e - ^ ) ] d ^ = 0 

J J [ c curl„E + / ^ ] a ^ = 0. 
(S) 

We have from these, by the arbitrariness of surface (S) and therefore of the 
direction (n) of the normal: 

8E 
ccur lH = AE + e-gj- , (91x) 

ccur lE = — p ^ . (912) 

These latter represent the differential form of Maxwell's equations, and amount 
to a set of six differential equations relating the six components 

Ex, Eyy Ez, Hx, Hy, HZ . 

I t follows at once from (91x) and (912) that in the present case the vector: 

, r , 9E _ 8H 
AE + e _ _ a n d ____ 

are solenoidal, since their divergences are respectively 

c div curl H and c div curl E 

and therefore vanish [112]. 
I t can further be shown that E and H are themselves solenoidal in a given 

region of space, provided they are solenoidal there at some initial instant. 
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Before proving this, we introduce the two quantities 

div eE = Qe = Q; div ^H = gm , (92) 

known respectively as the electric and magnetic charge densities. I t now 
follows from the equation 

( Of? \ 3 5} 

XE + e — = div eE + -TT- div (eE) = 0 that 

4- .+*-* 
and integration of this first order equation gives us [4]: 

- A , 
Q = Q0e e , 

where Q0 is the value of Q at t = 0. Consequently, if we have g0 = 0 at an 
initial instant, i.e. 

d ivE 0 = 0, 

we shall have g = 0 for any t, i.e. 

d ivE = 0. 

Similarly, it follows from (912) that 

and if div H0 = 0, div H = 0 for any t. 
The latter equation is equivalent to the vanishing condition for the magnetic 

charge, which is usually permissible. 
Other equations can be deduced from Maxwell's, in which E and H appear 

separately. We take the curl of both sides of (912) and get: 

8 curl H —• c curl curl E = p 5 ot 

or, on using (57!) and (91t): 

c ( , E - g r a d d i v E ) = - A - | - ( e f + A E ) , 8E c {IK — gracl div jfi) = =-l e 

whence finally 

^ + - M = v ( 4 E - g m d d , V E ) - (93) 

Exactly the same form of equation may be obtained for H. 
In the absence of electric charges, i.e. when div E — 0, (93) becomes: 

^ + _L3* _£LAE. (94) 
dt* ^ e dt ey, v 

This is generally known as the equation of telegraphy, since it was first obtained 
when investigating the propagation of current along cables. Finally, if we are 
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concerned with a perfect dielectric, i.e. a non-conducting medium, we have 
A = 0 and (94) becomes: 

l?=a24E hw)- (95) 

We have already encountered an equation of this form in [116]. 
If the process is stationary, i.e. vectors E and H are independent of t, equa

tion (912) gives curl E = 0, so that E is a potential vector: E = grad <p, whilst 
the first of equations (92) gives: 

div grad y = or A99 = . (96) 

In places where Q = 0, i.e. electric charge is absent, we get Laplace's equation 
A99 — 0 for the potential (p. 

119. Laplace's operator in orthogonal coordinates. We introduced 
general curvilinear coordinates in space in [60]. We now consider a partic
ular case of these coordinates, when the elementary volume referred 
to in [60] is a rectangular parallelepiped. This case of orthogonal 
curvilinear coordinates is the most important and the most frequently 
encountered in applications. 

Let us take three new variables qv q2, q3 instead of Cartesian coordi
nates x, y, z in space: 

<p(x,y,z) = q1; y>(x,y,z) = q2; co(x,y,z) = qz (97) 

or, in the form when solved with respect to x, y, z: 

* = 9>i(?i>?2>23); y = Vi(?i>?2>?s); * = «>i (?i> ?2> ?s) • ( 9 8 ) 

On assigning constant values A,B,C to the new variables qv q2, g3, 
we get three families of coordinate surfaces, the equations of these in 
the x, y, z coordinates being: 

<p (x, y,z) = A (I); y> (x, y,z) = B (II); co (x, y,z) = C (III). (99) 

We take any two coordinate surfaces from different families, say from 
families (II) and (III); these will intersect in a curve, with the equation 

ip(x,y,z) = B; a)(x,y,z) = C, 

where B and C are definite constants. Only qx varies along this curve, 
and we can refer to it as the coordinate line qv Similarly, we have 
coordinate lines q2 and g3. 
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We find the square of an element of length in the new coordinates: 

On removing the brackets, we get a homogeneous second degree poly
nomial in dqv dq2, dqz. Next we find the conditions for the poly
nomial not to contain product terms in different differentials dq. 

We can take, say, the term in the product d^dg^ in (100). The 
coefficient of the product will be: 

o f 9 ? ! ^ ? I _ L ^ L ^ I r ^ i 8ftM n m \ 
[dql ' Bq2 "*■ dqt ' dq2

 + dQl ' dqj' < 1 0 1 ' 

An elementary volume in the new coordinates (Fig. 97) will be 
bounded by three pieces of coordinate surfaces. Three edges, AB, AC, 

AD, will leave the vertex A of its 
base, corresponding to the values 
Q.v #2> Qz °f the n e w coordinates. 
Only q1 varies along AB, only q2 

along AC, and only q3 along ^4JD. 
If we consider the first and second 
edges, functions (98) are functions 
of qx only on the first edge, and the 
direction-cosines of the tangent are 
proportional to [I, 160] 

dq>x dtpl dcox 

Similarly, the direction-cosines of the tangent to the second edge 
are proportional to: 

d(pt dxpx du>x 

Wz* ~&h9 ~Wz' 

The vanishing of (101) is thus equivalent to these two edges being 
perpendicular. If we also require the vanishing of the coefficients of 
dqx dg3 and dq2 dq3 in (100), this is equivalent to requiring tha t all three 
edges of the elementary volume in the new coordinates should be 
mutually perpendicular. Hence, the necessary and sufficient condition 
or a system of curvilinear coordinates to be orthogonal is that the expression 
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for ds2 should contain only terms in the squares of the differentials, i.e. 
only terms in dql, dql, and dql. 

We shall assume in future that the curvilinear coordinates are 
orthogonal. 

We now have for ds2 an expression of the form 

ds2 = H\ dq2 + H\ dq2 + H2 dq2, (102) 

where 

HI 

m 
m 

If we recall tha t only one variable changes along each of the edges 
of an elementary volume, we obtain for the lengths of the edges, 
by (102): 

ds± = H1 dq±; ds2 = H2 dq2, ds3 = Hz dq3, (104) 

and an elementary volume in the new coordinates is given by the 
expression 

dv = ds± ds2 ds3 = H1H2 Hz dqL dq2 dq3. (105) 

Now let A be a vector field in space; we know from [109] tha t its 
divergence at a point M is given by 

SSAndS 
d i v A = lim ^ , 

where (S^) is the surface bounding a volume (v±) of magnitude Vx 

which contains the point M and contracts indefinitely towards it. We 
apply this to an elementary volume in curvilinear coordinates qv q2, g3, 
and find the flux of the field through the surface of the volume. We 
start by finding the flux through the right and left-hand faces. The 
coordinates have the values qv q2, qs at the base vertex A, whilst qx 

will have to be replaced by (qx + dqj on the right-hand face. Further
more, the direction of the outward normal on the right-hand face 
coincides with the direction of the coordinate line qv the direction on 
the left-hand face being the reverse. The component An along the out
ward normal (n) is thus Aq1 on the right-hand face and (—AqJ on the 
left-hand face, where Aqx is the projection of vector A on the tangent 
to the coordinate line qx or, as we usually say, on the coordinate line qv 

(103) 
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In view of the smallness of the faces, we can replace the surface inte
grals §§An dS over them by the simple product of the integrand and the 
area of the corresponding face, which gives us for the flux through 
the right and left-hand faces: 

Aqx ds2 ds31 q1+dqi and — AqL ds2 ds3 | q±, 

the flux through both faces being 

A Q l ds2 ds3 | q1+dqi — Aqx ds2 dss \ qi 

or, by (104): 

A Q l H2 Hz dq2 dq3 \ qi+dq — Aqx H2 H3 dq2 dqs \ Ql = 

= [H2 Hz Aqx | ql+dql — H2 Hs Aqx \ qx] dq2 dq3. 

We finally replace the increment of the functions by the differential, 
and get for the flux through the right and left-hand faces: 

Similarly, the flux through the front and rear faces is 

^ ^ d g l d g 2 d g 3 

and through the upper and lower faces: 

We add these three expressions and divide by the volume obtained 
from (105) and arrive at an expression for the divergence of the field 
in orthogonal curvilinear coordinates: 

d i v A = „ » „ \^2H3Aqi) 3{H3HlAqi) q g . g ^ l 
H1H2H3 I dqx ^ dqz dqz J V ' 

Now let A be a potential field, i.e. the field of the gradient of a 
function U{M)y so tha t A = U. 

The component AQl is now the derivative of U with respect 
to the direction qL: 

. v AU 1 dU 
An,= l im qi JSl->o Asi Hi 9<7i ' 

and similarly: 

A i du A i ar; 
Ann = -7T- -77— J An. = r«2 H2 dq2 ' ~«» H2 dq3 
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Substitution of these expressions in (106) gives us the expression for 
Laplace's operator in curvilinear orthogonal coordinates: 

9g2 v # 2 9g2 ; 9?3 l H 3 8g3 ; j v ; 

Laplace's equation At/ = 0 takes the form, in coordinates qv q2, qz: 

d ( H2H3 dU \ _8_ (H3HX dU \ 

+ £ (^-£)-<>• 
L Spherical coordinates. In this case, expressions (98) become [59]: 

x = r sin 0 cos 99; y = r sin 0 sin 99; z = r cos 0, 

where q± = r, q2 = 0 and q3 = 99. We find ds2: 

ds2 = (sin 0 cos 99 dr + r COS 0 cos cp d0 — r sin 0 sin 99 d<p)2 + 

+ (sin 0 sin 99 dr + r cos 0 sin 99 d0 -f- r sin 0 cos 99 d9?)2 + 

+ (cos0dr — r s i n 0 d 0 ) 2 , 

or, on removing the brackets: 

ds2 = dr2 + r2 d02 + r2 sin2 0 dcp2, (109) 

i.e. Hx = 1, H2 = r, IZ3 = r sin 0, with 0 < 0 < n, so that £T3 > 0. 
Substitution in (108) gives us Laplace's equation in spherical co
ordinates: 

— [ r 2 s m e ^ ) + w l s m e ^ ) + w l ^ - w ) = 0 

or 

We find the solution of this equation depending only on the radius 
vector. With this, we have to take 8*7/80 — dUfdcp — 0, so that 

dr [r dr ) U ' 
whence 

r~ —=-- =—C1 or -K— = j - , 
dr A or r* 
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and we find on integration: 

U = -^- + C2, (111) 

where Cx and G2 are arbitrary constants. We recall that r is the distance 
of the variable point M to the fixed point M0, which we can choose 
as the origin. In particular, with C1 = 1 and C2 = 0, we have the 
solution 1/r, already mentioned in [87]. 

2. Cylindrical coordinates. Here, 

x — Q cos op\ y — Q sin (p; z — z, 

so that q± = p, g2 = 99, g3 = 2. We have for ds2: 

ds2 = dg2 + g2d(p2 + dz2, 

whence H± = 1, i?2 = g, jff3 = 1, and Laplace's equation becomes in 
cylindrical coordinates, by (108): 

9 ( JtfM , _8_ (J_ JH7J , _8_ ( JdUJ\ _ 0 
9̂  I e $Q J 9^ I Q d<P ) & { Q & ) 

or 
d [ dU \ . 1 d*U . 82*7 n / l l o x 

I t is easily shown, as above, tha t the solution depending only on 
the distance g from OZ is: 

U = C1logQ + C2, (113) 

Let U be independent of z, i.e. U has the same value at corresponding 
points of all the planes parallel to the XY plane. I t is now sufficient 
to consider the values of U on the XY plane only (the plane case). 
Laplace's equation in rectilinear rectangular coordinates gives here: 

dx* + dy* ' 

If the plane is referred to polar coordinates (9,99), we get the equation, 
by (112): 

I t is clear from (113) that in the plane case a solution of Laplace's 
equation will be given by log g, where g is the distance of a variable 
point from a fixed point. Of course we could take the solution log \jg = 
= —log g instead of log g. The fundamental solution of Laplace's 
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equation in three-dimensional space is thus the inverse of the distance 
of a variable point from a fixed point, whilst it becomes the logarithm 
of this inverse distance, or of the distance itself, in the plane case. 

120. Differentiation in the case of a variable field. Let a scalar field [7(2, M) 
and a vector field A(£, M) be given in space, the field varying with time in 
both cases, i.e. the value of the scalar or vector is a function of time at every 
point. Further, let all space be given a motion represented by the velocity 
field v. We shall suppose this latter vector to be also dependent on time t. 

We investigate the variation of U with time. We can do this in two ways: 
1. We can fix our attention on a definite point of space and find the rate of 

change of U at this point. We arrive at the partial derivative dU/dt, which 
may be called the local derivative, since it relates to a definite position in space. 

2. We can find the rate of change of U whilst fixing our attention on a 
definite particle of the moving medium (substance). When differentiating with 
respect to time, we now have to take into account the motion of the points of 
the medium themselves, i.e. we have to differentiate U both directly with 
respect to t and indirectly via the coordinates (x, y, z) of the point M. 
We arrive in this case at the total, or as it is sometimes called, the 'particle 
derivative: 

which may be written in the condensed form: 

dU dU 
dt dt + v gradC/. (114) 

We had an example of a particle derivative in [114], where we considered 
the total derivative with respect to time of the density of a particle of a con
tinuous medium in motion. 

Similarly, we have for the variable vector A(t, M) in a moving medium: 

dA dA , 9A , 9A , 8A 

"s W+ -&-"* +~wVy+~^~Vz 

or 

4 r = T+ (^ r a d ) A ' < 1 1 5 ) 

where the meaning of the symbol (v grad) is given by: 
o o o 

(Tgrad) = ^ ^ - + ^ ^ - + ^ z ^ . 

The first term in (114) or (115), i.e. the partial derivative with respect to 
time, represents the change at a given place, whilst the second term represents 
the result of the motion of the medium itself. 
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We now establish certain formulae for differentiating integrals over domains 
related to moving media. The dependence of the integral on time is here due 
both to the integrand being a function of time and to the domain of integration 
varying with time. We can find the derivative with respect to time t by looking 
on the two-fold dependence on t as a dependence on two variables then applying 
the rule for differentiating functions of a function [I, 69]. I t amounts in essence 
to a case of the principle of superposition of indefinitely small operations. 

The derivative of the integral with respect to t will consist of two terms: 
the first is found by assuming that the domain of integration is fixed and is 
given by simple differentiation with respect to t under the integral sign [80], 
whilst the second only takes into account the change in the domain of integra
tion, the integrand being meantime assumed constant. 

We consider various cases. 
1. Let (v) be a variable volume and U(t, M) a scalar function. We find the 

expression for the derivative: 

£/j> dv. 
(v) 

Every element dS of the surface (S) bounding (v) describes a volume dt vn dS 
in time dt, where (n) is the direction of the outward normal to (S) [114]. 

On multiplying this change in volume by the corresponding value of the 
integrand U and summing over the total surface (S), we get the change in the 
value of the integral due to the change in the domain (v) itselff: 

dt$SUvndS. 
(S) 

On dividing by dt and adding the term due to the change in the integrand, 
we get the expression for the derivative of the integral in the form 

(v) («) (S) 

whence, on applying Ostrogradskii's formula, we have: 

JJJ l7d* = J J J ^ + div(C/>)] dv. (116) _d_ 
d* 

(v) ' (v) 
On expressing dU/dt in terms of dU/dt in accordance with (114) and using 

(67J [112], 
div (Uv) = U div v + v • grad U, 

we can re-write (116) as 

fflu*-!n$r + udi"']d»- (117) _d_ 
dt 

(v) (v) 

f If the angle between the direction of v and (n) is obtuse, vn will be negative 
and the change in volume d£ vn dS will also be negative. 
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2. We now consider the derivative of the flux of a variable vector field 
X{t, M) through a moving surface (S): 

_d 
d* 

(S 
as. 

Here, (S) is a surface related to a moving medium and (n) is the direction of 
the normal to (S). One term in the required ex
pression will be 

(S) 

8£ 
dt * d £ . (118) 

The second term, due to the movement of (S) 
itself, is found as follows. Let (I) be the contour 
of the surface and ds a directed element of the 
contour; we define the direction of (I) later (Fig. 
98). Surface (S) describes a volume ((57) in time 
dt, the three boundary surfaces being: the position 
(St) of (S) at time t, the position (St+(it) at time 
t + dt, and the surface (S') described by (I) in 
the interval dt. An elementary area of (S') will be 

d f l ' H d s x v|d*. 

Let (n) be the direction of the normal to (St) p_Q go 
and (St+4i)9 taken in the same direction, and let 
the normal to (St+6t) be directed outwards from 
(<5F). Let (n) also denote the direction of the outward normal from (8V) to 
(S')> and let the direction of (I) be specified such that ds, ▼ and (n) to (#') 
have the same orientation as the axes. With this, clearly, 

AndS' = A.(dsXv)dJ, 

so that Ostrogradskii's formula gives us: 

j ,j^nd>s-j ,j ,^nd>sf+d^A.(d8XT)=nidivAd^ (ii9> 
(St+it) {St) (l) (dV) 

The (—) sign in front of the integral over (St) is due to the normal (n) over(St) 
being directed inwards to (8V). But we know from [105] that 

A-(dsxv) = ds. (vxA) = (vxA) sds, 

where (v X A)s is the projection of ▼ X A on the direction ds, and hence, by Stokes* 
formula: 

j , A. (dsxv )=J , (vxA) s d5=Jj , cur l n (vxA)d iS . 
(0 (0 (St) 

On dividing (SV) into elementary volumes dv = vndS dt, where dS is an 
element of (St), we get by (119): 

J J ^ n d f i f - f J ^ n d S = d ^ J [ ^ d i v A - c u r l n ( T X A ) ] d 5 r . 
<S*+di) (St) (St) 
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We divide both sides by dt and pass to the limit to obtain the term of the 
derivative due to motion of (S). We add term (118) and get finally: 

-^$$An dS = J J \~? + vn div A + curl„ (Axv)] &S. (120) 
(S) (S) 

The term in curln (A X ▼) is absent if (S) is a closed surface, and the formula 
in this case follows at once from (116). Suppose, in fact, that (v) is a variable 
volume bounded by the closed surface (S); we obtain, on applying Ostrogradskii's 
formula and (116): 

^jf^ d ^=^jn d i v A d w = jn[^- d i v A + d i v ( v d i v A ) ] d t '= 
(S) (») (i>) 

=nfd i v[t+v d i v A]d^n(%+?-«d i v A)d s-
3. We now find the derivative of the circulation of a variable vector over a 

moving curve: 

Apsds. 
(0 

As usual, one term in the required expression will be 

(0 

The additional term, due to the motion of the curve itself, is obtained as 
follows. The curve (I) describes a surface (SS) in time dt, the four boundary 
lines being (Fig. 99): curve AXA2, which is the position (lt) of (I) at time t\ curve 
BjB2, the position (Z<+df) of (I) a t time t -\- dt; and finally, the curves AlBl 
and A2B2, described by the ends Ax and A2 of (I) in time d£. Stokes' formula gives: 

$Asds+ J ^ s d . s— J Asds+ J" As ds = j J curln A dS, (122) 
(U) (AtB2) {tt+dl) (BLAJ (dS) 

the integrations over (lt) and (lt+^t) being taken from Ax to B± and A2 to B2 
respectively, whilst (n) is the normal direction to (SS) such that the vectors 
ds, v and (n) on (lt) have the same orientation as the axes. The integrals over 
the small curves (A2B2) and (B^A^) can be replaced by single elements, i.e. 
the products of integrand and length of path; we have for these the scalar products 
of A and the small displacements v d£: 

A<2>.v<2>d* and — A<>> • ▼<*>d/, 

where the ( —) sign is used because integration over curve BXAX is carried out 
from Bt to Av i.e. in the opposite direction to v, whilst the superscripts denote 
values corresponding to the ends Ax and A2. 

An elementary area dS is given by 

dS = | d sxv |d f , 
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and the normal (n) to the surface has the same direction as the vector ds X ▼, 
so that clearly: 

curl„ A dS = (ds X v) • curl A d f = ( v X curl A) • ds dt, 

and (122) gives: 

f As ds — \ As ds = A<*> • v<2> dt — A^> - v ^ dt + dt f (curl A X Y)S ds. 
(U+dd (U) (U) 

On dividing both sides by dt, passing to the limit and adding term (121)9 
we get the required derivative, where we write simply (I) instead of (lt): 

A f As ds = A<2> • v(2) — Ad) • ▼<!) + f [ ^ + (curl A X v)J ds. (123) 

(/) (/) 

FIG. 99 

If (I) is a closed curve, the terms outside the integral fall out, and we get: 

-§As ds= f [ ^ + (curl Axv) s ]ds . (124) d 
d* 

(0 (0 
This expression can be obtained more simply by transforming the line 

integral by means of Stokes' formula, then using (120). 
We further consider the circulation of the velocity along the moving contour 

(I). By (123): 

- ^ f vs ds = ▼<»> • v<2) — vd). vd) + f 1"-^ + (curl v X v)sl ds = 
(0 (0 

= |v<2> |2 _ | V ( D | t + J J_^5_ + ( c u r i v x V)J ds. (125) 
(0 

The component of curl v x v along OX will be: 

(curl v X v ».-(- dz dx 
\ ( dvv dvx \ 
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On removing the brackets and adding and subtracting vxdvx(dx, we can write: 

(curWXT)x = - w vx + - 1 - v, + -g- vz-

dvx dvy dvz 

{dx lx+^d^ly+ dx v*y 
and hence we easily obtain, using (115): 

curlyxr = - ^ Wt r grad |T |* = w ^ g-gradM*, 

where w is the acceleration vector. We have on substituting in (125): 

JjL j \ , s d8 = |V<3> |2 _ |V(D |. + J K 1_ gradf |V|2) d5 = 

(0 (0 

J- [|^(2>i2 — Iv(1> |2] + J ^ s d^, (126) 2 
(0 

since clearly: 

J grad s |v|2 ds = |v<2> |« — |v(1>|'. 
(0 



C H A P T E R V 

FOUNDATIONS 
OF DIFFERENTIAL GEOMETRY 

§ 12. Curves on a plane and in space 

121. The curvature of a plane curve; the evolute. The present chapter 
deals with the basic theory of curves and surfaces; it starts with 
plane curves, after which we pass to curves in space and surfaces. 
Our account makes use of vectors, so tha t the reader must carefully bear 
in mind the initial sections of the previous chapter up to and including 
[107], which deals with the differentiation of vectors. We start by 
proving a lemma: 

LEMMA. / / A is a vector of unit length (a unit vector) which depends 
on a scalar parameter t, we have dA/dt • A = 0, i.e. dA/dt J__ A. In 
fact, A • A = 1 by hypothesis, and we obtain on differentiating this 
equation with respect to t: 

dA .A + A - 4 ^ = 0, dt ' dt 

or, by the independence of a scalar product on the order of its factors: 

A = 0, i.e. —rr±A) dt v ' ^ dt 

where the orthogonality condition obviously only has a meaning in 
the case when dA/dt differs from zero. 

Here and in future, we always assume the existence and continuity 
of the derivatives mentioned in the text. 

Let (L) be a plane curve and let the position of a variable point M 
on the curve be described by a scalar parameter t. The curve may be 
characterized by the radius vector r(t) from some fixed point 0 to a 
variable point of the curve (Fig. 100). The derivative drjdt gives a 
vector directed along the tangent to the curve, as we saw in [107], 
whilst if the length of arc s, measured from some definite point of the 

349 
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curve in a definite direction, is taken as the parameter, dr/ds is the 
unit tangential vector t, the direction of which coincides with the direc
tion of increase of parameter s along the curve: 

dr 
ds = t. (1) 

The derivative of the unit tangential vector with respect to s is called 
the curvature vector: 

t(8+As)-tfc) 

FIG. 100 FIG. 101 

The length of this vector characterizes the rapidity of change in the 
direction of the vector t, and is called the curvature. 

The curvature vector is perpendicular to the tangent by the lemma 
just proved, i.e. is directed along the normal. 

Furthermore, it follows at once from the definition that it is directed 
towards the concave side of the curve, since the difference t(s + As) — 
— t(s), with As > 0, is directed towards this side (Fig. 101). 

The length of vector N is called the curvature, as already mentioned, 
and if we introduce the notation 

INI = (3) 

the inverse of the curvature, Q, is called the radius of curvature. We 
now write n as the unit curvature vector, i.e. the vector of unit length 
with the same direction as N. 

If the length | N | = 0, we must take Q = «>, whilst n is not defined. 
For instance, if (L) is a straight line, | N | = 0 at every point of it, 
and we can choose either of the two directions for the normal lying in 
the plane concerned. We shall assume in future that | N | ^ 0. 
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We have by (3): 

N = — n . 
Q 

(4) 

Let us mark off along the direction of n, i.e. along the normal direction 
towards the concave side, the segment MC, equal to the radius of 
curvature at the point M of the curve (Fig. 102). Its end C is called 
the centre of curvature of the curve at the point M. If M moves 
along the curve (L), C varies and describes a curve (Z^), called the 
evolute of curve (L), i.e. the evolute of 
a curve is defined as the locus of its 
centre of curvature. 

We must find the derivative 
dn/ds for the sake of what follows. 
Since n is a unit vector, dn/ds _]_ n 
i.e. dn/ds is directed along the tan
gent. We obtain on differentiating 
the obvious equation t • n = 0 with 
respect to s: 

N - n + t . dn 
ds = 0. 

FIG. 102 

But N and n have the same direc
tion, and N • n = 1/g by (4), so 
that it follows from the above equa
tion that t • dn/ds = —-1/g. We see 
from the fact tha t t and dn/ds are parallel tha t dn/ds is in the opposite 
direction to t and has a length 1/g, i.e. 

_dn___ 1_ 
ds Q (5) 

Let r be the radius vector and s the length of arc of the curve (L) 
as above, and let rx and s± be the corresponding magnitudes for the 
evolute (LJ. On differentiating with respect to s the equation (Fig. 102) 

we get 

or, by (5): 

_dri_ 
ds 

r± = r + £n 

. . dg dn 
l + -ds-n+e ~ds-

dr t 
ds 

_ , dg . dr t dQ 
= —r—n (6) 



352 FOUNDATIONS OF DIFFERENTIAL GEOMETRY [121 

The right-hand side of this equation is a vector directed along the 
normal to (L), whilst the left-hand side is a vector directed along the 
tangent to the evolute; hence the normal to (L) is parallel to the tan
gent to the evolute. But both these latter past through the same point 
C and are thus identical, leading us to the first property of evolutes: 
a normal to a curve is tangential to the evolute at its corresponding point. 

On recalling the definition of envelope, we can state a second pro
perty of evolutes: the evolute is the envelope of normals to the curve. 

I t seems natural to take the length of arc sx as the parameter for 
the evolute, and by the rule for differentiation of a function of a 
function: 

dr t drt dsl dst 
ds dst ds ds l9 

where t± is the unit tangential vector to the evolute. We get on substi
tuting in (6): 

ds l l " " ds n ' 

and we see by comparing the lengths of the vectors on the two sides 
of the equation that 

dsr 
~ds~ = 

dQ 
ds 

If we assume for simplicity that Q and sx are increasing over the. 
sections of the curve and evolute concerned, we can write dsx = dg.f 
Integration of this relationship over the section concerned shows that 
the increment in length of arc of the evolute is the same as the incre
ment in the radius of curvature of the initial curve. Hence we have a 
third property of evolutes: the increment in the radius of curvature of 
the curve over a section of monotonic change is equal to the length of arc 
between the corresponding points of the evolute. In the case of Fig. 102, 
this property is expressed by: M1C1 — MC = KJ CCV 

We take definite axes OX, OY on the plane and let cp be the angle 
that the tangential direction t forms with OX. We express the unit 
vector in terms of its components: 

t = cos^i + shupj, 

f On the assumption that Q is varying monotonically, we can always choose 
the direction for measuring s± such that st is increasing monotonically with Q. 

i.e. Id^l = \dg\. 
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where i and j are the unit vectors along OX, OY'. We obtain on dif
ferentiating with respect to s: 

TVT • da? . . da? . 
N = — sm (p -£■ i + cos <p -g- h 

whence the square of the length of the curvature vector is given by: 

1 ( . dq>y.( dq> V 1 I d<p I 

This is the same expression for the curvature as obtained in [I, 71]. 
Let the equation of (L) be given explicitly as 

» = /(*). (?) 
The equation of the family of normals to the curve will be 

Y — y = — -±r(X — x) or (X— x) + y'(Y— y) = 0. (8) 
y 

Here, (X, Y) are the current coordinates of the normal, (x, y) are 
the coordinates of the point M of (L), and y is the function (7) of x. 
The role of parameter in equation (8) of the family of normals is played 
by the abscissa # of a variable point of the curve. On applying to (8) 
the usual rule for finding the envelope [10], two equations have to be 
written: (8), and a new equation obtained by differentiating (8) with 
respect to the parameter x: 

(X-x)+y'(Y--y'(Y-y) = 0;) 
-y)-y'2 = o.\ 

(9) 
i + y"(Y •- - '• - ■ 

Elimination of x from these equations gives an equation connecting 
X and Y'. This is in fact the equation of the normal envelope, i.e. the 
equation of the evolute. An alternative procedure is to solve system 
(9) for X and Y in terms of the parameter x, so as to obtain the para
metric equations of the evolute: 

v _ . _ V<i + V> . V-y+±±£L. (10) 

If the equation of (L) is itself given parametrically, the derivatives 
of y with respect to x in (10) have to be expressed in terms of the 
differentials of the variables [I, 74]: 

, = dy_ . - = \dx) ___ d*ydx — d*xdy 
y dx ' & dx dx3 
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Substitution of these expressions in (10) gives us the parametric 
equations of the evolute in this case as: 

X = x d2*/dz-d2zd«/ ' ^ ^ d2t/do; - d2x&y ' [li] 

Examples. 1. We find the evolute of the ellipse: 

+ -^- = 1 ( a > 6 ) . 

On writing the equation of the 
ellipse in the parametric form 

x = a cos t; y = b sin t 

F I G . 103 FIG. 104 

and substituting in (11), we find after simplification: 
•62 

X = -

|r = -

cos3 £, 

sin3 £. 

We eliminate parameter t from these two equations. We multiply the first 
by a and the second by 6, raise to the power 2/3 and add; this gives us the evolute 
of the ellipse in the implicit form: 

2 2 2 2 

a3 x 3 + 63 Y3: (a2 — 62)3 

The evolute is easily plotted by using these equations. The radius of curvature 
attains its least and greatest values at the vertices of the ellipse and the cor
responding points of the evolute are singular points (cusps) (Fig. 103). 
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2. We find the evolute of the parabola y = ax1. We easily find, on using 
equations (10): 

X = — 4a2z3, Y = - J - + 3as2 . 
2a 

Elimination of the parameter x now gives us the evolute of the parabola 
as explicitly (Fig. 104): 

1 3 2 

2a 2 Y2a 

3. We take the cycloid: 

x ~ a (t — sint); y = a (I—cost). 

FIG. 105 

We use equations (11) to find the parametric equations of the evolute as 

X = a (t + sin t); Y = — a (1 — cos t). 

This may easily be shown to be the same curve as the original cycloid, 
except for being displaced relative to the axes (Fig. 105). We simply put t = 
= T — 7i, and write the last equations as: 

X -f- an = a (T — sin T) , 

Y + 2a = a (1 — cos T) , 

whence our statement follows immediately. 

122. Involutes. The curve (L) itself is called the involute of its 
evolute (LJ. A rule for drawing the involute of a given evolute is 
easily derived from the properties of evolutes. If C is a variable point 
of (L±) and s± is its length of arc, we cut off a section CM = s± + a, 
where a is a constant, in the negative direction along the tangent to 
(Lx) at (7, and consider the locus (L) of the end M. This locus may 
easily be shown to be the required involute (Fig. 106). I t is sufficient 
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to show that CM is normal to the curve (L). Let r and r± be the radius 
vectors to (L) and (L±), as above, and let tx be the unit tangential 

vector to (L±). By construction: 

* = r i — (*i + a) h > 

whence differentiation with res
pect to s± gives: 

dr 
dst 

i.e. 

t, -(*i + a) 

dr — {s1 + a) dt i 

FIG. 106 

ds1 v i l / &8i 

I t is clear from this that the vector 
drjdsv parallel to the tangent to 
(L), is at the same time parallel to 
the vector dt1ldsv i.e. to the nor

mal to (LJ; hence it follows that the tangent CM to (L±) is normal to (L). 
We can assign arbitrary values to the constant a in the expression 

CM = $! + a, so tha t an infinite number of involutes can be obtained 
for a given evolute. I t follows from the method of construction that 
any two involutes have a common normal, the intercept of which 
between the curves maintains a constant length equal to the difference 
between the values of the constant a taken. Two such curves are said 
to be parallel. 

123. The natural equation^ of a curve. The curvature along any 
curve is a definite function of the length of arc: 

7(«). (12) 

We show that , conversely, a single curve is defined by any equation 
of the type (12). We fix the direction of the x axis arbitrarily and let 
q> be the angle between the tangent to the curve and this axis. We 
know tha t \fq = ± d<p/ds, and (12) gives: 

dg> 
~ds~ = ±/w, 

whence 

<P = ± J f(s)ds + C. 

f The natural equation is also known as the intrinsic equation. 
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We may assume that the direction of the x axis coincides with the 
direction of the tangent at s = 0, so that we may take C = 0 in the 
last equation, i.e. we obtain as an expression for the angle cp: 

<P = ± F(s), where F(s) = j f(s) ds. 
o 

We know moreover [I, 70] that 
dx dy - _ = cosr> _ _ = 8 m ^ 

whence, by the previous equation: 

x - fcos[F{8)]ds + C
l9 

0 
y=± fsm[F(s)]ds + C2. 

If we locate the origin at the point of the curve for which 5 = 0, we 
must take 01 = C2 = 0, and we get the fully defined curve 

x= ( cos[F(8)] ds; y=± J sin [^(s)] ds. (12J 
d o 

The i sign merely gives symmetry with respect to the x axis. 
We have now shown tha t (12) can correspond to a curve defined 

in the above sense and that equations (12x) must specify the curve 
parametrically with the coordinate system chosen. I t may easily be 
verified that the curvature of the curve defined by (12x) in fact has 
the value given by (12). 

We speak of (12) as the natural equation of the curve, in the sense 
tha t it is independent of the particular coordinate system chosen, 
whilst a fully defined curve corresponds to it (except for symmetry). 

Examples. 1. If (12) has the form 1/g = (7, i.e. the radius of curvature is 
constant, we know that a circle satisfies the equation [I, 71]. I t follows from 
the above that a circle is the only curve with constant radius of curvature. 

2. Let the curvature 1/p be proportional to the length of arc: 

= 2as, 
Q 

where 2a is the positive coefficient of proportionality. The above working gives 
in this case: 

s s 
x — J cos (as2) ds; y = j* sin (as2) ds. (13) 

o o 
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We can say from the convergence of the integrals [83]: 

j* cos (as2) ds; J sin (as2) ds 
o o 

that on indefinite increase of s the curve will tend to a point of the plane with 
coordinates equal to the values of these integrals, the point being approached 
by spiralling about it (Fig. 107). If s is assigned negative values in expressions 
(13), we get the portion of the curve contained in the third quadrant of the 
axes. The curve obtained here is known as a Cornu spiral and is encountered 
in optics. 

H 

FIG. 107 FIG. 108 

124. The fundamental elements of curves in space. A curve (L) in 
space can be defined by specifying the radius vector r(t) from the origin 
to a variable point M of the curve (Fig. 108). If we take the length 
of arc s as the parameter t and differentiate r with respect to sy we get 
the unit tangential vector to the curve [107]: 

dr 
ds (14) 

The derivative of t with respect to s is known as the curvature vector 
dt 
ds = N, (15) 

and the length of this defines the curvature 1/g, the inverse Q being 
called the radius of curvature. The vector N is perpendicular to t, as 
in the case of a plane curve, and the direction of N is known as the 
direction of the principal normal to the curve. If n denotes the unit 
vector in the direction of the principal normal, we can write: 

Q 
(16) 
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Now let b be the unit vector perpendicular to t and n: 

b = t X n . (17) 

This is known as the unit binormal vector. 
The three unit vectors t, n and b, having the same orientation as 

the coordinate axes, are said to form a variable triad related to the curve 
(L). If (L) is a plane curve, vectors t and n lie in the plane and the unit 
binormal vector b is therefore a constant vector of unit length perpen
dicular to the plane. In the case of a non-plane curve, the derivative 
db/ds characterizes the deviation of the curve from the plane form 
and is called the torsional vector. We show that the torsional vector is 
parallel to the principal normal. From (17): 

db -«T dn 

But N and n have the same direction so that their vector product 
is zero, i.e. 

db dn ... 0 x 

whence it follows tha t db/ds and t are perpendicular. We know on the 
other hand tha t db/ds, the derivative of a unit vector, must be perpen
dicular to b itself. Hence db/ds, erpendicular to t and b, must in fact 
be parallel to n, and we can write 

where the numerical coefficient 1/r is called the torsion of the curve, 
the inverse r being the radius of torsion or radius of second curvature. 
Unlike the curvature 1/g, 1/r can be either positive or negative. Need
less to say, the existence of the tangential, curvature and torsional 
vectors is bound up with the existence of the derivatives in terms of 
which they are expressed. 

We now obtain formulae for calculating the curvature and torsion. 
On taking Cartesian axes OX, OY, OZ, with the corresponding unit 
vectors i, j , k, we can write: 

. , • , l ^ da? . . dw . , dz « 

*T d2x . . d2y . , d2z f 
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whence we obtain for the length of the vector N 

J _ _ fd2x 
■)'+(-&-)■+(£)"■ <2°> 

I t follows from (19) that the torsion 1/r can be expressed as a 
scalar product: 

1 db 
T as 

or, by (18), 

On substituting for n from (16): 

we get: 

!=('^)-«»=[«(l»+«3]'«»= 
= e-4-(,XN).N + e » . ( t x - ^ - ) . N . 

The vector product t X N is perpendicular to N, so tha t the first term 
in the last expression is zero; hence 

-^-«■(«*-£-)•»• 
or, on transposing the factors in the vector product: 

1 o ( dN 
■*(-£-*«)•»■ 

We get finally, on carrying out a cyclic change of the vectors and 
using (14) and (15): 

JL-_02(^LX^L) . _i!JL ,2i) 
T - 6 [ds X d52 J • ds3 • i^1) 

I t may be noted that the coefficient of (— g2) is the volume of the 
parallelepiped formed by the vectors dr/ds, d2r/ds2, d3r/ds3 [105]. 

We return to expression (20) for the curvature. I t is assumed in this 
that the coordinates x, y, z are given as functions of the length of arc. 
We now obtain a new form of (20), suitable for a curve given in any 
parametric form. We shall need to express the derivative of the coor
dinate with respect to the length of arc in terms of the differential of 
the coordinate. Differentiation of the expression 

ds2 = da;2 + dy2 + dz2 (22) 
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gives us: 
ds d2s = da; d2x +dy d2y + dz d2z. (23) 

We have, moreover [I, 74]: 

d2x d2xd8 — d2sdx m d2y d2yds— d2sdy 
ds2 ds* ' ds2 ds* 

d2z d2z ds — d2s dz (24) 
ds2 ds3 

We obtain on making these substitutions in (20): 

1 _ 
Q2 ~ 
_ d*2[(d*a;)2+(d^)2+(d*g)*]—2d*d2^ 
~" ds* 

or, b y (22) and (23): 

1 _ 
Q2 ~ 
__ (da?2+di/2+dz2)[(d2a?)2+d2t/)2+(d22)2]—(da; d2x+dy d2y+dz d2 z)2 

ds« (25) 

We now recall from [104] an elementary algebraic identity tha t we 
shall need: 

{a2 + b2 + c2) (of +b\ + c\) — (aax + bb, + ccx)2 = 

= (bc± — cbj2 + (cax — ac^2 + {ab1 — bax)2. (26) 

On applying this identity to the numerator of the right-hand side 
of (25), we can write the square of the curvature in the final form: 

1 _ A2 + B2 + C* 
Q2 ~~ (d*2 + dy2 + dz2)* ' 

where 
(27) 

A = dy d2z — dz d2y; B = dz d2x — dx d2z; 

C = dxd2y — dyd2x. 

If (L) is the trajectory of a moving point, the velocity vector will be defined 
by 

dr ds 
dt dt 

Further differentiation with respect to time gives us the acceleration vector 

_ dv _ d2s ds dt 
W ~ ~ d r ~ ~ d t 2 ~ t + ~S d T ' 
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or by (15) and (16): 

ds 
d*2 d* 

ds 
d* 

dt d2s 
ds d*2 t H n 

Q (■4). 
whence it is clear that the acceleration vector has a component along the 
tangent equal to d2s/dt2 and one along the normal equal to V2/Q, whilst the 
component along the binormal is zero. 

125. Frenet's formulae. We introduce a notation for the direction-
cosines of the axes of a movable triad with respect to fixed coordinate 

axes, as indicated in the accompanying 
table. 

Frenet's formulae give the derivatives 
of the nine direction-cosines written with 
respect to s. 

The components of unit vector t are 
a, /?, y, and the expression 

dt T.T 1 
ds Q 

leads to the first three of Frenet's 
formulae: 

t 

n 

b 

X 

a 

« i 

°2 

Y 

P 

ft 

ft 

Z 

y 

7i 

72 

da 
ds ds Q 

dy_ 
ds 

= J!l-
Q 

Similarly, (19) leads t o t h e t h r ee fur ther formulae 

da2 __ ax # dp2 _ ft . dy2 _ y 
ds T ds ds 

Consideration of the movable triad gives us directly n = 
and we obtain by differentiation with respect to s: 

(28) 

(28x) 

t X b , 

dn 
ds n X b t X n = 

This gives the final three formulae: 

da t 
~~ds~ 

dyt 
ds 

aft 
ds 

_y 
Q 

LA. 
T 

r2 
T 

(282) 

We can easily show by using (28) that if the curvature 1[Q is zero 
along a curve (L), (L) is a straight line. The identity \Jq = 0 gives, 
in fact, 
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whence it is clear that a, /?, y are constants. But we know from [I, 160] 
tha t the direction-cosines a, /?, y of the tangent are equal respectively 
to dxjds, dyjds, dzjds, and since these are constant, the coordinates x, 
y, z must be first degree polynomials in s, i.e. we have in fact a straight 
line. 

I t may easily be shown in a similar way that if the torsion is zero 
along a curve, the curve lies in a plane. 

126. The osculating plane* The plane defined by vectors t and n 
is called the osculating plane to the curve. The normal to this plane is 
given by b, the direction-cosines of which we proceed to find. 

Since b is a unit vector, its direction-cosines are equal to its compo
nents bx, by, bz. I t follows from (17) tha t : 

a2 = K = ty nz — tz ny;) 
P2 = by = tznx — txnz> 
y2 = bz = txny — tynx,1 

(29) 

where tx, . .., nx, . . . are the components of t and n. As we saw above, 
tx, ty, tz are proportional to dx, dy, dz; nx, ny, nz are proportional to the 
components of N, which are equal to d2xjds2, d2?//ds2, d2^/ds2, these 
latter being in turn, by (24), proportional to the differences 

d2xds — d2sdx, d2yds — d2sdy, d2zds — d2sdz. (30) 

We can thus replace tx, ty, tz by da;, dy, dz in (29), nx, ny, nz being re
placed by differences (30). On cancelling, we find that the direction-
cosines of the binormal are in fact proportional to the expressions: 

A = dy d2z — dz d2y\ B = dz d2x — dx d2z; | 
C = dx d2y — dy d2x, j 

which we introduced above [124]. If we take (x, y, z) as the coordi
nates of a variable point M of the curve (L), we can write the equation 
of the osculating plane as 

A(X — x) + B{Y —y) + C(Z — z) = 0. 

At points where the length I N | = 0, i.e. @ = oo, all three of ex
pressions (31) are zero, as follows from (27), and the osculating plane 
is not defined. The directions of the principal normal and binormal 
are also not defined. 
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127. The helix. Let (I) be the base in the XY plane of a cylinder with 
generators parallel to the z axis (Fig. 109). Let a be the length of arc of (I) 
measured in a definite direction from its point of intersection A with OX, and 
let the equation of (I) be 

x = cp (o); y = y> (o). (32) 

We mark off an arc AN on (I) and draw a straight line NM = ko, parallel 
to the z axis, where A; is a given numerical coefficient (the thread of the screw). 

FIG. 109 

The locus of the point M is a helix (L), inscribed on the cylinder. I t s parametric 
equations are clearly: 

x = <p(o); y = (p(o); z = ko. (33) 

Let s be the length of arc of (L) measured from the point A. We have: 

ds2 = da2 + dy2 + dz2 = [<p'2 (a) + y'2 (o) + fc2] da2. 

But <p'(o) and y>'(o) are respectively equal to the cosine and sine of the angle 
formed by the tangent to (I) with the x axis [I, 70], whence q>'2(cr) + \p'2{o) = 1, 
and we can write the above expression as 

ds = Vl + fc2 dcr, 
so that 

s = Yl + k* a, 

We now find the cosine of the angle formed by the tangent to (L) with the 
z axis: 

_ dz __ dz da _ k 
ds do ds yi J_ &2 

this gives the first property of a helix: the tangent to a helix forms a constant angle 
with a fixed direction. 
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We recall the third of expressions (28), which gives in this case: 

0 = -^L or yx = 0, 

so that the principal normal to a helix is perpendicular to the z axis, i.e. to 
generators of the cylinder. On the other hand, it is perpendicular to the tangent 
to the helix. A generator and a tangent are easily seen to define the tangent 
plane to the cylinder at the point of the helix concerned, and it follows from 
the above that the principal normal is perpendicular to this tangent plane. 
Hence we have a second property of the helix: the principal normal at any point of 
a helix coincides with the normal to the cylinder on which it is traced. 

We now return to the cosines y, ylf y2 of the angles formed by the z axis 
with the directions of a movable triad of the helix. On noting that y2 + y\ + 
+ y2 = 1 and that y and yl are constants, as we saw above, we can conclude 
that y2 is also constant. The third of expressions (282) gives in the present case 
~~ (VIQ) — (Vzh)=== 0» whence we see that the ratio Q/T is constant; this gives us 
the third property of a helix: the ratio of the radius of curvature to the radius of 
torsion is constant along a helix. Let r denote the radius of curvature of the 
plane curve (I). In view of the square of the curvature being equal to the sum 
of the squares of the second derivatives of the coordinates with respect to the 
length of arc, we can write: 

-L = 9/'2(a) + Y/'2(<7) 

and 
1 _ ( &2x y ( d2y y f d2z y _ [ Y j l ^ y , 

f d2
y y r &H y\ i 

"^ I da2 J "*" I, da2 J J (i + fc2)2 ' 
whence 

1 _ <p"2(a) xp"\o) _ 1 
Q2 ~" (1 + fc2)2 + (1+fc2)2 _ (l + fc2)2r2 ' 

or Q = (1 + k2) r, i.e. the radius of curvature of a helix differs only by a con
stant factor from the radius of curvature of the guide-curve at the correspond
ing point. If the cylinder is circular, i.e. the guide-curve (I) is a circle, r is con
stant, so that Q is also constant; further, by the third property above, r is 
now likewise constant, i.e. a helix on a circular cylinder has constant curvature 
and constant torsion. 

A further important property of a helix may be described in conclusion. 
If two points are taken on a cylinder, the shortest distance between them is 
given by the helix passing through the points. A helix on a cylinder is exactly 
analogous in this connection to a straight line on a plane. The present property 
is usually stated as: the geodesies of a cylinder are helices. The geodesies of a surface 
are defined in general as the curves on the surface giving the shortest distance 
between two points. 

If we roll out the cylinder on the XZ plane by rotating it about a generator 
passing through the point A, the helix becomes a straight line on the plane since 
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the ratio of arc AN to the straight segment NM retains the constant value 
l/k. Lengths will be preserved in the unrolling, and the above property — that 
the helix gives the shortest distance between two points of the cylinder — 
becomes obvious. This property is in fact directly related to the second property 
of a helix, i.e. to the fact that the principal normals of a helix coincide with 
the normals to the cylinder. I t may be shown generally in geometry that the 
principal normals to the geodesies of any surface are identical with the normals 
to the surface. 

128. Field of unit vectors. Let t be a field of unit vectors, i. e. a unit vector t 
is given at every point of space. We deduce a simple and important expression 
for the curvature vector N of vector lines of the field. If coordinates (x,y, z) 
are taken, and s is the length of arc of a vector line, we can write: 

da? dy dz 
— **> A a — h'* A o — tz-ds ~ x ' ds ~ *y* 

We find the component Nx of the curvature vector: 

dtx dtx dx dtx dy dtx dz 
N^ = ds dx ds dy ds dz ds 

dx x^ dy y^ dz z' 

On differentiating the equation 

i\ + 4 +'! = i 
with respect to x, we get: 

x dx +'y dx + z dx 

By subtracting this sum from the above expression for Nx, we can write: 

N _(dtx __%_)t_(Vty %c_)t 
i V x - I dz~~ dx ) h \dx~ dy ) lr 

i.e. Nx = (curl t x t)x, whilst similar expressions can clearly be written for the 
other two components. The required expression for the curvature vector of 
a vector line is thus: 

N = c u r l t x t . (34) 

The necessary and sufficient condition for these lines to be straight is tha t 
the length of N, i.e. the curvature 1/g, is zero [125]. Hence the necessary and 
sufficient condition for the vector lines of a unit field t to be straight is that: 

c u r l t x t = 0. (35) 

Furthermore, we saw in [110] that the necessary and sufficient condition 
for the existence of a family of surfaces orthogonal to the vector lines is: 

curl t • t = 0. (36) 

or 
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Conditions (35) and (36) can only be satisfied simultaneously when curl 
t = 0, since non-vanishing of this vector implies its being parallel to t by (35), 
whilst (36) means that the two vectors are perpendicular. Hence, the vector lines 
of a unit field t are normal to a family of surfaces only when curl t = 0. This 
proposition plays an important part in explaining the principles of geometrical 
optics. 

§ 13. Elementary theory of surfaces 

129. The parametric equations of a surface. We have so far con
sidered the equation of a surface in space with (x, y, z) axes in the ex
plicit form z = f(x, y) or implicitly as 

F(x,y,z) = 0. (37) 

The equation of a surface may be written parametrically, the coor
dinates of its points being expressed as functions of two variable para
meters u and v: 

x = <p(u,v); y = y(u9v); z — co(u,v). (38) 

We shall assume tha t these functions are single-valued and conti
nuous, and possess continuous derivatives up to the second order in a 
certain domain of variation of parameters (u, v). 

If we substitute the expressions for the coordinates in terms of u 
and v in the left-hand side of (37), we must get an identity in u, v. 
We have on differentiating this identity with respect to the independ
ent variables u, v: 

dF dy dF dtp dF dm _ 
dx ' du "t~ dy ' du "*" dz ' du ~ ' 

dF dy dF 8y . dF dm _ Q 
dx " dv •" dy ' dv + dz * dv ~~ ' 

If we consider these as two simultaneous equations in dFjdx, 
dF/dy, dF/dz and use the algebraic lemma given in [104], we get: 

dF __ , ( dtp dm _ dm dtp \ % 
dx ~~ [du ' dv du ' dv y 

dF _ , ( dm dtp _ dq) dm \ . 
dy ~ I du ' dv du ' dv ) ] 

dF _ j ( d<p dip dtp dcp \ 
dz ~ ^[ du ' dv du dv J' 

where k is a coefficient of proportionality. 
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We assume that k and at least one of the differences in brackets on 
the right-hand sides of the above expressions differ from zero. 

We denote the three differences as follows, for brevity: 

dtp 
du 

dco 
du 

d(p 
du ' 

dco 
dv 

dcp 
dv ~ 

dtp 
dv 

dco 
du 

dcp 
du 

dtp 
du 

dtp _ 
" dv ~~ 

dco 
dv ~~ 

dcp 
' dv ~~~ 

d{u,v) ' 

d(z,x) # 
d(u,v) ' 

d(x, y) 
d(w, v) 

We know from [I, 160] that the tangent plane at a point (x, y, z) 
of our surface can be written as: 

or, if dFjdXy dFfiy, dFjdz are replaced by their proportionate values, 
the tangent plane may be written: 

^$-<*—>+-&3-<*-«+-&£<*->-<>• <39> 
The coefficients in this equation are known to be proportional to the 

direction-cosines of the normal to the surface. 
The position of a variable point M of the surface is characterized 

by the values of the parameters u, v, and these are usually referred 
to as the coordinates of the point on the surface. 

On assigning constant values to u and v, we obtain two families of 
lines on the surface: the so-called coordinate lines u = Gv along which 
only v varies, and the coordinate lines v = C2, along which only u 
varies. The two families give rise to a coordinate mesh on the surface. 

Let us take the example of a sphere of radius R with centre at the 
origin. The parametric equations of the sphere may be written in the 
form: 

x = JS sin w cost;; y == i? sin ^ sin A; ^ = i?cos^. 

Coordinate lines u = Cx and v == C2 evidently consist here of parallels 
and meridians of the sphere. 

We can characterize a surface without reference to coordinate axes 
by the radius vector v{u, v) drawn from a fixed point 0 to a variable 
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point M of the surface. The partial derivatives of this radius vector 
with respect to the parameters, v'u and r^, are evidently vectors directed 
along the tangents to the coordinate lines. The components of these, 
vectors on the axes OX, OY, OZ are, by (38), cp'u, ip'Ui w'u and cp'Vi \p'Vi a>'v 

and it is clear from this tha t the coefficients in the equation of the 
tangent plane (39) are the components of the vector product r i x rj . 
This latter is perpendicular to the tangents r„ and r^ and is therefore 
directed along the normal to the surface; the square of its length is 
clearly given by the scalar product of r„ X r£ with itself, or to put 
the matter more simply, by the square of this vector product.f The 
unit vector along the normal to the surface plays an important par t 
later, and we can evidently write this as: 

If we change the order of the factors in the vector product, we get 
the opposite direction for (40). We shall later fix a definite order 
for the factors, i.e. we shall define precisely the direction of the 
normal to the surface. 

Let M be any point of the surface and let (L) be any curve lying on 
the surface and passing through the point M. The curve will not in 
general be a coordinate line, and both u and v will vary along it. The 
direction of the tangent to the curve will be given by the vector 
ru + ri dv/du, if we assume tha t the parameter v is a function of u 
possessing a derivative in the neighbourhood of M along (L). I t is 
clear from this tha t the direction of the tangent at any point M of a curve 
lying on a surface is fully defined by the quantity dvjdu at this point. 
We assumed when defining the tangent plane and deducing its equa
tion (39) tha t functions (38) have continuous partial derivatives at 
and in the neighbourhood of the point in question and that at least 
one of the coefficients of equation (39) differs from zero at the point. 

If d(x, y)/d(u, v) 7̂  0 for u = u0, v = v0, the same will be true in 
some neighbourhood of these values. This neighbourhood transforms, 
by the first two of expressions (38), into a neighbourhood of the values 
x0 = y(uQ, v0), yQ = ip[u0, v0), and the first two of equations (38) 
can be solved with respect to u and v [I, 157] for (x, y) sufficiently 
close to (rr0, y0), i.e. u and v can be expressed in terms of x and y. 

t In general, we shall denote the square of the length of a vector A as A2, 
i.e. the scalar product A • A. 

(40) 
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Substitution of these expressions in the third of equations (38) gives 
the explicit equation of the surface z = f(x, y) in the neighbourhood 
of the point concerned. 

130. Gauss first differential form. We now consider the square of 
the differential of arc of any curve on a surface: 

ds2 = dx2 + dy2 + dz2 = 
dx dx 

du 
dy dvf + (■ dz A . dz , V 

where 

(42) 

or 
E-- F 0 = i, (42x) 

We can show, exactly as in [119], tha t the vanishing of the coeffi
cient F is the necessary and sufficient condition for the coordinate 
lines u = Gx and v = G2 to be mutually perpendicular. The curvi

linear coordinates u, v on the 
surface are called orthogonal co
ordinates in this particular case. 

We now find an expression for 
an elementary area of the surface 
in terms of the coefficients of (41). 
We take the small area bounded 
by two pairs of neighbouring 
coordinate lines (Fig. 110). Let 

(u, v) be the coordinates of vertex A. The sides AD and AB are 
respectively r„ du and r^ dv. If we look on the small area as a paralle
logram [cf. 57], its area can be written as the length of the vector 
product of these two vectors, i.e. 

dS = \r'u du X i£ dv\ = \r'u X ri| du dv. 

FIG. 110 

On removing the brackets, we get what is known as the Gauss first 
differential form: 

ds2 = E(u, v) du2 + 2F(u, v) dudv + G(u, v) dv2, (41) 
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We have for the square of the length of the vector product: 

1 " A W ~ V du ' dv du ' dv ) "^ [du dv du ' dv) ~t* 

+ V du ' dv du ' dv ) ' 

whence, by identity (26) of [124]: 

W x r y = EG - F\ (43) 

so that we finally have for an elementary surface area: 

dS=YEG — F2dudv. (44) 

Furthermore, by substituting (43) in (40), we can write the ex
pression for the unit normal to the surface as 

m =
 r " X r » . (45) 

YEG—F* 
I t may be pointed out that EG — F2 is positive, by (43). 

131. Gauss second differential form. We consider a curve (L) on a 
surface and let t be its unit tangential vector. This is obviously per
pendicular to the unit normal vector to the surface, i.e. t • m = 0. 
We have on differentiating this relationship with respect to the length 
of arc s of (L): 

dt , A dm ~ 1 , x . dm A --T- • m + t • —5— = 0 or — (n • m) + t • —̂— = 0, ds ' ds Q v ' ds 

where Q is the radius of curvature and n the unit principal normal to 
L). The above equation can be rewritten as 

n • m dr dm cos w d r . dm — or 
Q ds ds Q ds2 ' 

where cp is the angle between the normal to the surface and the princi
pal normal to (L). We can express the differentials d r and dm in terms 
of the coordinate parameters u and v and thus write: 

cos (p — (ry du + r'v dv) • (m« du + mi d^) 
ds2 (46) 

On removing the brackets in the numerator, we get the Gauss second 
differential form: 

— {r'u AM + r'v dv) • (m„ du + m'v dv) = 

= L(u, v) du2 + 2M(u, v) du dv + N{u, v) dv2, 
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where 

L^-r^mi; Jf^-.^.W-m;)—l-W-O; (47) 

so tha t (46) takes the final form: 

coaq> L du* + 2Mdu dv -f N dv* ,.~. 
g ~~ Edu* + 2Fdudv + G dv* # ( ' 

We now notice alternative expressions for the coefficients L, M, 
and N. Differentiation of the obvious relationships 

r ^ m = 0, r ; - m = 0 

with respect to the independent variables u> v gives us the four 
equations: 

r£2• m + r„ • m^ = 0; r£r • m + r„ • m£ = 0; 

r ; u . m + r ; .m^ = 0; i £ m + r ^ m j = 0, 

and from these, together with (47), we can write the following ex
pressions for the coefficients of the Gauss second differential form: 

£ = r£,-m; JVr = < a - m ; (49) 

M = *uV • ni = — r^ • m£ = — r'v • niy. 

On recalling expression (45) for the vector m, we can write (49) 
in the form: 

YEG - F* ' YEG - F* ' 

N = r ' ' -( r"Xr»> . (50) 
VEG — F* 

We now take the case when the equation of the surface is given 
explicitly: 

z = f{x9y). (51) 

The role of parameters is now played by x and y, and we have the 
following expressions for the components of the radius vector and its 
derivatives with respect to the parameters: 

r(x9y9z); r£( l ,0 ,p) ; v^{0fl9q) 

r* a(0,0,r) ; r ^ (0,0,5); rfr(090,t), 
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where 

_ 9/ __ df — 9*/ _ 9*/ . 8*/ , K 0 , 
P-~9£~; q~~W; r-~d&~; s-'teW'' l~~W ( } 

Use of (42x) and (50) gives us the coefficients of both Gauss forms as: 

F = l+p*; F = pq; O^l+q2; 

L= , r =; M= , * = ; N = - = J = . (53) 

We now make a definite choice of axes by taking the origin at a 
point MQ of the surface, OX and OT in the tangent plane, and OZ 
along the normal to the surface at M0. We use the zero subscript 
to indicate tha t a magnitude is being taken at M0. With the present 
choice of axes, the cosines of the angles formed by the normal to the 
surface with OX and OY a t M0 will be zero, so tha t we have [62] 
p0 = q0 = 0, whilst (53) gives at M0: 

£ 0 = r0; MQ = s0; N0 = t0. (54) 

132. The curvature of lines ruled on surfaces. We return to (48). 
I ts right-hand side depends on the values of the coefficients of the 
two Gauss forms and on the ratio dv/du. The last statement is im
mediately clear on dividing numerator and denominator by d^2. The 
coefficients are functions of the parameters u, v and have a definite 
numerical value a t a given point of the surface. As we saw in [129], the 
ratio dv/du characterizes the direction of the tangent to the curve con
cerned. We can therefore say tha t both sides of (48) must have a 
definite value if we fix the point on the surface and the direction 
of the tangent to the curve on the surface. If we take two curves 
through a fixed point on the surface with the same tangential 
direction and the same principal normal, the angle cp will be the same 
for both curves, and therefore, by (48), Q will also be the same. We thus 
have the following theorem: 

FIRST THEOREM. TWO curves on a surface with the same tangent 
and principal normal at a given point have the same radius of curvature 
at this point. 

If an arbitrary line (L) is drawn on a surface and passes through 
a point M% the plane containing the tangent and principal normal 
to (L) a t M will cut the surface in a plane curve (L0) having the 
same tangent and principal normal as (L) and hence having the 
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same radius of curvature. The theorem thus proved enables the 
investigation of the curvature of any curve on a surface to be reduced 
to the study of the curvature of a plane section through the surface. 

A normal section of a surface at a given point M is defined as the 
section by any plane passing through the normal a t M. There is 
obviously an infinite set of normal sections, one particular section 
being specified by assigning a definite tangential direction in the 
tangent plane to the surface, i.e.we fix the value of dv[du. The principal 
normal to a normal section must be equal or opposite to the vector m, 
so that the angle cp equals 0 or n, whence cos <p = ± 1 . 

Let (L) be any curve on a surface through a point M. The normal 
section corresponding to (L) a t M is defined as the normal section 
having a tangent in common with (L) at M. Let q be the radius of 
curvature of (L) and R the radius of curvature of the corresponding 
normal section. We confine our attention here to the point M. Since 
both curves have the same tangent, the right-hand side of (48) is 
the same in both cases, and we can write 

COS W ± 1 , -n /e>t*\ 
^—fi—> i e * Q= ±R-cos<p, (55) 

where cp is the angle between the principal normal to the curve and 
the normal to the surface. The last formula expresses the following 
theorem: 

SECOND THEOREM (Meusnier's theorem). The radius of curvature at 
any given point of a curve on a surface is equal to the product of the 
radius of curvature of the corresponding normal section at the point 
with the cosine of the angle between the normal to the surface and the 
principal normal to the curve. An alternative statement of the theorem 
is: the radius of curvature of any curve on a surface is equal to the 
projection of the radius of curvature of the corresponding normal 
section (marked off along the normal to the surface) on the principal 
normal to the curve. 

In the case of a sphere, a normal section is a great circle, and if 
we take (L) as any circle traced on the sphere, (55) reduces to the 
obvious relationship between the radii of the two circles (Fig. 111). 

By the second theorem, investigation of the curvature of a curve 
on a surface reduces to investigation of the curvature of the normal 
section at a given point of the surface. We have seen that , for a 
normal section, we must take cos cp = ± 1 in (48). We shall agree 
to refer the (—) sign to q when it occurs, i.e. we shall take the radius 
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of curvature of a normal section as negative if the principal normal 
to the section is in the opposite direction to m, i.e. opposite to the 
chosen normal direction to the surface. With this agreement, the 
formula is valid for normal sections: 

1 _ L du* + 2M &u dv + N dv2
 ( 

~R"~ Edu* + 2Fdudv + Gdv* * ^5b^ 

I t may again be recalled that the coefficients of the differential 
forms on the right of this expression have definite values, since^we 
have fixed the point on the surface and 
the value of l/B depends only on the ratio 
dv/du, i.e. on the choice of tangential di
rection. The denominator on the right of 
(56) always has a positive value, since it 
is the expression for ds2, and the sign of 
the curvature l/B of a normal section is 
therefore defined by the sign of the numer
ator. We may distinguish the following 
three cases: 

1. If M2 — LN < 0 at the point taken, 
l/B has the same sign for all normal sec
tions, i.e. the principal normals to all normal sections are directed 
towards the same side. Such a point on a surface is described 
as elliptic. 

2. If M2 — LN > 0, l/B has different signs, i.e. there are normal 
sections at the point taken with opposite directions for the principal 
normal. A point of this kind is called hyperbolic. 

3. If M2 — LN = 0, the numerator of the right-hand side of (56) 
is a perfect square and IjB does not change sign here, although it 
vanishes for one particular normal section. This kind of point is 
called parabolic. 

I t may be noted tha t the numerator of the right-hand side of (56) 
vanishes whilst changing sign in the hyperbolic case, and there are 
two normal sections with zero curvature. There are no such sections 
in the elliptic case. 

We take axes as in [131], with the origin at the point of the surface 
taken and OX, OY situated in the tangent plane. 

By (54), equation (56) takes the form: 

1 = r0dx* + 2s0dxdy + t0dy* 
B ds* 

FIG. I l l 
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The tangent to the normal section lies in the XY plane, and the 
ratios dx[dst dy/ds are equal respectively to cos 0 and sin 0, where 0 
is the angle formed by the tangent with the x axis.The above expression 
thus becomes: 

- L = r0 cos2 6 + 2s0 cos 0 sin 6 + t0 sin2 0. (57) 

This is an explicit expression of the dependence of the curvature 
1/J? on the direction of the tangent, characterised by the angle 0. 
Now, the point will be elliptic of si — r0t0 < 0, hyperbolic if si — 
~- ro h > 0> a n ( i parabolic if si — rQt0 = 0. 

In the case si — r0t0 < 0, the function z = f(x, y) will have a 
zero maximum or minimum at the point concerned [I, 163], i.e. the 
surface near the point is situated on one side of the tangent plane. 
With si — r0tQ 0 , > there is neither a maximum nor minimum, i.e. 
the surface is situated on both sides of the tangent plane in any 
neighbourhood of the point. Finally, a t a parabolic point where 
so — ro *o = 0> nothing definite can be said of the disposition of the 
surface relative to the tangent plane. 

I t follows directly from (53) tha t the sign of (M2 — LN) is the 
same as tha t of (s2 — rt) for any choice of XYZ axes, so tha t the 
point is elliptic for s2 — rt < 0, hyperbolic for s2 — rt > 0, and 
parabolic for s2 — rt = 0. 

The same surface may have different kinds of point. For instance, 
in the case of a torus, obtained by rotation of a circle about an axis lying 
outside it but in the same plane [I, 107], points lying on the outward 
side are elliptic whilst points on the inward side are hyperbolic. 
These domains are separated from each other by the extreme parallels 
of the torus, all the points of which are parabolic. 

133. Dupin's indicatrix and Euler's formula. Having fixed the 
coordinate axes as in the previous article, we draw an auxiliary 
curve in the tangent plane, i.e. the XY plane, as follows: we mark 
on each radius vector from the origin 0 a length ON = V±B, 
where R is the radius of curvature of the normal section for which 
the radius vector taken is a tangent. The ( ± ) sign is taken so tha t 
the quantity under the radical is positive. The locus of the point N 
is a curve called the Dupin indicatrix. The curve has the following 
property by construction: the square of the radius vector to any 
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point of it gives the absolute value of the radius of curvature of the 
normal section of which the radius vector is a tangent (Fig. 112). 

The equation of the indicatrix is obtained as follows: let (f, rj) be 
the coordinates of any point N of 
it. We have by construction: 

f =f±B cos 0; 

i.e. 

ft = ]/±i?sin 0, 

{a = ±Boos 2 0; 

/**= ±R sin2 0, 

FIG. 112 where the upper sign must be ta
ken for positive R> and the lower 
sign for negative B. Multiplication of both sides of (57) by ±J2 
obviously gives us: 

r 0 P +2*0*9+ t 0 5 2 = ± 1 . (58) 

This is the equation of the indicatrix. The curve gives a geometrical 
picture of the change in radius of curvature as a normal section 
rotates about a normal to the surface. In the case of an elliptic point, 
(58) gives an ellipse and a definite sign has to be taken on the right. 
We get two conjugate hyperbolas from (58) in the case of a hyperbolic 
point; with a parabolic point, the left-hand side is a perfect square 
and (58) may be re-written as: 

or 

Jfc(a* + k f ) 2 = ± l , i.e. (a* + fy)2 = ± - i - = Z2 

ag + brj= ±1, 

giving a set of two parallel straight lines. The curve has its centre 
at 0 in all three cases and has two axes of symmetry. We can take 
these as the x and y axes, in which case we know that the term in 
£77 falls out on the left-hand side of (58), i.e. we must have s0 = 0, 
so that (57) now becomes: 

- i = r0 cos2 0 -M0 sin2 0. R 
(59) 
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The geometrical significance of coefficients r0 and t0 may be seen 
as follows. On setting 6 = 0 in (59), we get the curvature l/R1 of the 
normal section to which the x axis is the tangent, and we have r0 = 
= l/Bv Similarly, on setting 0 = ;r/2, we get tQ = l[R2, where ljR2 

is the curvature of the normal section to which OY is tangential. 
We get Euler's formula on substituting the values found for rQ and 
tQin (59): 

1 _ cos* 9 sin»0 
IT - -RT~ + —B7~ ' (60) 

I t will be recalled that our x and y axes are the axes of symmetry 
of curve (58). We assume that l[R1 ^ \jR2 and that , for instance, 
1/i?! > l/i?2- I t follows at once from (60) that l/R attains its greatest 
value at 6 = 0 and 6 = n, and its least value at 0 = jt/2 and 0 = 3:r/2. 

The result obtained may be stated as the following theorem: 
THIRD THEOREM. There exist at any point of a surface two mutually 

perpendicular directions lying in the tangent plane for which the curvature 
\\R has a maximum and minimum; if the curvatures corresponding 
to these directions are l[R± and l/i?2, the curvature of any normal section 
is given by (60), where 6 is the angle that the tangent to the normal section 
forms with the direction that gives l/Rv 

We refer to Rx and R2 as the principal radii of curvature of normal 
sections a t the point concerned. The two directions in the tangent 
plane that give rise to these are called the principal directions. 
Moreover, in the hyperbolic case it is useful to distinguish two further 
directions in the tangent plane, those of the asymptotes to the indi-
catrix. The radius vectors to the indicatrix in these asymptotic 
directions are infinite, and the curvatures of the corresponding normal 
sections are zero at the point taken. 

In the elliptic case, R± and R2 have the same sign, whilst their 
signs are opposite in the hyperbolic case. The curvature of one of 
the principal normal sections becomes zero in the parabolic case; 
if we take say l/R2 = 0, we get the formula for the parabolic case: 

l cos2 e 

A particular case of elliptic points on a surface may be noticed, 
when R± and R2 are equal. We have in this case from (60): l/R = 1/J?i, 
i.e. all normal sections have the same curvature at the point taken. 
A point of this sort on a surface is called an umbilic. A surface becomes 
very like a sphere in the neighbourhood of an umbilic. I t can be shown 
that a sphere is the only surface, all the points of which are umbilics. 
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134. Finding the principal radii of curvature and principal directions. 
The basic expression (56) for the curvature of a normal section may
be written in the form 

(L - EB-1) du2 + 2(M — FE-1) du dv + (N- GB'1) dv2 = 0. (61) 

On dividing by dv2 and bringing in the auxiliary t = du/dv, 
characterizing the tangential direction to the normal section, we get 
the equation: 

<p(B~\ t) = {L — ER-1) t2 + 2(M— FB'1) t + (N — OR-1) = 0, 

which gives the curvature B_1 of the normal section as a function of t. 
The value of B~x must be a maximum or minimum for the principal 
directions, so that the derivative of B*1 with respect to t must vanish. 
But this derivative is obviously given by [I, 69]: 

d<p 
dR-i _ dt 

dt ~~ dtp ' 
dJ?-i 

so that the derivative dcpjdt must vanish for the principal directions, i.e. 

±- - g - = (L - EB-1) t + (M — FB-1) = 0. 

On replacing t = dujdv and multiplying by dv, we get: 
(L — EB-1) du + (M — FB'1) dv = 0. (62) 

If we were to divide (61) by d^2 and take tx = dvjdu as the variable 
characterizing the direction of the tangent, we should arrive in the 
same way at the equation for the principal directions: 

(M — FB-1) du + (N- OB-1) dv = 0. (63) 

On taking the term in dv to the right-hand side in (62) and (63) 
and dividing the respective sides of the equations into each other, 
we obtain a quadratic equation for the curvatures \jBx and l/i?2 of 
the principal normal sections: 

(EG -E2)-^ + (2FM- EN — GL)-^ + (LN - M2) = 0. (64) 

The quantity: 
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is called the Gaussian curvature of the surface at the given point, 
whilst the quantity 

is known as the mean curvature. We get directly from the quadratic 
equation (64) expressions for the Gaussian and mean curvatures in 
terms of the coefficients of the first and second Gauss forms: 

K _ LN-M* . u _ EN-2FM + GL 
* ~~ EQ — F* ' 2(EG-F*) ' ^ i } 

We now write equations (62) and (63) as 

(Ldu + Mdv)B = Edu + Fdv; 

(Mdu + Ndv) R = Fdu + Gdv. 

We eliminate R by dividing these equations into each other, and 
obtain after simple rearrangement: 

(EM - FL) du2 + (EN — OL) du dv + (FN — OM) dt;2 = 0. (68) 

Division by du2 gives us a quadratic equation in dvjdu, the roots of 
which characterize the principal directions at a point of the surface: 

dv , x dv . x 7 
^-r = (p1(ufv); - s r =y a (^»)- (69) 

135. Line of curvature. A line of curvature is defined as a line on 
a surface such that the tangent at every point is along a principal 
direction. Since there are two principal directions at every point of 
a surface, there will be two families of lines of curvature on the 
surface and the families will be mutually orthogonal. The aggregate 
of all lines of curvature thus gives rise to an orthogonal mesh on the 
surface. Equation (68) or the equivalent equations (69) represent 
differential equations for the lines of curvature; integration gives us 
v in terms of u, and substitution of the expression obtained in the 
equation of the surface leads to the actual equations of the lines of 
curvature. 

Let us consider the conditions under which a given coordinate 
mesh on a surface represents a mesh of lines of curvature. First of 
all, the mesh must be orthogonal if it consists of lines of curvature, i.e. 
we must have F = 0. Furthermore, if the coordinate lines u = Cx 

and v = G2 are to be lines of curvature, equation (68) must be 



135] LINE OF CURVATURE 381 

satisfied on substituting constants for u and v. If we take into account 
the result already obtained, tha t F = 0, we have GM = 0 and 
EM = 0. But we have seen tha t EG — F2 is positive, so that E 
and G cannot be zero; it follows from the above that we must have 
M = 0. Hence a necessary condition for the coordinate mesh to be 
a mesh of lines of curvature is tha t F = M = 0. Conversely, if this 
condition is satisfied, the differential equation (68) of the lines of 
curvature has the solution u = Cx and v = C2, i.e. the coordinate 
lines are lines of curvature; hence 
we have the following theorem: a 
necessary and sufficient condition for 
a coordinate mesh to be a mesh of 
lines of curvature consists in the va
nishing of the middle term in both 
the Gauss differential forms every
where on the surface, i.e. F = M = 0. 

I t is possible to give a different 
definition of line of curvature to 
that a t the beginning of the present 
article. Let (L) be a curve on a sur
face. The normals to the surface 
along (L) form a family of straight 
lines with a single parameter defin
ing the position of the point on (L), and the family will not in gen
eral have an envelope. An envelope will exist, however, if the 
curve (L) is chosen in a particular way.f The conditions for a suit
able choice will now be explained. 

Let the curve (L) be chosen on the surface so tha t there exists 
an envelope (Lx) of normals to the surface along (L) (Fig. 113). Let 
r denote the radius vector to a point of (L), rx the corresponding 
radius vector to a point of (Li), and a the algebraic length of the normal 
measured from (L) to (Lx); then we can clearly write: 

r1 = r - f a m , (70) 

where m is as usual the unit normal to the surface. Since (Lx) is the 
envelope of the normals, the vector drx, directed along its tangent, 

f A family of straight lines in space, containing a single parameter, in general 
has no envelope, i.e. the lines are not tangents to any one curve. There is an 
envelope only in particular cases. 

FIG. 113 
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must be parallel to m, and we can write drx = 6m, where 6 is a scalar. 
We get on differentiating (70): 

bm = dr + a d m + dam, i.e. dr + a d m = cm, (71) 

where c is a scalar. We show that c = 0. We form the scalar product 
of both sides of (71) with m: 

dr«m + a dm • m = c. 

Vector d r is directed along the tangent to (L), i.e. is perpendicular 
to m, so that d r • m = 0. Moreover, it follows as usual from the 
equation m • m = 1 tha t dm • m = 0, and the above equation 
therefore in fact gives c = 0, whilst (71) becomes: 

dr + a d m = 0. (72) 

This expression is generally known as Rodrigues'formula. I t has 
been obtained from the assumption tha t normals to the surface 
along (L) have an envelope. We now assume the converse, tha t 
expression (72) is valid along a curve (L) on the surface. Formula 
(70) now defines a curve (L±); on differentiating the formula and 
taking into account (72), we get drx = dam, i.e. the direction of m 
and the tangent to (Lx) are parallel. In other words, normals to the 
surface along (L) are tangents to (Lx). Hence (72) gives the necessary 
and sufficient condition for the existence of an envelope of normals 
to the surface along (L). I t must be noted that the envelope can 
degenerate to a point; the normals in this case form a cylindrical or 
conical surface, where it may be shown that condition (72) must 
still be fulfilled. 

We write (72) in the expanded form: 

ru' du + r^ dv + a(mu' du + m^ dv) = 0 

and form the scalar product with r^. 
We get by (42x), (47) and (49): 

Edu + F dv + a(— Ldu — Mdv) = 0, 

which is the same as equation (62) with a = R. Similarly, on forming 
the scalar product with r£, we obtain equation (63). I t is easy to 
show the converse, tha t equation (72) is obtained with a — It from 
(62) and (63), which define the principal radii of curvature and principal 
directions. We shall not dwell on the proof. Condition (72) for the 
existence of a normal envelope is thus equivalent to (62) and (63), 
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a being one of the principal radii of curvature. These remarks lead 
us to the following result: lines of curvature on a surface are charac
terized by the property that the normals to the surface along them 
have envelopes (or form cones or cylinders), the length of the normal 
between the surface and envelope being equal to one of the principal 
radii of curvature. 

If a plane curve rotates about an axis in its plane, the lines of 
curvature of the resulting surface of revolution are its meridians and 
parallels. The normals to the surface in fact form a plane along a 
meridian, and a cone along a parallel. 

136. Dupin's theorem. Let three families of mutually orthogonal 
surfaces in space be: 

<p{v,y,z) = qi> V>(x>y,z) = q2'> co(xfy9z) = q^ 

They form a mesh of orthogonal curvilinear coordinates in space 
[119]. The radius vector r from the origin to a variable point M in 
space is characterized by the curvilinear coordinates qv q2, g3 of the 
point. The partial derivatives r^, r£a, vqz give vectors directed along 
the tangents to coordinate lines, and since the coordinates are orthog
onal we can write the vector equations: 

r ; - ^ , = 0; ' * " « = 0; *ftT« = 0. (73) 

We differentiate the first of these equations with respect to qv 

the second with respect to q2, and the third with respect to qz: 

From these we 

*9W2 

r W s ' 
L
Qiqs 

obtain at 

*;+ 
<+ 
*«+■■ 

once: 

**• 
*; 
«;• xQ2qz 

= 0 
= 0 
= 0. 

rqiq*' rq» rq2q* * rq% rq*qi *rq2 KJ-

We take together the three equations: 

Tqi' Tq* r ? a ' Tq* rqiq2 *rqz u * 

It follows from these that the vectors rqv rq%i and vqiq% are all 
perpendicular to the same vector Tf

qt and are therefore coplanar, 
whence it follows tha t [105] 
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We now take the coordinate surface q3 = G. Parameters q± and q2 
are coordinate parameters on it, and the coordinate lines q± = G and 
q2 — C are the lines of its intersection with two other coordinate 
surfaces of our orthogonal coordinate set in space. We had the follow
ing expressions in [130, 131]: 

l ^ r ' - r ' ; M = &«* ( r ^ X ^ ~ , 91 q* YEG — F2 

and equations (73) and (74) show that here F = M = 0, i.e. the 
qx and q2 coordinate lines are lines of curvature on the surface g3 = 
= const. This leads us to Dupin's theorem: given three families of 
mutually orthogonal surfaces in space, any two surfaces of different 
families intersect in a line which is a line of curvature for both the 
surfaces. 

137. Examples. 1. The equation of the oblate ellipsoid of revolution: 

can be written in the parametric form: 

x = a cos u sin v; y = a sin u sin v; z = c cos v. 

The coordinate lines u = cx are clearly the lines of intersection of the ellipsoid 
with the planes y = x tan c19 passing through the axis of rotation, i.e. they 
are meridians, whilst the coordinate lines v = c2 are parallels, obtained by 
the intersection of the ellipsoid with the planes z = c cos c2, perpendicular 
to the axis of rotation. On applying formulae (42) and (50) of [130, 131] and 
taking into account the fact that x, y, z are the components of r, we get: 

E — a2 sin2 v; F = 0 ; O = a2 cos* v + c2 sin v; 

_ ac sin2 v __ _ AT ac 
L = ■ , =- ; M = 0; N • Y a2 cos2 v + c2 sin21? / a 2 cos2 v + c2 sin2 # 

The equation F = M == 0 may be foreseen from the fact that the meridians 
and parallels are lines of curvature of the ellipsoid of revolution. The remaining 
coefficients depend only on the parameter v, characterizing the position of a 
point on a meridian. The principal directions are clearly given by the tangents 
to meridians and parallels. The expression (LN — M2) is here positive over the 
entire surface, i.e. every point of the surface is elliptic. We note the Gaussian 
curvature, without working out the principal radii of curvature separately: 

1 LN-M2
 = c2 

KtssR1R2" EQ-F2 ~ (a2cosv + c2sin2v)2 ' 
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2. The equation of a cone of the second order: 

x2 y2 z2 

~oT + T2 cT^0 

may be written explicitly as 

][ x2 

i 2 ' b2 ' 

We easily find by direct differentiation that: 

c2 x __ c2 y __ c*y2 

p==~oJz~~; q~"b2~z~'i r~~ a2b2z* ; 

clx2 

9. 
c*xy 

c2y 
b2z 

t 
a2b2z* ' a2 b2 z3 ' 

On using expressions (53), we can find all the coefficients of the Gauss forms. 
We remark simply that here rt — 82 — 0, i.e. every point of the surface is 
parabolic, and one of the principal radii of curvature is infinite. The correspond
ing principal direction is evidently along the straight generator of the cone. 

3. We consider the hyperbolic paraboloid 

= = _ ^ V^ 
2a2 2b2 ' 

Here, r = 1/a2, a = 0 and t = —1/62, so that rt — 82 < 0, and every point 
of the surface is therefore hyperbolic. The two straight generators of the surface 
in this case give the asymptotes of the indicatrix, which consists of two conjugate 
hyperbolas. The situation is similar in the case of a hyperboloid of one sheet. 

4. Ordinary Cartesian, along with spherical and cylindrical, coordinates 
provide the simplest examples of orthogonal coordinates in space. A further 
example of such coordinates may be indicated. We take an equation of a second 
order surface containing a parameter Q: 

" , V + _ £ L _ _ 1 = = 0 ) (75) 
a2 + Q b2 + Q c2 + Q 

where a2 > b2 > c2. On fixing a point M(a?, y, z) and getting rid of the denomina
tors, we arrive at a third degree equation in Q. It can be shown that this equation 
has three real roots ut v, w, contained respectively between the limits 

+ oo > u > — c2; — c2 > v > — b2; — b2 > w > — a2. (76) 

In fact, the left-hand side of equation (75) approaches ( — 1) for large positive 
values of Q, and has the ( —) sign, whilst for Q somewhat greater than (—c2), 
the term z2/(c2 + Q) has a large positive value and the left-hand side of (75) 
has the ( + ) sign. There must therefore be a value of Q in the interval (—c2, oo) 
for which the left-hand side of (75) vanishes. Similar reasoning shows the 
existence of roots in the intervals (—62, — c2) and (—a2, — b2). The three numbers 
u, v, w are called the elliptic coordinates of the given point M(x, y, z). Our discus
sion has assumed the non-vanishing of all three coordinates of the point (x, y, z). 
If this is not the case, an equation of lower degree than the third is obtained 
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for Q. If, say, 2 = 0, whilst x and y differ from zero, equation (75) will give u 
and v, whilst w has to be taken equal to (—c2). 

We now investigate the coordinate surfaces in the elliptic system. On substitut
ing Q = u in equation (75), where u belongs to the interval ( — c2, <x>), we get 
the surface: 

~.« „.2 «2 

1, (77) a2 + u ' b2 + u ' c2 + u 

which is evidently an ellipsoid, since all three denominators in (77) are positive 
by the first of inequalities (76). On substituting Q = v, where v belongs to 
(—62, — c2), we get the hyperboloid of one sheet: 

~2 v2 z2 

f - ^ r + - ^ r ^ r = 1> (78) a2 +1> ' b2 + v ' c2 + 0 

since here a2 + v > 62 + ^ > 0 and c2 + v < 0. Finally, substitution of g = 
= w, where w belongs to (—a2, —bz), gives the hyperboloid of two sheets: 

nr,2 z.,2 ~ 2 

= 1. (79) a2 -\-w b2 -\-w c2 -\-w 

We prove that the three coordinate surfaces are mutually orthogonal 
Subtraction of equations (77) and (78) gives: 

yZ Z2 - - 0 . (80) 
(a2 + u)(a2 + v) ' (b2 + u)(b2 + v) ' (c2 + u)(c2 + v) 

The direction-cosines of the normals to surfaces (77) and (78) are respectively 
proportional to 

X - . —V—. z ■ and g • ^ • 
a2 + u 9 b2 + u ' c2 + u ' a2 + v ' b2 + v ' c2 + v ' 

and equation (80) expresses the condition for these normals to be perpendicular, 
i.e. proves that surfaces (77) and (78) are orthogonal. The other two coordinate 
surfaces may similarly be shown to be orthogonal. Dupin's theorem enables 
us to state that the two families of lines of curvature are obtained on the ellipsoid 
(77) (with fixed u) as the intersections of the ellipsoid with all the hyperboloids of 

families (78) and (79). 

138, Gaussian curvature. We shall explain the geometrical signifi
cance of the Gaussian curvature. We take the lines of curvature as 
coordinate lines on a surface. Relationship (72) will be satisfied along 
all these lines, the coefficient a being one of the principal radii of 
curvature, as we have seen. This gives us the following relationships: 

r i + J2 i m i I ' = 0; r; + i? 2 m; = 0. (81) 

With every point M of the surface we associate a point M0 of the 
unit sphere, M0 being the terminus of the unit vector m drawn 
from the centre of the sphere, where m is the unit normal to the 
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surface at M. This correspondence between points of a surface and 
points of a sphere is usually known as a spherical mapping of the 
surface. The position of the point M0 will be determined by the same 
parameters u and v as determine M. Since the coordinate lines are 
the lines of curvature, we have: 

E = T*\ F = 0] (? = r;2. (82) 

The radius vector of the spherical mapping M0 is, by definition, 
m, and the coefficients of the first Gauss form for the spherical 
mapping are, by (81) and (82): 

E0=m'* = ±E; FQ = m'u.m'v = 0; G0 = ntf = -L6?. (83) 

We shall only stop to prove the middle equation, since the others 
follow directly from (81) and (82). Expressions (49) give M = 
= — r„ • m£ = — r'v • m„. Since we have taken the lines of curvature 
as coordinate lines, M = 0, i.e. r„ • m£ = r£ • m„ = 0. On multiply
ing the first of equations (81) by m£ or the second by m„, we get 
mi • m'v = 0. 

An elementary area of the original surface, and the corresponding 
element of the spherical mapping, are given by 

dS=]fm du dv; dS0 = fE^G* du dv, 

or, by (83), 

whence it is clear tha t the Gaussian curvature at a point M has an 
absolute value equal to the limit of the ratio of an area of the spherical 
mapping to the corresponding area of the original surface when the 
latter contracts indefinitely to the point M. This ratio obviously 
characterizes the degree of dispersion of the pencil of normals to 
the surface at points of the elementary area. 

We obtained in [134] an expression for the Gaussian curvature K 
in terms of the coefficients of the two Gauss forms. The expression 
for K given by Gauss himself was only in terms of the coefficients 
E, F, G and their derivatives with respect to u and v. This fact has 
an important consequence, which we must stop to consider. Let 
there be a correspondence between points of two surfaces (8) and 
(Si) such that corresponding points have the same values of par
ameters u, v. Each surface will have its own first Gauss form, expressing 
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the square of an element of arc. If the two forms are identical, it 
amounts to saying that lengths are preserved in the correspondence, 
or in other words, tha t the surfaces can be superimposed on each other. 
In this case, the coefficients Ey F} G and their derivatives with respect 
to u and v are the same for both surfaces, so that the curvature K 
has the same value at corresponding points of the surfaces, i.e. when 
a mapping of one surface onto another preserves lengths, the Gaussian 
curvature has the same value at corresponding points. 

In particular, the Gaussian curvature is zero on a plane, and we 
must have LN — M2 = 0 on a surface that can be superimposed 
on a plane without distortion of lengths, i.e. every point must be 
parabolic. We have already had the cone and cylinder as examples 
of such surfaces. 

13 9. The variation of an elementary area and the mean curvature. 
Let (u} v) be the parametric coordinates and r(u, v) the radius vector 
of a given surface (#). If we mark off along the normal m a t every 
point M{uy v) of the surface a length MMX of algebraic value n(u, v), 
where n(u, v) is a function of u and v, we get a new surface (S±) formed 
by the points Mv We shall represent points M± by the same parameters 
(u, v) as points M, and shall speak of a correspondence having been 
set up along the normals to (S) between points of (S) and (S^. The 
radius vector r(1* (ut v) to the surface (SJ is by definition: r*1* (u, v) = 
r(u, v) + n(u, v) m(u, v). We obtain on differentiating with respect 
to u and v: 

W = K + <m + nm^; #>' = T'V + < m + na£. 

We now find the coefficients Ev Fv Gx of the first Gauss form 
for (SJ, on the assumption tha t the length n and its derivatives 
with respect to u and v are small so that second order terms may 
be neglected: 

Ex = (r£>')2 = (ra' + K m + K ) • (*'u + < «* + n<) = 

= r^2 + 2 < (r£ • m) + 2n{r^ . ma'). 

The vectors r„ and m are perpendicular and r'u • m = 0, so that 
(47) gives Ex = E — 2nL. Similarly, we find that Fx= F — 2nM 
and Gx = G — 2nN. Hence: 

E 01 — F2
1 = EG — F2 — 2n(EN — 2FM + GL)} 
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or, by (67): 

E± 01 — FI= (EG — F*)(l — 4nH). 

If we take square roots, expand (1 — ±nH)m by the binomial 
theorem and neglect higher powers of n than the first, we get: 

yE1G1 — F2 = VEG — F* (1 — 2nH). (84) 

On multiplying by dudv and integrating, we get an expression for 
the difference 68 between the areas of the neighbouring surfaces (8) 
and (Sx) to an accuracy of second order terms: 

J f K^iGi — Fldudv — J J y EG —F* dudv = 
(5,1 (5) 

= — f f 2nH yEG — F2 dudv (85) 
(5) 

or 

<5£ = — J f 2nHdS. 

The familiar problem of Plateau, of finding the surface of minimum 
area stretched on a given contour (L), is directly connected with this 
expression. I t is easily seen tha t the mean curvature H must be zero 
on such a surface. If H were say positive on some par t a of such a 
surface, we should obtain, by (85), on choosing a small n> also positive 
on a and zero elsewhere, including in particular (L), a negative value 
for dS: 

dS = —[[2nHdS, 
(°) 

and the surface (SJ passing through (L) would have an area less 
than (S), which contradicts our original hypothesis. In view of the 
above, a surface of zero mean curvature is known as a minimal 
surface. 

The formula for differentiating an integral over a variable closed 
surface with respect to a parameter also follows from (84). Let the 
position of a variable closed surface be defined by a parameter X, 
and let its position be (S) for X = A0, and (S^, near (S), for X near X0. 
We set up a normal correspondence, as above, between points M 
of (8) and M1 of (SJ. With this, n is a function of u, vy and A, which 
vanishes as an identity in u and v for X = A0, i.e. 

n(u,v,XQ) = 0. (86) 
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Further, let f(N) be a function of points of space which is indepen
dent of the parameter A. The value of the integral: 

I(X)=(Sf(M1)dS1 (87) 
(Sx) 

will depend on A, since the form of the surface depends on the parameter. 
We find an expression for the derivative / ' (AQ). On multiplying both 
sides of (84) by dudv, we can write d8x = (1 — 2nH) dSy and (87) 
can be written as: 

J(A) = f f f{Mx) dS — f f f(Mx) 2nH dS. 
(S) \s] 

The domain of integration is now the original surface (S) and is 
no longer dependent on A, and we can use the ordinary rule for 
differentiating under the integral sign [80]. Let the point M of (S) 
correspond to the point M1 of (Sx), so that MM± = n(u, v) is normal 
to (8)9 i.e. has the direction m. Differentiation of f(M^) with respect 
to A gives at A = A0: 

l i m KM,)-f(M) = H m /(M,)-/(Jtf) % MM, = df(M) # dn^ 
\-+)L, h—h x-+x0 MM, h — h 9™ 9A | !*»* 

where m is the direction of the normal m. On noting tha t n vanishe 
for A = A0 and writing 8n/8A0 for the value of the derivative at A = A0 

we get: 

(S) (S) 

Let the equation of the variable surface (#x) be given implicitly as: 

(piM^ A) = 0 or <p(x, y, z, A) = 0. (89) 

Differentiating with respect to A both directly and via Mv as in 
the case of the function f(M±), we get for A = A0: 

BA0 ' 9 m 8A0 

If we find 8n/9A0 from this and substitute in (88), we get the follow
ing expression for the derivative: 

I'(l0) = -H^^dS + 2J\fHJ^dS. (90) 
<s> dm ( s ) dm 
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If the integrand / in integral (87) also contains the parameter A, 
an extra term has to be added on the right of (90), as was the case 
in [120], of the form: 

(S) 
n-

140. Envelopes of surfaces and curves. We introduced the idea of 
an envelope of plane curves in [10], when studying the particular 
solutions of first order ordinary differential equations. In a similar 
way, the solution of partial differential equations leads us to the 
concept of an envelope of surfaces, a brief account of which now 
follows. 

Let us be given a family of surfaces with a single parameter, 

F(z,y,z,a) = 0. (91) 

A definite surface of the family is obtained on fixing the numerical 
value of a. We consider a new surface (S) which also has the equation 
(91), but with variable a, found from the equation: 

mx,y1z,alss0m ( 9 2 ) 
da 

We can say tha t the equation of (S) is obtained by eliminating a from 
equations (91) and (92). If we take a fixed a = a0, on the one hand 
we get a definite surface (SQ) of family (91), and on the other hand, 
the substitution of a = a0 in (91) and (92) gives us a line (Z0) on the 
surface (S), such tha t (8) and (S0) have (l0) in common. We shall 
prove that the surfaces have a common tangent plane along (Z0). 

Since a is constant, the projections dx, dy, dz of an infinitesimal 
movement along the surface (91) must satisfy 

dF A . dF , , dF , A 

dx l dy * ' dz 
Since a is variable for surface (S), we must write here: 

dF , , dF , , dF , , dF , 
dx +-^rdy +-*rd*+-^da = Q-dx * dy u ~ dz ' da 

But this equation is the same as the previous one, by (92), i.e. 
infinitesimal displacements at a common point on (S0) and (S) are 
perpendicular to the same direction, the direction-cosines of which 
are proportional to : 

dF dF dF 
dx ' dy ' dz ' 
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so that it follows that (S0) and (S) touch along (l0). Thus in general, 
elimination of a from equations (91) and (92) gives the equation of the 
envelope of surfaces of family (91), with contact talcing place along a 
line. 

Example. Let us take the family of spheres with centres on the z axis and 
radius r (constant): 

«2 + V2 +(z — a)2 ■- r2-
We differentiate with respect to a: 

— 2(2 — a) — 0. 

On eliminating a, we get the equation of the circular cylinder: 

z2 + $/2 = r2, 

which touches each of the spheres in a circle. 

We now consider a family of surfaces with two parameters: 

F(x,y,z9a,b) = 0. (93) 
On eliminating a and b from this equation and the equations 

dF(x, y, z, a, b) __ dF(x, y, g, o, b) _ n ,Q .. 
95 ~~ U ' 96 ~~ ' ^ } 

it is easily shown that we get a surface (S), which touches the surfaces 
of family (93). But in this case, contact only takes place at a point, 
instead of along a line. In fact, on taking a fixed a = a0 and b = 60, 
on the one hand we get a definite surface (80) of family (93), and 
on the other hand, substitution of a = a0 and 6 = 60 i n ^n e three 
equations (93) and (94) in general gives a point M0 on the surface (S). 
The point M0 will be common to (S) and (S0). 

Example. Let us take the family of spheres with centres on the XY plane 
and a fixed radius r: 

{x - a)2 + (y- b)2 + z* = r*. 

We differentiate with respect to a and b: 

— 2(x — a) = 0; — 2(y — b) = 0; 

Elimination of a and 6 gives us the equation z2 = r2, i.e. the envelope consists 
of two parallel planes z = ± r , which touch each of the spheres at a point. 

The remark regarding the determination of the envelope of a 
family of curves [10] applies equally when finding the envelope of 
a family of surfaces: elimination of a from equations (91) and (92), 
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for instance, can lead not only to the envelope but also to the locus 
of singular points of the surfaces of family (91), i.e. those points at 
which the surfaces have no tangent plane. If the left-hand side of 
(91) is continuous and has continuous first order derivatives, every 
surface tha t touches the various surfaces of family (91) a t all its 
points can be found by the above method of eliminating a from equations 
(91) and (92). In general, we omit proofs and precise conditions in 
this article and the next, and confine ourselves to giving the broad 
outlines of basic facts. 

We now consider a family of curves in space, depending on a single 
parameter: 

F±(xf y,z,a) = 0; F2 (z, y,z,a) = 0. (95) 

We shall seek the envelope of the family, i.e. the curve J1, every 
point of which is a point of contact with a curve of family (95). 
We can take r as also defined by equations (95), except tha t now a 
is variable instead of constant [10]. The projections dxy dy, dz of a 
small displacement along curves (95) must satisfy the equations 

9F1 , , dFx , , 9Ft , n 

QF. , , 8F2 , , 8F2 , A ^dx+-wdy+-dtdz=°-
Similarly, the projections bx, by, bz of a small displacement along 
r must satisfy the equations: 

dFt A , dFx « , dFx x , dFt « . 

8F2 o , 9F2 . , 8F . « , dFz x A 

^dx+-w-dy+~i>tdz+ ~di-8a=0-
The condition for contact amounts to these projections being pro
portional, i.e. 

dx dy dz 
dx dy dz 9 

and this in turn, in view of the above relationships, is equivalent 
to the two equations: (dFJda) ba = 0 and (dF2jda) ba = 0, or, if 
we take ba ^ 0, i.e. a not a constant, we get the two equations: 

dF1(x,y,z,a) = Q . 9F2 (a?, y, zf a) ^ Q ( 
da ' d a ' ^ ' 

The four equations (95) and (96) do not in general define a curve, 
i.e. as a rule, a family of curves in space has no envelope. But if the 
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four equations reduce to three, i.e. one is a consequence of the others, 
the coordinates (x, y, z) will be defined by the three equations as 
functions of the parameter a, so that we get a curve in space, which 
is in fact an envelope [or the locus of singular points of curves (95)]. 
We have an example in the next article of a family of straight lines 
in space which has an envelope. 

141. Developable surfaces. We take the particular case of a family 
of planes with one parameter a: 

A(a) x + B(a) y + C{a) z + D(a) = 0, (97) 

The envelope (8) is obtained by eliminating a from the two equa
tions: 

A(a) x + B(a) y + C(a)z + D(a) = 0 
A' (a) x + B'(a)y + C'{a) z + D'{a) = 0. 

With a fixed, these equations yield a straight line (la), and the 
surface (8) is the locus of these straight lines, i.e. (S) must be a ruled 
surface. I t may further be seen that not every ruled surface can be 
obtained by the above method. The surface (S) touches a plane (97) 
along (Zfl), i.e. (S) has the same tangent plane along the straight genera
tor (la). Thus a family of tangent planes on (8) depends only on the 
single parameter a, designating the generator (la). The family of 
tangent planes to a surface depends in the general case on two 
parameters, defining the position of a point on the surface. Let the 
equation of (8) be written explicitly: z = f(x, y)9 the partial derivatives 
of the function f(x, y) being denoted as in [62]. The first two direction-
cosines of the normal will be functions of the single parameter a: 

P =W1(a); , q =W2(a). 
yi + p2 + q2 y r ^ + q* 

Elimination of a from these equations gives a relationship between 
p and q tha t can be written as: 

q = y(p). 

This relationship must be satisfied over the entire surface (S) and we 
find on differentiating with respect to the independent variables x and y: 

s = cp'(p)r; t = (p'(p)s, 
whence 

rt — s2 = 0, (99) 

(98) 
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i.e. all the points on a surface enveloping a family of planes with one 
parameter must be parabolic. 

The surface (S) is generated by the family of straight lines (98). 
I t is easily seen tha t this family has an envelope; differentiation of 
equations (98) with respect to a gives the two equations: 

A' (a) X + B'(a)y+ C (a) z + D'{a) = 0, 1 
A"(a)x + B"(a)y+C"(a)z + D"(a) = Oi j 

and the four equations (98) and (100) reduce to three. We can therefore 
say tha t (S) is generated by tangents to the curve r in space. If the 
curve r degenerates to a point, (S) is a conical surface, whilst it is 
cylindrical if the point is at infinity. We prove the converse: given a 
curve r in space, 

x = <p(t); y = f(t); z = a>(t), (101) 

the surface (S) generated by tangents to r envelopes a family of planes 
with one parameter, these being the osculating planes of r. The family 
has in fact the equation 

A(X — x) + B(Y — y) + C(Z — z) = 0, (102) 

where (x,y,z) are given by equations (101) and A, B,G are given 
by expressions (31) of [126]. On differentiating (102) with respect to 
the parameter t and using the fact that , by (31), 

A dx + Bdy + Cdz = 0, (103) 
we get 

dA (X — x) + dB (Y — y) + dC(Z-z) = 0, (104) 

where we write the differentials instead of the derivatives with 
respect to t. The enveloping surface of family (102) is made up of 
straight lines determined by equations (102) and (104), and it remains 
for us to show that these two equations give the tangent to r a t 
the point (x, y, z). We differentiate (103) and note tha t Ad?x + 
+ Bd2y + Cd2z = 0 by (31); we get: 

dA dx + dB dy + dC dz = 0. (105) 

Equations (103) and (105) show tha t normals to the planes (102) 
and (104), which pass through the point (x, y} z), are perpendicular 
to the tangent to the curve JT, i.e. planes (102) and (104) both pass 
through this tangent, which is what we wished to prove. 
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We saw above that condition (99) is necessary for (S) to be the 
envelope of a family of planes with one parameter. It may be shown 
to be also sufficient. We also mentioned above [138] that (99) (or its 
equivalent LN — M2 = 0) is necessary for (S) to be able to be mapped 
on to a plane without distortion of length. The converse can be proved, 
that if this condition is fulfilled, a sufficiently small portion of the 
surface can be mapped on to a plane by the method described. For 
this reason, the envelope of a family of planes with one parameter 
is known as a developable surface. 

Not every ruled surface is developable. For instance, if we take 
a hyperbolic paraboloid or a hyperboloid of one sheet, (99) is not 
fulfilled for these [137], in spite of the fact that they are ruled surfaces. 
It follows from this that, if a point varies along a straight generator 
of such a surface, the corresponding tangent plane rotates about the 
generator. 

The French mathematician Lebesgue carried out a detailed investi
gation of surfaces developable into planes, with very few assumptions 
regarding the functions appearing in equations (38) of the surface 
(we have assumed the existence of continuous derivatives up to the 
second order). One of his results was a developable surface con
sisting of a non-ruled surface of revolution. 



C H A P T E R VI 

FOURIER SERIES 

§ 14* Harmonic analysis 

142. Orthogonality of the trigonometric functions. The harmonic 
oscillation 

y = 4̂ sin (cot + q>) 

represents the simplest example of a periodic function of period 
T = 2TT/CO. We confine ourselves for the present to periodic functions 
of period 2n and let x denote the independent variable, so that the 
function y becomes: 

y = A sin (x + <p)-

More complicated functions of the same period are given by 

Aksm(tec + <pk) (k = 0,1, 2, 3,. . .), 

or by the sum of any number of these: 
n 

J? Aksm(kx + <pk), 

this sum being known as a trigonometric polynomial of the n-th order. 
The question now naturally arises of the approximate representation 
of any periodic function f(x) of period 2n as a trigonometric polynomial 
of the n-th order, followed by the question of the expansion of f(x) 
into a trigonometric series: 

CO 
f(*) = 2 ^*sin(te + %); 

k=0 

these problems are similar to the problems of approximating a func
tion by a polynomial of the nth degree or of expanding it into a power 
series. The general term of the above series, 

Aksin(kx + (pk), 
397 
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is known as the Ic-th harmonic of the function f(x). I t can be written 
in the form 

Ak sin(&a; + (pk) = ak cos lex + bk sin lex, 
where 

ak = Aksin<Pkl hk = AkG°s<Pk (& = 0 , 1 , 2 , . . . ) . 
The zero order harmonic, A0 sin <p0, is simply a constant, which we 
denote by a0/2 in order to simplify later expressions. Our problem 
thus amounts to choosing, if possible, the unknown constants 

a0, av bv a2, b2 . . . , an, bn,... 

in such a way that the series 
00 

-~- + J£ (ak cos lex + bk sin lex) (1) 
k=l 

is convergent to a sum equal to the given periodic function f(x) of period 2n. 
As a preliminary to solving our problem, we note a simple property 

of the sines and cosines of multiple angles. Let c be any real number, 
and (c, c + 2TT) an interval of length 2JT. I t is easy to show tha t 

C+2n C+2TZ 
f cos!exdx= 0; f sinfc#da; = 0 (le = 1, 2, 3, . . . ) . (2) 

c c 

If we take say the first of the integrals written, the primitive 
for cos lex is (Ijle) sin lex, and in view of its periodicity, its values are 
the same for x = c and x = c + 2n, so tha t their difference is 
zero, i.e. in fact, 

\x=C+2n C+rn 7 J sin for 
I cos to da; = — r — 

c 
= 0. 

x=c 

Similary, by using the familiar trigonometric formulae: 
. 7 1 sin(fc -f I) x + sin(fc — /) x sin to cos Za; = —!—-— — , 

. , . 7 cos(k — I) x — cosik + I) x 
sin lex sin Ix — —~ — — — » 

7 7 cos(& + /) # + cos(fc — Z) <r 
COS to COS Ix = — !—- ^ , 

it can be shown tha t : 
c+2n c+2n 

f cos lex sin Z# do; = 0; f cos to cos Ix &x = 0; 
c c 

C+2n 
f sin to sin Z# da; = 0 (&#Z). 

c 

(3) 
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Let us take the family of functions 

l , cos# , sinx, cos2x, sin 2a: , . . . , cos war, s i n n x , . . . , (4) 

the first member of the family being a constant equal to unity. 
Formulae (2) and (3) express the following fact: the integral of the 
product of any two different functions of family (4) over any interval 
of length 2n is zero. This property is generally known as the 
orthogonality of family (4) in the interval mentioned. We now find the 
integral of the square of a function of the family. The integral is 
evidently equal to 2TT for the first function, whilst for the remainder, 
since 

9 7 1 + cos 2kx . 9 7 1 — cos 2kx cos2 kx = ■—~ : sm2 kx = s , 
we have: 

C+2n c+2n 
f cos2kxdx = n; f s in2kxdx — n ( £ = 1 , 2 , . . . ) . (5) 

c c 

To avoid confusion, we shall in future take c = — TT, i.e. the interval 
(c, c + 2n) now becomes (—n, n). 

We now turn to the problem posed above. Let the function f(x) 
be defined in the interval (—n, n), in which case it is defined for 
other values of x by virtue of its periodicity of period 2TT; and let 
us assume tha t it gives the sum of series (1): 

f{x) = -^ft- + j ? (ak cos kx + bk sin fee). (6) 
k=l 

On integrating both sides of this equation over the interval (—TT, n) 
and replacing the integral of the infinite sum by the sum of the 
separate integrals, we get: 

+7* 4-** co +™ +* 

f(x) dx = - ^ - dx + ^ \(^k c o s hxdx + bk sin kx dx) , 
—n —n —7t —n 

which, by (2), reduces to the equation: 

I f(x) dx = —Y~ - 2TZ = a0 n, 
—n 

whence we determine the constant a0: 

a0 = - 1 - j f(x) dx. (7) 
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We now have to find the remaining constants. Let n be a positive 
integer; let us multiply both sides of (6) by cos nx and integrate, 
as above: 

+» +» 
f{x) cos nx dx = -%£- cos nx dx + 

+ V'la^ cos kx cos nx dx + bk sin kx cos no; da; J. (8) 
k=l - » 

All the integrals on the right of the equation are zero by (2) and (3), 
with the exception of the one integral: 

+n 
f cos kx cos nx dx with k = n> 

—n 

this latter integral being equal to n by (5). 
Equation (8) thus reduces to the form: 

+» f f(x) cos nx dx = an n, 

whence 
+» 

an = — f(x)cosnxdx (n = 1,2,...). 

In exactly the same way, we can obtain the formula: 

bn= — I f(x) sin nx dx (n=l,2>...). 

(?i) 

(72) 

It may be noted that (7) is the same as (7X) with n = 0. We can thus 
write: 

a^ = — f{x) voskxdx (k = 0,1, 2, . . . ) 

6fc = — J f(x) sin to d# (k = 1, 2 , . . . ) . 

(9) 

The above working is not rigorous and is only valuable as a guide. 
We have in fact made a number of unjustified assumptions: firstly, 
we assumed right at the start that the given function had the expan
sion (6), then we replaced the integral of the infinite sum by the sum 
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of the integrals of the separate terms, or as we say, integrated term 
by term, which is not always permissible [cf. I, 146]. 

The rigorous statement of the problem is as follows. Let a function 
f(x) be given in the interval {—n, ri). We evaluate constants ak and bk 
in accordance with (9) and substitute the values obtained in series (1). 
The question arises: will the series thus obtained be convergent in 
the interval (—TZ, 7t)y and if so, will its sum be equal to /(#)? 

The coefficients ak and bk obtained from (9) are known as the Fourier 
coefficients of the function f(x), whilst the series obtained from (1) after 
replacing the ak and bk with their values as given by (9) is called the 
Fourier series for f(x). We state in the next article the solution of 
the above problem of the convergence of the Fourier series for a 
given function. 

Remark. Expressions (3) and (5) given above are valid for integration 
over any interval of length 2TT. In general, if a function f(x), defined 
for all real values of xf has a period a, i.e. f(x + o) = /(#) for &11 #> 
the integral of f(x) over any interval of length a has a definite value, 
independent of the initial point of the interval, i.e. the value of 

c+a 
| f(x)6x 
c 

is independent of c. The number c can in fact be written in the form 
c = ma + h, where m is an integer and h belongs to the interval (0, a): 

c+a (m+l)a+h {m+l)a {m+l)a+h 
j f(x) dx = J fix) dx = J f(x)dx + J f(x) Ax. 

c+a 
<(x)dx = 

ma+h ma+h (m+l)a 

We introduce a new variable of integration tx == x — ma into the 
first integral, and t2 = x — (m + 1) a into the second: 

c+a a h 
I 
0 

] f(x) dx = | f{tx + ma) dtx + J f[t2 - (m + 1) a] dt2. 

On taking account of the periodicity of f(x) and denoting the variables 
of integration again by x, we get: 

c+a a h a 
J* f(x) dx = J f{x) dx + } f(x) dx = J /(a?) da:, 
C /I 0 0 

whence it follows that the integral does not depend on c. If /(a:) has 
period 2TT, we can evaluate its Fourier coefficients ak and 6* in accord
ance with (9) by integrating over any interval of length 2n. 
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143. Dirichlet's theorem. The Fourier series for a function f(x) will 
be convergent and its sum will be equal to f(x) provided certain 
restrictions are imposed on f(x). We suppose firstly that f(x), given 
in the interval ( — TC, TC), is either continuous or has only a finite 
number of points of discontinuity in the interval. We further assume 
tha t all these discontinuities have the following property: if x = c 
is a point of discontinuity of f(x), there exist finite limits for f(x) 
as x tends to c, both from the right (from larger values) and from 
the left (from smaller values). These limits are usually written as 
f(c + 0) and/(c — 0) [I, 32]. Such points of discontinuity are generally 
known as discontinuities of the first kind. We finally assume that 
the total interval (—TC, TC) can be divided into a finite number of 
parts such that f(x) varies monotonically in each. The above are 
generally referred to as Dirichlet conditions, i.e. we say that a function 
satisfies Dirichlet conditions in the interval ( — TC, TC) if it is either con
tinuous in the interval or has a finite number of discontinuities of the 
first bind, and if, furthermore, the interval can be divided into a finite 
number of sub-intervals in each of which f(x) varies monotonically. 
At the end x = — TC, we are only interested in the limit to which 
f(x) tends as x tends to ( — TC) from the right, so tha t we shall write 
/( — TC + 0) instead of f(-Tc); and similarly, instead of f(n) we write 
f(n — 0). We remark tha t these limits can be different, but the sum 
of series (1) must of course be the same for x = — TC and x = TC, 
due to the periodicity of functions (4). 

The following theorem is fundamental as regards the theory of 
Fourier series: 

DIRICHLET'S THEOREM. If f(x) is specified and satisfies Dirichlet 
conditions in the interval ( — TC, TC), the Fourier series for the function 
is convergent throughout the interval and the sum of the series: 

(1) is equal to f(x) at all points of continuity of f(x) lying in the 
interval; 

(2) is equal to 
f(x + 0)+f(x-0) 

2 

at all points of discontinuity; 
(3) is equal to 

fl-n + 0)+f(n-0) 
2 

at the ends of the interval, i.e. for x = —TC and x = -{-TC. 
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~3X\2JC/-1C\0 11 \2X/3X \4X/5X 

FIG. 114 

The proof of this theorem will be given at the end of the present 
chapter. 

Certain points may be noted in regard to the statement of the 
theorem. The terms of series (1) are periodic functions with period 2n. 
Hence, if the series is convergent in the interval (—TT, TT), it is likewise 
convergent for all real values of x, 
and the sum of the series periodi
cally repeats, with period 2n, the 
values tha t it gave in (—-Tt, JT). 
We must therefore assume, if we 
wish to use the Fourier series 
outside the interval {—-n, n), tha t 
the function f(x) is continued out
side with a periodicity of period 
2jr. The ends of the interval x = ±TZ are from this point of view points 
of discontinuity of the continued function, if /( —# + 0) =j= f(n —- 0). 

A function continuous in ( — :r, n) is illustrated in Fig. 114, which 
gives discontinuities on periodic continuation due to having different 
values at the ends of the interval. 

The following lemma is often useful when calculating Fourier 
coefficients: 

LEMMA. If f(x) is an even function in the interval (—a, a), i.e. f(—x) = 
= f(x), we have 

a a 
Sf(x)dx = 2$f(x)dx, 

-a 0 

whilst if f(x) is an odd function, i.e. f(—x) = —/(<&), we have 

a 

J7(*)d* = o. 
—a 

The proof of this lemma was given earlier [I, 99]. 

144. Examples. 1. We expand # as a Fourier series in the interval (—~n> n). 
The products x cos kx are odd functions of x, so that all the coefficients ak 
are zero by (9). On the other hand, the products x sin kx are even functions, 
and the coefficients b^ may be evaluated from the formula: 

-a x sin kx ax = — n 
o 

x cos kx 
+ 

JC = 0 

-r- cos kx da:} 2 ( - i ; 
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The graph of the Fourier series is drawn with a full line in Fig. 115, and it 
is clear from the figure that we have discontinuities at a; = ± n, the arithmetic 
mean of the limits from the left and right being evidently zero. Dirichlet's 
theorem thus gives in the present case: 

f sin x sin 2a? 2^-;=-+...+ ( - l )*" 1 sin fog 
k 

. \ ___ ix for —n < x « 
i ~ ' " J ~ 10 for x = ± n. (10) 

FIG. 115 

2. We do the same for x2. Here, the x2 sin kx are odd functions and all the 
bk are zero. We calculate the a^: 

-u X2dx : 
0 

A fill — 2jl* 
IT"3" ~" 3 ; 

x=0 

0 

= — f 
jik [ 

. , 2 ( x2 sin &# I 2 a;2 cos for da; = — \ = =-n [ k I k 
0 x=0 0 

71 

a? sin kx dx\ = 

4 f a; cos fca; 
x=w 

x=0 

- i - J c o s t e d s j ^ - l ) * - ^ . 

I t is clear from Fig. 116 that the graph of the Fourier series has no discon
tinuities, and the sum of the series is equal to x2 throughout the interval, includ
ing its ends: 

it cos kx 
T + ̂ - t f - T 

& = 1 

(— n < x < ri). 

On setting x = 0, we get: 

1 - — + — - — - 4 - . . . 4 - ( - I)*""1 — 4 ^ 9 16 

If we put 

' + T + 1T + -W + -
1 + ¥ + l + i + ' 

,- + ...= 

■ a, 

12 ' 

(11) 

(12) 

■■<?!, (13) 
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, 1 , 1 , 1 , , 1 3 

and equation (12) gives 

1 , 1 1 f 1 1 n* 
1 - T + T~l6- + * - - = = < T l " ' 4 - < T = = y < T = = " T 2 " > 

i.e. 

, , i , i , i 
(T l~1"+"~9" t""35"+" ," t" (2n + l)2 

~ 6 ' 

- f . . . 8 

-5X-4X -3X -2X -X 0\ X 2X 3X kX ~Sti 

FIG. 116 

3. We expand as a Fourier series the function: 

/(SB)a=f« f » — < » < ° 
|c2 for 0 < x < n. 

We have here 
+n O n 

aQ = — / (x) dx = — J cx dx + c2 da; «=» ct + c2, 
» —71 0 

+n 0 
a* = — / (a?) cos fca? da? = — c, cos kx dx -(-

—n —» 

+ c2 cos kxda? — 0, 
0 

+n O n 

bk a= — / (a;) sin &a? da? = — \cx sin fca? da? + c2 sin fca? da? = 

= fa - c2) nk 

(14) 
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i.e. bk — 0 for even k and bk — — 2(Cj ^-c2)Jnk for odd k, so that by Dirich-
let's theorem (Fig. 117): 

cx + c2 2 (ct — c2) (" sin a; sin 3a? ~| 

2 s r~r~ r - + , * J 
for 
for 

■71 < X < 0 
0 < x < n 

Ci + c 2 
(15) 

for x — 0 and ± ?*• 

- $ * -4ff -3T -2% 

| C 2 | o » 
? \ ° 9 

-jar a t c, "5r 

FIG. 117 

2X ^T 4T 5T 

145. Expansion in the interval (0, n). We have simplified the 
evaluation of the Fourier coefficients in the above examples by 
making use of the evenness or oddness of the expanded f(x). 

In general, on applying the lemma of [143] to integrals (9) defining 
the Fourier coefficients, we get: 

2 P ak = — / (x) cos lex dx; bk = 0, (16) 

if f(x) is an even function, and 

2 P ak = 0; bk — — / (x) sin kx dx, (17) 

if f(x) is odd. The actual expansion of the function will be of the 
form 

00 

- y - + J?ak cos lex, 

if f(x) is even, and 

(18) 

(19) J?bksinJcx, 

if f(x) is odd. 
Now let any function f(x) be given in the interval (0, n). I t can 

be expanded in (0, n) either in a series of the form (18) containing 
only cosines, or in a series of form (19) containing only sines. The 
coefficients are evaluated in accordance with formulae (16) in the 
first case, and in accordance with (17) in the second case. Both series 
have a sum inside the interval equal to /(#), or to the arithmetic 
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mean at points of discontinuity. Outside (0, n), however, they repre
sent quite different functions: the cosine series gives a function obtained 
from f(x) by even continuation in the neighbouring interval (—n, 0), 
followed by periodic continuation with period 2 71 outside the interval 
(— jt, n). The sine series gives the function obtained by odd continuation 

FIG. 118 

in the neighbouring ( — 71, 0), followed by periodic continuation with 
period 2n outside (—TT, n). 

X 

0 

n 

series in cos 

A+o) 

/ ( » - 0 ) 

series in sin 

0 

0 

Thus in the cosine expansion: 

/ ( - 0 ) = / ( + 0 ) ; 

/ ( _ * + 0 ) = / ( * - 0 ) , 

FIG. 119 

whilst in the sine expansion: 

/ ( - 0 ) = - / ( + 0 ) ; 

/ ( _ w + 0) = - / ( « - 0 ) . 

Correspondingly, we obtain at the ends of the interval the values 
shown in the table for series (18) and (19). 



408 FOURIER SERIES [145 

Figures 118 and 119 illustrate the graphs of the functions represented 
by series (18) and (19), derived from the same function f(x) in the 
interval (0, n). 

Examples, 1. We obtained in examples 1 and 2 of [144] a sine series for 
the function x and a cosine series for x2 in (0, n). On expanding a? as a cosine 
series in (0, n)> we get: 

1 °° 2 
a? = - ^ - o 0 + ^ a^coskx; a 0 = — f a ? d a ? e = 7 r ; 

0 fc=l 

0 
o p o 1 

°* = — J s o o B t o d g ^ ^ f t - l ) * - ! ] * * j 4 
0 I rcfc2 

for even fc 

for odd fc. 

~4^r -3T -2X -X 

y> 

0 

i 

X 2X 3X AX 
A 

FIG. 120 

Hence: 
__ n 4 ( cos a? cos 3a? cos (2& + 1) x 

(2k + l)2 + ■ • ■ ) (20) 
32 

(0 < x < n). 

The sum of the series on the right will amount to (—x) in the interval (— n, 0), 
i.e. the sum gives the absolute value | x | throughout the interval ( — TI, n)\ 

(21) , , n 4 f cos x , cos 3a? , cos 5a? , ^ 
\X\ =— - ~ I — T ^ ~ + o. + cg +---J. rt V l2 32 52 

whilst outside this interval it gives the function obtained by periodic repetition 
of I a; I from (—n, n) (Fig. 120). The sine expansion of a;2 in (0, n) gives: 

h 
and 

0 
^lmim.!i=lp- + l]S=^=Ji. 

sin x sin 2a; sin 3a? 8 T sin x 
3 
sin 6a? 

53 

" " J n L 1 
s in 3a? 

3 "*~ ' 33 + 

in the interval 0 < x < n (Fig. 121). 
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We suggest that the reader prove that we can split the Fourier series obtained 
into two series, as has been done above. 

2. The function cos zx is even in regard to x, so that it can be expanded 
in cosines in the interval ( — nt n): 

oo 2 n 

cos zx = —£- -f- J? ak cos kx; ak = — f cos zx cos foe da:. 

FIG. 121 

We have: 
71 

cos 2a; do? = 2 sin 2a; 
7T 

ix=w^ 2sinjiz 
x-0 JT2 

ak = — cos zx cos kx dx = — [cos (z -f fc) a; + cos (2 — k) x] dx = 

1 I" sin (z -f- A;) x sin (z — &) x "]x-» M 2 + ifc z — k Jx=0 

__ J_ f sin (TT2 + &?r) sin (JKS — fl»r) "1 _ ^ 22 sin nz 
~"n[ z + k ' z~^k J - ^ " 1 ^ n (2i __ &2) • 

Accordingly, in the interval — ;r < a? < n: 

2z sin nz [~ 1 , cos a; cos 2a; , cos 3a; 1 cos 2a; = — — . . . . n [ 2 2 2 ^ 1 2 - 2 2 2 2 - 2 2 ^ 3 2 ~ 2 2 J 

On setting x = n here and dividing both sides of the equation by sin nz, 
we have: 

1 Tl " £2 + 2* I cot nz = — > ln '—— n l z ^ k2 — 2a J (22) 
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This formula is known as the decomposition of cot nz into partial fractions. On 
differentiating with respect to z, dividing by n and reversing the sign, we get 
the decomposition of 1/sin2 nz into partial fractions: 

i „ i r i ■ o Z? fc8 + g 2 1 
sin2 nz JI2 [ z2 - ~ (k2 — z2)2 J' 

or, noting that 

(ifc« — Z2)2 (Z + fc)2 (2 — fc)2 ' 

we can write the above in the more symmetrical form: 

2 i^w- <23> sin2 nz n2 ^ (z — k)2 ' 

Expression (22) leads to a striking expansion of cot z into a power series. 
On multiplying both sides by nz and replacing nz by z, i.e. z by z/n, we get: 

2z2 
z cotz = 1 — V TO , — . j ~ x k2 n2 — z2 

But 

2z* 2z2 

» * - * k*n> 
{ k2 n2 ) 

= 2w-(1 + w+w+---+w*+---)(i2'<* )-
On substituting this in the above formula and expanding in powers of z2 

we have 
22 °° i 24 °° i z

2n °° 1 
zootZ = l-2— 2 ^ - 2 — 2 ^ - . . . - 2 - ^ - 2 ^ -■■■ 

Substitution of z/2 for z gives us: 

We shall denote the coefficient of z2" by Bn/(2n)!: 

_ L z c o t — z = i-JiL-Zt-Jh-Zi- ._ B" g
2 "- . . . 

2 ZCOt 2 2 - 1 2 [ Z ^ Z . . . ( 2 w ) , Z 

o _ _2_-J2«)' ^ _ J _ (24) 
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The first of the Bn can be found without difficulty by direct expansion of 
(2/2) cot 2/2, on writing this as the quotient of the series for cos z/2 divided 

by the series for 5 2 ^ ? [I, 130]: 

^ 1 - - ~ 6 " , 2~" 30 ' 3 ~ 42 ' 4 ~ " 3 0 ~ ' i * * - ~ 6 6 ~ ' 

and it is clear a t once that the Bn are rational numbers. They are known as 
Bernoulli numbers. On the other hand, knowing their values, we can find the 
sums of the series: 

y l._ - Q*rBn £x kin - 2.(2»)!_ ( " - i ' A - " ) . 

Occasionally, instead of Bernoulli numbers, we take the Eulerian numbers, 
defined by the expressions 

4 * + i = 0 (* = 1, 2, 3, . . . )J (25) 

If we replace 2 by t/i in equation (24), the fact that 

t t __ t C ° S 2i _ * e 2 + e 2 __ t 1 
2t C O t 2* ~ 2% ' ~ T ~ I ~ T T7~ t/ZTT + T*9 

sin — Y r "* T 
2& e — e 

leads us to 

e ' - l 2 ^ 2 ! 4! ^ ' " ^ x ' (2n)! ^ * " 

=*A0 + Alt + Ast* + At*+... 

BernoulU and Eulerian numbers are often encountered in various branches 
of analysis. 

146. Periodic functions of period 21. I t often becomes necessary to 
expand into a trigonometric series of cosines and sines a function defined 
in an interval (—1,1) instead of (—n, n); or alternatively, to expand 
in cosines or sines only a function defined in (0,1). 

This problem reduces to the above with the aid of a change of 
scale, i.e. by introducing in place of x an auxiliary variable £ in 
accordance with 

We put 

/(*)=/(4-)=?(*)• 



412 FOURIER SERIES [146 

If f(x) is defined in (—Z, Z), <p(£) is defined in the interval (•— n, n) 
of variation of f. 

We obtain on expanding cp{^) into a Fourier series: 

where, by (26): 

-f- + J2(a*cosftf + &fc8infcf), 
/ c = l 

afc = 4" jy(f)«»*fdf = -1- J" /(-|-)co8*fdf = 
—JI —n 

+ f 
JL | // \ fcnx -t 

= — J /(a:) cos —j— dx; 
+i 

knx T sm— ;—ax. 

(27) 

It follows that Dirichlefs theorem remains valid for an interval 
(—I, Z), except that expansion (6) zs replaced by the expansion 

-f- + 2 r*cos " T - + h k sm "T~"J ' (28) 

the coefficients ak and bk being defined in accordance with expressions (27). 
The same applies to the cosine or sine expansions of a function 

f(x) given in the interval (0, Z), the series obtained being 

an , " knx 2 C 2/ x ferae , 

and 

JPbk*in -j?-; bk = -j-^f(x)sin -^-dx. 
&=i 0 

Example. We find the sine expansion of the f(x) defined by: 

f(x) = . 

(29) 

(30) 

sin —y— for 0 < x < -^ - Z 

0 for —- I < x < /. 

We have in this case: 

, 2 f . ta? 2 f . 
h = - j - J /(*) sm — p - da? = — J si 

nx . knx sm —=— sm — ;— da?, 
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since the integrand vanishes in (1/2,1). Simple working, which we leave to 
the reader, gives: 

0 

( - 1 ) 2 2k 
n(k2 - 1) 

for odd k>l 

for even k 

so that 

nx -sin —= _4_ 
n 71 = 1 

* ' — T ' 

( - l ) n n 
4 n 2 - l 

2nnx 

nx *> 1 * 
— for 0<x<—l 

for —I <x <l 

for x= 

for a; 

1 
(31) 

2 

Oor J 

The interval (—Z, I) can be replaced by any interval (c, c + 21) of length 
2J, as already mentioned as regards intervals of length 2n. With this, the sum 
of series (28) gives f(x) in the interval (c, c + 21), and in evaluating the coef
ficients from formulae (27) the interval of integration ( —I, I) has to be replaced 
by the interval (c, c + 21). 

147. Average error. The theory of Fourier series may be approached 
in a different manner. As above, let f(x) be given in the interval 
{—n, 7t). We form a linear combination of the first (2n + 1) functions 
of family (4): 

-f- + J£ (ak cos kx + $k sin kx)> 
* = i 

(32) 

where a0, av jlv . . . , a„, /?n are numerical coefficients. The expression 
written is generally known as a trigonometric polynomial of the n-th 
order. We consider the error resulting from taking the sum (32) for 
f(x), i.e. we consider the difference: 

An (x) = f(x) — {-SL. + J £ K cos kx + pk sin Jcx)j. 
1 k=l } 

The greatest deviation An of sum (32) from f(x) in the interval 
(—7t, 7i) is defined as the greatest value of | An(x) \ in the interval. 
The smaller An, the more accurately the 7ith order trigonometric 
polynomial (32) represents f(x). The quantity An is not suitable as 
a measure of the approximation, however, not only because the 
investigation of its value is difficult, but also because it is often 
more important in problems concerning the approximate representa-
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tion of functions to achieve a reduction in the "average" or "probable*' 
error rather than a reduction of the "greatest deviation". Figure 122 
illustrates two approximate curves (dotted) for a given f(x) (full 
curve). The greatest deviation of curve (1) is less than that of curve (2), 
yet in general (1) differs far more from the true curve than (2) does; 
the deviations of (2), though considerable in the interval (—-ft, jr), 
are of much smaller duration than those of (1). 

When applying the method of least squares to checking the accuracy 
of a series of observations, we make use of the average or "root mean 

square" error, this being defined as follows: 
let the values obtained in measuring a quan
t i ty z be 

Zl> #2> • • • » %N> 

the error of each measurement is 

FIG. 122 

z-zk (k=l,29...,N); 

the average error 6n is, by definition, given by 

i.e. dn is the square root of the arithmetic mean of the squares of the 
errors. 

I t is this average error tha t we take as a measure of the degree 
of approximation of sum (32) to our function f(x). We only need to 
bear in mind tha t it is a matter of an infinite set, and not a finite 
number, of values, continuously distributed throughout the interval 
(—7ty n). Each separate error is thus in fact A(x), and the arithmetic 
mean of their squares will be 

+* 

—* 

whilst the average error dn of expression (32) is obtainable from the 
equation: 

—n 

+n n 

= i J fa -~%"-£(a*cos kx + fik 8in kx)f **• (33) 
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I t now only remains for us to select the constants ct0, av pv . . . , 
an, pn in such a way as to get the minimum <$£, i.e. we have the ordinary 
problem of finding the minimum of the function d„ of (271+1) 
variables. 

We first of all simplify expression (33) for <5̂ . We find on squaring: 

{/(*) — " f j % (ak cos kx +pk sin to) }* = 

= [/(*)]2 - «o m — 2 2 <a* cos kx + P* Sin te) /<*) + "T" + 
/ c = l 

+ J £ (a* cos2 to + pi sin2 to) + an, (34) 

where <rn denotes a linear combination of expressions of the form: 

cos Ix cos mx, sin Z# sin rare (l^m), 

cosxsinmx, eoslx, sinmx. 

By the orthogonality of the trigonometric functions [143], the integrals 
of all these expressions vanish over the interval (-— n, n), whence it 
follows that the integral of on over the interval vanishes. The inte
grals of cos2 hx and sin2 to are equal to n, as we know, and we get 
on substituting (34) in (33): 

—n —n 

n + * +n 

J? \ak f(x) cos to dx + pk f(x) sin to dx \ + 
^ = 1 —n —n 

+ -T- + -fJ2'(<# + #)• 
k=\ 

We use expressions (9) for the coefficients of the Fourier series for 
f(x) to rewrite the expression for d* as follows: 

* = i 
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or, on subtracting and adding the sum 

4-+ 4-^(^ + 61), 
k = l 

we can write our expression as: 

+ y J"[K-«*)2 + (^-6fc)2]. (35) 

The value of <$£ is clearly a minimum when the last non-negative 
terms on the right-hand side vanish, i.e. when a0 = a0 and generally, 
ak = ak and (ik = bk (k = 1, 2, . . . ) . I t follows tha t the average error 
of the approximation to a function f(x) by means of an n-th order trig
onometric polynomial is a minimum when the coefficients of the poly-
nomial are the Fourier coefficients of f(x). 

An important point must be noted. I t follows from the result 
obtained that the values of ak and (}k leading to minimum d„ do not 
depend on the subscript n. If we increase nt we must add new coeffi
cients ak and fik; but those already calculated remain the same. 

The least error en is found from (35) by replacing ak and fik by 
ak and bk respectively: 

—n 

or 

2 4 = 4 - 1 y MY dx - 4 - J; <a*+6*>- (37) 
— 71 

On increasing the order n of the trigonometric polynomial, new 
negative (or at any rate, not positive) terms, •—a£+1, — 6^+1, . . . , are 
added to the right-hand side of (37), and therefore the error en can 
only diminish on increasing n, i.e. the accuracy of the approximation 
increases (does not decrease) on increasing n. 

The quantity e„ is given by (33) if the ak, (ik in it are replaced 
by ak, bk respectively, i.e. is given by the integral of the square of 
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a certain function, so tha t £„ is indeed positive or, more precisely 
not negative. On taking this into account, we get by (37): 

2 n +n 

^- + 2 K + b\)<^\[f (*)]« dx. (38) 
—n 

We have so far made no explicit assumptions regarding f(x). I t is 
necessary for the above arguments tha t all the integrals employed 
should exist, i.e. tha t the Fourier coefficients should be calculable 
in accordance with formulae (9) and tha t the integral of the square 
of the function exists. We shall assume for definiteness that f(x) is 
continuous or has a finite number of discontinuities of the first kind. 
All the integrals concerned certainly have a meaning with this 
assumption [I, 116]. We could in fact make far more general assump
tions regarding f(x) and in any case, those that figured in the Dirichlet 
conditions have no actual part in the above and future arguments. 
To return to inequality (38): as n increases, the sum of the positive 
terms on the left increases (does not diminish), whilst remaining less 
than the definite positive number occurring on the right. I t follows 
immediately that the infinite series 

00 

2{a\ + b\) 

is convergent [I, 120]. On letting n tend to infinity and passing to 
the limit in (38), we get: 

00 +71 

4 + 2 K + H)< ± J [/ MY dx. (39) 
— n 

On recalling tha t the general term of a convergent series must tend 
to zero as we move away from the initial term, we can state the 
following theorem: 

THEOREM. With the assumptions made regarding f(x), its Fourier 
coefficients ak and b^ tend to zero as lc-> + ° ° -

The following is a fundamental problem from our new point of 
view: will the error sn tend to zero with indefinite increase of n ? If we 
pass to the limit with n increasing indefinitely on the right-hand 

n 
side of (37), we get instead of the finite sum ^ the infinite sum 

oo k=l 

2 i-e-

lim 24 = ~ f [/ (*)]* dx - -f - 2 K + b\), 
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whence it follows that the fact that en tends to zero is equivalent to 
our taking the sign of equality in (39), i.e. 

00 

1 I [/ (*)]2 dx = ^- + 2 (4 + 62) • (40) 

This is generally known as the closure equation. We show in the next 
section that en—>-0, i.e. equation (40) is in fact valid for all functions 
f(x) with the above-mentioned properties. 

148. General orthogonal systems of functions. Most of the discussion 
of this chapter is based on the orthogonality of the functions of 
system (4) and not on the properties per se of the trigonometric func
tions. The discussion is on this account applicable to any system of 
orthogonal functions. Such systems are of frequent occurrence in 
mathematical physics, as we shall see. Let a system of real functions 
be given in the interval a < x < 6, the functions being assumed 
continuous for the sake of clarity: 

<Pi{x)> <Pi(x)> • • • > <Pn(x)> ••• (4 1) 

We shall suppose tha t none of these functions is identically zero. 
The functions of system (41) are said to be orthogonal if 

b 

I <Pm (x) <Pn (a) da = 0 with m # n. (42) 
a 

The integral of the square of each function of system (41) is equal 
to a certain positive constant. We introduce the following notation 
for these constants: 

*n = J>»(*)l2d*- (43) 
a 

If we multiply each of the q>n(x) by the respective numerical factor 
l/y^n, we obtain new functions 
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which, by (42) and (43), satisfy not only the condition for orthogonality, 
but also the condition for the integral of the square of a function 
to be unity, i.e. 

br i \ i \A f° for w # w 
a [I lor m = n. 

The functions 

Vi(*)> %(*)> ••> Vn(»)» ••• (45> 

of a system are said to be orthogonal and normalized if they satisfy 
condition (44). Let f(x) be a function defined in the interval (a, 6) 
and let us suppose that it can be expanded in the interval in a series 
of functions (45): 

f(*)=2ckVk(x), (46) 
k=l 

where the ck are numerical coefficients. We multiply both sides of 
(46) by ipn(x) (n — 1, 2, . . . ) and integrate over (a, 6), making the 
assumption tha t the series on the right can be integrated term b y 
term: 

b °° b 
J / (x) Wn (*) d * = J £ ck j* y)k (a?) v>„ («) dx. 
a k=\ a 

On taking (44) into account, we get the following expressions for 
the coefficients cn: 

cn = $f(x)y>n(x)dx (rc = l , 2 , . . . ) . (47) 

The cn defined by these expressions are usually called the generalized 
Fourier coefficients of the function f(x) with respect to the system of 
functions (45). The above remarks are only of an introductory nature, 
as in [142], and a rigorous treatment implies the following problem: 
if the coefficients cn, calculated in accordance with formulae (47), 
are substituted in the series on the right-hand side of (46), will the 
series be convergent in the interval (a, 6), and if so, will its sum be 
equal to f(x) ? The solution of this problem naturally implies making 
certain assumptions regarding the properties of f(x). The series obtained 
by substituting for the cn their values from (47) is usually known a t 
the generalized Fourier series for f(x). 
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We can take an alternative approach by writing an expression 
for the average error in representing the given f(x) as a finite sum 
of the form: 

n 
2}ykVk(x)> 
k=\ 

The square of the error will be given by: 
b n 

a ~ 

If we take (44) and (47) into account and carry out working similar 
to tha t of [147], we get: 

( 6 - a ) 3 » = / [ / ( » ) ] 2 c b - J v , + 2iyk-ck)*. 
a /c=l k = \ 

Hence it follows at once that d„ is a minimum when the yk are 
equal to the Fourier coefficients of f(x), and denoting the minimum 
by en, we have 

( & - a K = / [ / ( * ) ] * d r - 2cl-
a ft-1 

Hence the convergence follows, as above, of the series 
00 

k=l 
and we have the inequality 

JhS</[/(*)]2<k. (48) 
k=\ a 

which is generally known as BesseVs inequality. A basic problem here 
is whether en tends to zero on indefinite increase of n} this being 
equivalent to having the equals sign in (48), i.e. 

l[f{x)Y&x= ^ c l (49) 
a k^\ 

This is known as the closure equation for f(x) with respect to the 
system of functions (45). The system is said to be closed if equation 
(49) is valid for any continuous function f(x) and for any function 
with a finite number of discontinuities of the first kind. I t may be 
mentioned tha t if this is the case, it can be shown that (49) is valid, 
in fact, for a far wider class of functions. 
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The proof of the closure equation was given for various systems 
of orthogonal functions by V. A. Steklov, who pointed out the 
importance of the equation in the theory of orthogonal functions. 
A. M. Lyapunov first proved the equation for the case of trigono
metric series. 

We return to the system: 

1, cos a;, sin#, cos2#, sin2a;, . . . , cosnx, sinnx, . . . 

These functions possess the property of orthogonality in the interval 
(—n, n) but they are not normalized, i.e. the integrals of their squares 
are not equal to unity. I t follows from the discussion above [142] 
that the normalized orthogonal system is here 

1 1 1 . 
- 7 = r , —=- COS X, —=r S i l l X, . . . , 
Y2n in in 

1 1 . 
—=r cos nxy —=r sin nx, . . . 
in in 

There is a simple geometrical analogy to the above. We take ordinary 
three-dimensional space and let A be a vector with components 
Ax, Ayi Az along Cartesian axes. The square of the length of the vector 
is given by [103]: 

\JL\* = AI + A% + A\. (50) 

If we take two vectors A and B, the condition for them to be per
pendicular is [103]: 

AxBx+AyBy + A2Bz = 0. (51) 

We now consider a far more complicated vector space: we take 
as a vector every real function f(x), given in the interval (a, 6), and 
possessing certain general properties similar to those discussed in 
previous articles, which enable the necessary integrations to be 
carried out. 

By analogy with (50), we take the magnitude of the integral 

/ [/(*)]2d* 
a 

as the square of the length of the vector f(x) of our function space, 
and by analogy with (51), we say tha t two vectors f±(x) and f2(x) 
of the space are perpendicular or orthogonal if 

b 
j " / i (*)/«(*) da = 0. 
b 
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We have here replaced the finite sums of (50) and (51) by integrals 
over (a, b). Using this terminology, we can say tha t condition (44) 
is equivalent to the fact tha t the vectors ipn(x) appearing in family 
(45) consist of parallel pairs and are of unit length, i.e. vectors ipn(x) 
in our function space are analogous to a system of mutually orthog
onal unit vectors of ordinary space [102]. Let f(x) be any vector 
of the function space. We can say that the cn evaluated from (47) 
are the components of the vector f(x) along the fundamental set ipn(x). 
Bessel's inequality (48) is equivalent to the fact that the sum of 
the squares of the components does not exceed the square of the 
length of the vector itself. If we take a fundamental set of three 
mutually orthogonal unit vectors in three-dimensional space, we 
always have the sign of equality, by (50). But if we forget about 
the third unit vector, for instance (directed along the z axis), we 
now have to write instead of the equals sign: 

A% + A*<\A\*. 

the equality being only applicable to vectors lying in the XY plane, 
whilst a strict inequality applies for the rest. An infinite set of 
mutually orthogonal fundamental vectors exists in functional space 
and no simple verification is possible of the fact that none have been 
passed over. 

If condition (49) for closure applies for all f(x), i.e. for all vectors 
of the functional space, the condition, which is analogous to (50), 
also acts as a test for the fact tha t no fundamental vector is left out, 
i.e. for the fact that no new fundamental vector ip0(x) can be added 
to system (45), orthogonal to all those already present. Let such a 
ip0(x) in fact exist, i.e. 

b 
J Vo (x) Wn ( * ) d * = ° (n = 1, 2, . . . ) . 
a 

I t follows from this, by (47), tha t all the Fourier coefficients of y)Q(x) 
with respect to functions (45) are zero. By hypothesis, (49) must be 
valid for all f(x) and, in particular, for y0(x). But all the cn are zero 
for the latter, and (49) gives: 

/[Vo(*)]2<k = °- <52^ 
a 
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If it is assumed say that ipQ(x) is continuous, it follows from (52) 
that y0(#) is identically zero in the interval a < x < 6. The system 
(45) of orthogonal functions is said to be complete with respect to 
continuous functions if no continuous function exists, apart from 
those identically zero, orthogonal to all functions (45). It follows 
from what has been said that closure implies completeness with 
respect to continuous functions. The ability to obtain closure 
from completeness is bound up with a more general definition of the 
latter (not only with respect to continuous functions). 

149. Practical harmonic analysis. The operation of expanding a given function 
in a Fourier series is called harmonic analysis. If the function f(x) is given 
analytically, the problem is solved by means of formulae (27), which define 
the Fourier coefficients. In most practical cases, however, the function is given 
empirically, and the task of harmonic analysis is then to work out the most 
suitable methods either for evaluating the Fourier coefficients or for obtaining 
directly the harmonics of various orders in the given function. 

Computational methods of harmonic analysis are based on the application 
of approximation formulae for integrals to the integrals for ak and bk. The 
rectangle formula is the simplest of these [I, 108]. 

We shall take an interval of length 2TT, as is always possible by a suitable 
choice of scale on the x axis. We take x — 0 and x = 2n as the ends of the 
interval. We now divide (0, 2n) into n equal parts and denote the abscissae 
of the points of subdivision by 

XQ = U, x^ a?2» • • •» %n—v **TI == ^^» 

the values of f(x) a t these points being denoted by 

«*o» -*i> -*-2> • • • > - * n - i > Y n. 

We now have by the rectangle formula: 

2 n ~ J 2 n~* 
ak ~— 5* Yt cos kx(] bk~— V Ytsmkxif (53) 

and the various methods for evaluating the coefficients ak and bk have the aim 
of simplifying formulae (53) and reducing to the minimum the number of 
multiplications necessary. 

The method below, which is borrowed from W. Lohmann,f is based on 
certain transformations of formulae (53) and is extremely convenient both on 

f Harmonische Analyse zum Selqstunterricht, Berlin, 1921. 
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account of the simplicity of the manipulations it requires and due to the high 
degree of accuracy of the results. 

1. We take the graph of the curve to be analysed and draw the abscissa 
as close underneath it as possible (Fig. 123) in order to avoid both negative and 
very large ordinates. We divide the period of the curve into twenty equal parts. 

2. We make up a table on a sheet ruled into squares as shown ir Fig. 124. 
The numbers 1,2, . . . , 20 in the first column denote the abscissae, whilst those 
in the second column denote the corresponding ordinates of the curve, obtained 
directly from the graph. It is useful to take - _ — r — , — . — 1 — ^ _ 
the scale of the graph small enough for the L l j ~ i ^ 4 ^ T ^ t ^ J ^ 
ordinates to be integers. j 2 V96\WiJ59\J16^59 \ \ 

— ^ — j — , — -,.—j---j 
\4\253\2m205\149\76 j 
\5\2A5\235\mmmi ' 

» 6ffi -J. I ' - j J 
r7|WiW!f0ifl0i47» I 
i—i—t—i—i—-}—i H \8 \VO\95\81\59\30\ — i — J . — — , } — . , — + 
\9\82\78\66\48\25 
\10^5\8l[69\50\26\ 
I j - . l — f — . , — + — L 

I 1 ! ;iJjg|--L-!—j.-' 
\l2\64\6J\52\3lW\ 
I 1 ►—T—+" -+ 
j_SJ 29 \28\2_3_117\9_,'__ 

!» !w"Iw!a \B i3"\~ 
1 — - j — . + —1 j — 4 — 

I15\75\14\12[9\5^ 

ri7iw|iwfaff5»i'35! i 
\J8\mW[125\93\47l ' 

12 3456769 101112 13 1415161718192027 
il?\m\l®\W\l03J52\_ ! 

FIG. 123 FIG. 124 

We write in the next column the products of the ordinates with cos 18° = 
= 0.95, in the next their products with cos 36° = 0.81, in the next their products 
with cos 54° = 0.69, and finally their products with cos 72° = 0.30. We leave 
the last column blank, after shading its upper extremity in black (it is best 
to use arithmetic for the multiplications). 

3. To find the constant term of the expansion a0/2 = r0, we add all the 
ordinates and divide the sum by twenty. 

4. To determine the coefficients ak, b^ (k = 1, 2, . . . , 10), a template of 
transparent waxed paper is prepared for each separate coefficient to patterns 
as shown in Figs. 125. The size of the squares on the template and of the template 

file:///4/253/2m205/149/76
file:///5/2A5/235/mmmi
file:///VO/95/81/59/30/
file:///9/82/78/66/48/25
file:///l2/64/6J/52/3lW/
file:///28/2_3_117/9_
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FIG. 125-c 

itself must accurately correspond with those of the table of Fig. 124. The 
squares need to be bordered with thin and thick lines, or lines of different 
colours. Each template is laid on the table (Fig. 124) and the sum 27(+) calculated 
of the numbers occupying squares with thick borders and similarly the sum 
27/ \ of the numbers occupying squares with thin borders. 

After carrying out this operation for all the templates, we find the differences 
between corresponding sums (27/+^ — 27̂ _̂ ) and divide each difference by 10; 
the quotients obtained in fact give the coefficients alt bv a2, 62, . . . , a10, b10. 

5. We find the amplitudes rl9 r2, . . . , r10 of the various harmonics of the 
required expansion from the formula: 

We determine the phases <pv <p2, . . . , <p9, <Pi0 of the harmonics from the 
formula: 

tan 9^ = -r-. 
°k 

The angles <pk can be found to an accuracy of 1 ° by making use of the table 
given below. 

427 
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The two numbers are sought in the table between which the ratio | ak/bk | 
lies, then the corresponding angle \pk is read off, in tens of degrees on the left 
of the relevant horizontal row and in degrees at the top of the relevant column. 

0° 

10° 

20° 

30° 

40° 

50° 

60° 

70° 

80° 

90° 

( 
1 

0 

0.17 

0.35 

0.57 

0.82 

1.17 

1.70 

2.7 

5.4 

115 

)° 1 
\ 1 

0.01 

0-19 

0.37 

0.59 

0.85 

1.21 

1.75 

2.8 

6.0 

-

' 1 0.03 

0.20 

0.39 

0.61 

0.88 

1.26 

1.84 

3.0 

6.7 

— 

2° : 
\ 1 

0.04 

0.22 

0.41 

0.64 

0.92 

1.30 

1.90 

3.2 

7.6 

-

1 
0.06 

0.24 

0.43 

0.66 

0.95 

1.35 

2.06 

3.4 

9 

-

0.08 

0.26 

0.46 

0.69 

0.98 

1.40 

2.10 

3.6 

10 

-

5° 

0.10 

0.28 

0.48 

0.71 

1.02 

1.46 

2.20 

3.9 

13 

— 

5° 
\ 1 

0.11 

0.30 

0.50 

0.74 

1.05 

1.51 

2.30 

4.2 

16 

— 

7° 
\ 1 

0.13 

0.32 

0.52 

0.77 

1.09 

1.57 

2.40 

4.5 

23 

— 

3° 9° 
► t 

0.15 1 0.17 

0.33 

0.54 

0.80 

1.13 

1.63 

2.5 

4.9 

38 

-

0.35 

0.57 

0.82 

1.17 

1.70 

2.7 

5.4 

115 

oo 

Having found tpk, we get <pk from the following table, according to the signs 
of ak and bk. 

ak 

+ 

+ 

— 

— 

h 

+ 

— 

— 

+ 

k j 

Pjfc = V* 

9 ^ = 1 8 0 ° — v * 

<^ = 180° + y* 

^ = 3 6 0 ° — ^ 

All these computations can usefully be set out in the form of a table, as 
shown below for the case of the curve of Fig. 123. 

It may be noted in conclusion that the example worked out gives a reasonably 
accurate result only for the first harmonics. 
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II e 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

+ 
H 

1201 

832 

653 

821 

641 

832 

808 

823 

816 

1277 

T H 

424 

819 

968 

838 

634 

827 

813 

828 

809 

1294 

^^ 
T̂ 
i i 
+ 
o f-H 

|| 0 

+77.7 

+ 1.3 

— 31.5 

- 1.7 

+ 0.5 

+ 0.5 

- 0.5 

- 0.5 

+ 0.7 

- 1.7 

+ 
t* 

1121 

804 

754 

785 

654 

797 

802 

792 

815 

— 

i ^ 
496 

785 

865 

798 

640 

786 

817 

797 

802 

— 

^ 
tf 
I 1 + 
o ̂ 

II 
rO 

+62.5 

+ 1.9 

-11.1 

- 1.3 

+ 1.4 

+ 1.1 
— 1.5 

- 0.5 

+ 1.3 

— 

** 
0 6037.3 

1.7 

992.3 

2.9 

0.3 

0.3 

0.3 

0.3 

0.5 

-

3906.3 

3.6 

123.2 

1.7 

2.0 

1.2 

2.3 

0.3 

1.7 

-

-o + 

5* 

100 

2 

33.4 

2 

2 

1 

2 

1 

2 

2 

*&\ e 
II 
5>. £ a3 

1.24 

0.68 

2.84 

1.38 

0.36 

0.45 

0.33 

1.00 

0.54 

CO 

o 

51 

34 

71 

54 

20 

24 

18 

45 

29 

90 

o 8-

51 

34 

251 

234 

20 

24 

198 

225 

29 

270 

§ 15. Supplementary remarks 
on the theory of Fourier series 

150. Expansion in Fourier series. The present section is concerned 
with a more penetrating and rigorous account of the theory of Fourier 
series and starts with a proof of the theorem regarding the Fourier 
expansion of f(x). We shall impose conditions on f(x) different to the 
Dirichlet conditions [143] so as to simplify the proof. The proof of 
the Dirichlet theorem is given later. 

We take the Fourier series for the function f(x): 
oo 

"Y" + 2 (a*cos kx + bk sin * ^ » ^ ) 
where 

ak = i J" / (t) cos ktdt; bk=^ \ f(t) sin Jet dt, 



430 FOUKIER SERIES [150 

the variable of integration being denoted by t so as to avoid con
fusion in later working with the variable x of expression (1). We 
substitute the expressions for ak and bk in (1) and find the sum of the 
first (2n + 1) terms of the Fourier series for f(x), the sum being 
written Sn(f): 

Sn (/) = -y- + 2 (ak cos hx + b* sin kx"> = 

+n n 

— — f(t) ~Y ^ (cos ht cos hx + sin let sin hx) dt = 
— 71 

=4- J /o [4-+-§cos *<*—*) ]d*-
— 71 

But we can write [I, 174]: 

sin fn 2~J ? + s i n "f" 
1 + cos 99 + cos 299 + . . . + cos (ft—1)92= — 2siB-f-

On replacing n by (n + 1) in this equation and subtracting a half 
from both sides, we get: 

(2n + l )y 
1 s m 2 

-«>- + cos 9? + cos 2cp +. . . + cos 719? = , 
2 s i n - f 

whence 
(2n+\)(t-x) s m 1 n " 2 

J _ + V o o s i ( « - X) = ^ , (2) 
fc=i 2 s i n — - — 

so that we can write the previous expression for Sn(f) in the form: 

*"</) = ^ r 
7 Zm (2»+ !)(«-«) 

—» 
M 9 . « - , * ' 

2 s i n — ~ — 

We make a periodic continuation of f(x), assigned in the interval 
(—7T, n), so that it can be assumed to have period 2n and to be 
defined for all real x. The fraction appearing under the integral 
sign also has period 2n with respect to t, by virtue of (2). If we take 
into consideration the "remark" in [142], we can replace the interval 
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of integration (-— ny n) in the above integral by any interval of length 
2n. We take any value x of the independent variable and use the 
interval of integration (x — JT, x -{- n): 

X+n 
p . (2n + 1) (t - x) 

Sn(f) l 
n 

sm 

x—n 

fit) -£ dt. 
2 s i n — K — 

I t must be repeated that throughout the future working f(x) is 
understood to be continued outside (—TT, n) for all real x in the 
manner described above. 

X X+n 
We split the integral into two: firstly J and secondly J . We 

X — J X X 

introduce new variables of integration z instead of t, given by t = 
= x — 2z as regards the first integral, and by t = x + 2z as regards 
the second. On changing the variables in the integrands and putt ing 
in the new limits of integration, we get: 

n 

^ ( / ) = ^ / / ( — 2 , ) - S ^ ^ d , + 
0 

0 

If we suppose tha t f(x) is equal to unity throughout (—TT, TC), the 
free term a0/2 of its Fourier expansion is evidently unity whilst the 
remaining terms are zero, i.e. Sn(f) is unity for any n, and we have 
the following equation: 

n 

l-l-fjBgLtVLte (W=1,2,S...). (4) 
7i j sins v ' ' ' v ' 

o 
We prove a lemma before turning to the fundamental theorem: 
LEMMA. / / the interval (a, 6) is all or part of (—JT, :r) and ip(z) is 

continuous, or has a finite number of discontinuities of the first hind, 
in (a, 6), the integrals 

b b 

— ip(z) cos nz dz and — ip(z) sin nz dz 
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tend to zero on indefinite increase of the integer n. If (a, b) is (—n, jr), 
this lemma is precisely the same as the theorem of [147]. We now 
let (a, b) be part of (— n, n). We continue tp{z) throughout the longer 
interval (—n, n) by making it zero in the parts of this interval outside 
(a, 6), i.e. we define a new function y)x(z) such that ^(z) = tp(z) for 
a < z < b and y)±(z) = 0 for z in (—7t, n) but outside (a, 6). We can 
now write, for instance, 

+n 
— I y)(z) cos nz dz = — f v>i (z) cos nz dz, 

a —n 

and this integral tends to zero by the theorem of [147] referred to 
above. It may be pointed out that tp^z) is also continuous, or else 
has a finite number of discontinuities of the first kind in ( — n, n). 
The lemma is easily shown to remain valid if (a, 6) is any finite 
interval. 

We now turn to the basic theorem for the expansion of f(x) in a 
Fourier series. As usual, we take f(x) as either continuous or possessing 
a finite number of discontinuities of the first kind in the interval 
— 7T < X < 71. 

If we multiply both sides of equation (4) by the factor f(x), take 
the factor under the integral sign and subtract the resulting equation 
from (3), we get: 

n 

*„</>-«*)-4-/[/<*-**>-/<*>] ' " " I t " ' d * + 

+4-fw«+*)-/wi "-'It'" *• 
0 

which we can also write in the form: 
n 

2 

+41 / ( , + 2»)-/(«) . _ 2 £ _ s i n ( 2 r a + 1 ) 2 d 2 . (5) 
22 s i n z v ' 
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To prove that Fourier series (1) for f(x) is convergent to the sum 
f(x), we have to show tha t the difference [Sn(f) — f(x)] tends to zero 
on indefinite increase of n. 

We consider the function 

, x f(x - 2z) - f(x) - 2 2 w(z) = — ^—^-*- • — 
YK ' — 2z S1D2 

in the interval (0, nj2). I t can have discontinuities of the first kind 
originating from the discontinuities of f(x — 2z) and furthermore, 
the value z = 0 must be specially investigated. We suppose tha t f(z) 
is not only continuous at the point x tha t we have taken but also 
has a derivative. I t follows from the definition of derivative and the 
obvious equation 

l i m - ^ ^ = — 2, 
z-+o smz 

tha t \p(z) tends to a definite limit, equal to — 2/'(x), as z - > 0. Hence 
the above lemma is applicable to y(z), and the first term on the right-
hand side of (5) tends to zero on indefinite increase of n. I t can be 
shown in a similar manner tha t the second term tends to zero, whence 
it follows tha t the difference [Sn(f) — f(x)] tends to zero at the point x. 
We thus obtain the following theorem: 

THEOREM. 2/ f(x) is continuous or has a finite number of discontinuities 
of the first kind in the interval (—n, n)y its Fourier series is convergent 
to the sum f(x) at every point x at which f(x) has a derivative. 

I t is easy to obtain a more general result. We suppose tha t at the 
point x the function is continuous or even has a discontinuity of the 
first kind, whilst the finite limits exist: 

lim A — » ) - / ( — 0 ) a n d l i m /(* + " > - / ( * + °>. (6) 
/i-*+o — n h-++o ,l 

The existence of these limits, i.e. of the derivatives to the left and 
right, is equivalent geometrically to the existence of a definite tangent 
to the left and to the right. We have in this case the following supple
ment to the theorem: if the finite limits (6) exist, the Fourier series 
for f(x) is convergent at this point to the sum [f(x — 0) + f(x + 0)]/2 
(or to f(x) if f(x) is continuous). 
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We can write on multiplying (4) by [f(x—0) + f(x + 0)]/2 and 
subtracting from (3): 

S M - /<—<» + /<« +o) = 

^ \ 
f(x — 2Z) — f(x — 0) —225 . / 0 . , x , , 
— ^V^ • — sm (2n+l)zdz + 

2 

0 

f(x + 2z)-f(x + 0) 2z . , . . . . , , _ 
o, - r — 8 i n ( 2 t t + l ) 3 d 2 . (7) 2z sin z 

We have to prove that the right-hand side tends to zero on indefinite 
increase of n. 

We can say from the existence of limits (6) tha t both the fractions 
f(x - 2«) - f(x - 0) a n d J(x + 2z) - f(x + 0) 

— 22 2z 

have finite limits as z —> 0, and we can use exactly the same arguments 
as above to see tha t both integrals on the right of (7) tend to zero on 
indefinite increase of n. This proves the supplement to the theorem. 

For x = n and x = — TZ, by the periodic continuation of f(x), 
limits (6) become: 

l im / ( -«+ »)-./(-„ + ()) a n d l im fl*-k)-n»-0) f 

and the sum of the series will be: 

/(—* + 0) + /(tt —0) 
2 

I t should be noticed tha t in all the examples considered in the 
previous section, f(x) satisfies at all points the conditions of the above 
theorem and its supplement. 

151. Second mean value theorem. For the proof of Dirichlet's theorem and 
a, more detailed account of Fourier series we need a proposition of the integral 
calculus that has some similarity to the mean value theorem given in Vol. 
I [I, 95]. The new proposition is usually referred to as the second mean value 
theorem, and may be stated as follows: if y(x) is monotonic and bounded and has 
a finite number of discontinuities in the finite interval a < x < b, whilst f(x)' 
is continuous, we have: 

b S b 
I <P(x) /(*) dx — <p(a + 0) J f(x) dx + <p(b — 0) J f(x) dx, (8) 

a a £ 
where f is a number belonging to the interval (a, b). 
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I t is sufficient to prove (8) for an increasing (non-decreasing) <p(x), since 
evidently if <p(x) is decreasing, [—y(x)] is increasing, and on applying (8) for 
\ — <p(x)] and changing the sign on both sides, we get (8) for (p(x) itself. I t can 
be shown moreover that it is sufficient to prove (8) for the case of <p(a + 0) = 
== 0. We assume that (8) is proved for this case and that <p(x) does not satisfy 
the condition stated. We introduce a new monotonic function xp(x) = <p(x) — 
— <p(a + 0). The end values of this function will be tp(a + 0) = 0 and y(b — 0) = 
= <p(b — 0) — (p(a + 0). Equation (8) is applicable to xpix) by hypothesis, and 
gives, since tp(a + 0) = 0: 

b b 
J y(x) f(x) dx = ip(b - 0) j f(x) dx, 
a I 

or 
b b 

I [<P(x) ~ <P(<* + 0)] f{x) dx = [<p(b - 0) - <p(a + 0)] J f(x) dx, 
a £ 

whence 

b b b b 
J <p{x) f(x) dx = 9(a + 0) [ J f(x) dx - J f{x) dx] + ?(b - 0) J fix) dx, 

a a $ * 

which leads immediately to equation (8) for <pix). All in all, therefore, it is suffi
cient to prove (8) for increasing, or more precisely, non-decreasing <pix) for which 
(p(a + 0) = 0. This type of function clearly has non-negative values in (a, 6). 

We carry out the proof by subdividing (a, b) with the aid of the points: 

Xn —— (*, X-ty Xn, « • • j «*-V_l j Xi • • • , *t'»|__f j Xft - O . 

We know from [I, 95] that : 

J fix)dz = fi(i)ixi-xi_l), 
Xi-i 

where |,- belongs inside (#,•_!, a?,-). 
We form the sum: 

Xi 

2 ?(*/) /<« to - *M) = 2 ?(« f /(*)d*-
i= i i - i J 

Xi-! 

On indefinite increase of n and indefinite decrease of the greatest of the lengths 
of sub-intervals (xi_v x()y this sum tends to the definite integral (as we know 
from Vol. I), i.e. we have: 

b n x{ 

J q>(x) fix) dx = lim £ <?(£,-) J fix) dx. 
a i = i x{-x 
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We now investigate the sum 

2 tfW 5 /(*) &*= 2 9(h) [ I /(*) d x - j" /(*) das] = 
1 = 1 X*_! J = l X<_x X* 

= ff(fi) I /(*) da; + 2 W6) - rt*i-i)3 I /(*) d*« (9) 

The integrals 

b b b b b 
j* f(x) dx, J j[x) da?, J /(a;) da?,..., j* /(a;) da?,..., j /(a?) da? (10) 

a XX X , X<_j Xn-i 

represent particular values of the function 
b x 
J / ( a? )da?=- J /(a?) da?, (11) 
x b 

which is a continuous function of the limit of integration x [I, 96], so that all 
the values (10) lie between the least and greatest values m and M of function 
(11). 

If we take into account the fact that in (9) all the factors 

yfa) and ?({/) —?(f/-i) 

are non-negative, and replace integrals (10) on the right of (9) firstly by m, 
then by M, we get: 

2 <P{Si) I /(*) d* > {rttx) + 2 [?(*/) ~ P(*/-i)]} ™ = <P(Sn) ™> 
* = 1 Xi-X i = 2 

2 (̂*/> I /(*> d* < fr(fi) + j? t̂ (W -V(ft-i)]} ^ = ^ n ) M> 
i = l *-! i = 2 

i.e. 

whilst in the limit, as n -»• oo and the greatest of the lengths of the (x(_v x() 
diminishes indefinitely, since we have 

fn -> 6 — 0 and ?({„) -> <p(b — 0), 

the inequality becomes: 
b 

<p(b—0)m< J* <p(x) f(x) dx < q>(b — 0) M, 

$ <P(z) /(«) da? = cp(b — 0) P , 
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where P is a number lying in the interval (m, M). But the continuous function 
(11) takes all values lying between its least value m and greatest value M in the 
interval (a, b) [I, 43], including the number P , so that it must in fact be possible 
to find a { in (a, 6) such that 

b 
$f(x)dx=P, 

which gives us 
b b 

S<p(x)f(x)dx = <p(b-0)Sf(x)dxi 
a £ 

and this is the same as (8) since cp(a + 0) = 0 by hypothesis. I t may be mentioned 
that (8) can be proved without assuming continuity of/(#) and a finite number 
of discontinuities of <p(x), though we shall not dwell on this. Finally, it must 
be pointed out that the more general formula than (8) may be proved: 

q I b 
l<p(x) f(x) dx = A j 7 (x) dx + B J / (x) dx. 
a a £ 

where the numbers A and B must satisfy the conditions A < <p(a + 0) and 
B > tp(b — 0). 

COROLLARY. We saw in [147] that, given certain conditions, the Fourier 
coefficients an and bn of f(x) tend to zero as n -*■ oo. If f(x) satisfies Dirichlet 
conditions, it can be shown more precisely that for large n the coefficients are 
infinitesimals of order not lower than 1/n, i.e. we can -write: 

\°n\<—i \bn\< — . 

where M is a definite positive number. By hypothesis, the interval ( — nt n) 
can be divided into a finite number of parts in each of which f(x) is monotonic 
and bounded. Let (a, /?) be such a sub-interval. The coefficient an is the sum 
of a finite number of terms of the form: 

— / (x) cos nxdx9 

which can be transformed by the mean value theorem: 

P $ P 
— / (x) cos nx dx = — / (a + 0) cos nx dx -| / (ft — 0) cos nx dx = 

a a $ 

_ / (a + 0) (sin n£ — sin na) -f / (ft — 0) (sin nft — sin n£) 
nn 

This gives us for each separate term in the expression for an an upper limit 
of the form M/n, where M = 2 | f(a + 0)|/w + 2 | / ( ^ — 0)|/w. There will clearly 
be a similar upper limit for the sum of a finite number of terms of this form, 
i.e. for an. Analogous reasoning applies in the case of 6n. 
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If f(x) is continuous and f( — n) = f(n), whilst the derivative f'(x) exists 
and satisfies Dirichlet conditions, we obtain, on integrating by parts and 
noticing that the term outside the integral vanishes since f( — n) = / ( . T ) : 

+n +n +n 
nbn = f(x) sin nx dx = f(x) d cos nx = /' (x) cos nx dx. 

—n —n —n 

But the last integral, being the Fourier coefficient of f'(x) satisfying Dirichlet 
conditions, must have the same upper limit as above, so that with the assumptions 
made we get for bn: 

We can write an analogous expression for an. A more detailed discussion follows 
later of the values of the Fourier coefficients in relation to the properties 
of/(*). 

152. Dirichlet integrals. It is clear from expression (3) that the question of 
the convergence of a Fourier series, i.e. of the existence of a limit of the sum 
Sn(f), amounts to an investigation of integrals of the form: 

j smraz 
(p{Z) : — - — QZ. 

We shall consider the simpler type of integral: 

b 
1 f . x si S i n m * - d z , (12) 

which is known as a Dirichlet integral. We prove the following lemma in regard 
to this: 

LEMMA. If q>(z) satisfies Dirichlet conditions in the interval (a, b), we can say: 
(1) if a = 0 and b > 0, integral (12) tends on indefinite increase of m to the limit 
?>(+0)/2; (2) if a = 0 and b < 0, the limit becomes <p(—0)/2; (3) if a < 0 
and b > 0, the limit is {<p( — 0) + <p(+0)}(2; (4) if a and b > 0 or a and b < 0, 
the limit is zero. It can easily be seen that it is sufficient to prove only the first 
statement, from which the remainder follow without difficulty. We prove 
statements 3 and 4, for instance, on the assumption that the first has been 
proved: 

a b a 
1 f , x sinraz , 1 f . . sinraz , 1 f . x sin raz , 

— \9(z)-T-dz-—]9(z)—r-dz-—^V(z)—r-dz. 
b o o 

If a and b > 0, both terms on the right-hand side here have the limit gj(+0)/2 
and their difference consequently tends to zero, which proves statement 4. 
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If a < 0 and b > 0, we replace the variable of integration z by (—z) in the second 
term on the right, and obtain: 

sinmz dz. 
b b - a 

1 f . . sinmz , 1 f . . sin mz 1 f 

a 0 0 

Since 6 and (—o) > 0, we can apply statement 1 to both integrals and obtain: 

b sinmz , 1 v 1 . n> 
— dz -> — ?7(+ 0) + -g - q>(— 0) 

y(-Q) + y(+Q) 
2 

We now turn to the proof of statement 1, i.e. we prove that with b > 0, 
b 

, , sinmz , I f . , sinmz . 1 . , M / l o x 
— j ?(2) j <** -* -o- ?(+ 0). (13) 

We shall assume for the present in our proof that tp(z) not only satisfies Dirichlet 
conditions but is also monotonic in (0, b). 

We had earlier the result: 

sin x . n 
x 2 

(14) 

We consider the integral: 

c 

J sinx 
x 

dx. 

This is a continuous function of c, vanishing for c = 0 and tending to nJ2 
as c -*■ + °°. We can infer from this that for all positive c the integral written 
remains less in absolute value than a definite positive number M. We now take 
the integral with two positive limits 

J -sin x dx, 

We clearly have 

o t> a 

J sinx , f since . P sin a; . da: = dx — da; x J x J x 
and 

(15) 

o t > a 
r sin x I I f sin x . I , I f sin x , 

dx < dx + dx 
J x J x J x 

<M + M = 2M, 
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i.e. the absolute value of integral (15) remains less than a definite positive 
number 2M for any positive a and b. 

Before proving (13), we consider the simpler integral: 

4-J-* 
b 

sinmx dx. 

If we change the variable in accordance with t = mx and use (14), we get 
on indefinite increase of m: 

b mb 
1 f sin ma? _,__ I f sint ,, 1 n _ 1 

IT ' ~2~ = !T 
0 0 

J - f s i n m x d*=-L f-^Ldt 
71 J X 71 J t 

0 
and consequently: 

1 f / . m sin ma: 1 
— J *( + <>) — — dx->--?(+0). 

o 

Hence it remains for us to show, in order to prove (13), that 

b 
1 C r- , * , , ~v-, sin mx _ — | IX*) - <?(+ 0)] dx -> 0, 

i.e. that the absolute value of the left-hand side is less than any positive e for 
sufficiently large m. We split the interval of integration into two parts: (0, S) 
and (<5, 6), where <5 is a small positive number which we fix later. We show that 
each of the two integrals: 

V O 1 fr / \ - / , mi sin mx , , 1 f_ . x sinmx — j [?(*) —?{+ 0)] dx and — | |>(x) — p(+0) ] dx (16) 

has an absolute value less than e/2 for sufficiently large m. Since 99(x) has a 
finite number of discontinuities, we can take 8 sufficiently small for the interval 
(0, <5) to contain no discontinuity, so that (p(x ± 0) = (p(x). On taking into account 
the fact that tp(x) is monotonic, and applying the mean value theorem to the 
first of integrals (16), we get: 

d 6 
1 fr , v /,,**-. sin ma? , 1 r /K\ / . mi P sinmx — J l>(*) — <P(+ 0)] j dx=—[<p(d)—<p(+ 0)] J dx, 

0 0 

and consequently: 
d 

— J [>(«) ~ 9>(+ 0)] dx J < — 
0 

vW-vi+o) • 2Af. 
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We have (p(d) — <p(+0) ->- 0 as d -+■ 0 by definition of the symbol <p(-\-0), 
and we can therefore take d close enough to zero for the right-hand side of 
the equation written above to be less than e/2. The absolute value of the first 
of integrals (16) will now be less than e/2 for any m. Having thus fixed the 
positive (5, we go back to the second of integrals (16). We write this in a new 
form by again applying the mean value theorem: 

£
 b 

The factors in front of the integrals are constants and it is sufficient for us 
to show that the integrals tend to zero on increase of m. We take say the first 
integral and change the variable in accordance with t = mx. We get: 

mi 

md 

The limits md and m£ increase indefinitely on indefinite increase of m9 since 
<5 is a fixed positive number and f is not less than 6. But since 

00 

P sin£ , dt 

is convergent, integral (18) must tend to zero on indefinite increase of both its 
limits [82]. Similar arguments apply for the second integral in (17), so that the 
expression as a whole tends to zero, i.e. the second of integrals (16) tends to zero 
and its absolute value is less than e/2 for sufficiently large m. 

We have proved equation (13), and consequently all the statements of the 
lemma, on the assumption that <p(z) is monotonic as well as that it satisfies 
Dirichlet conditions.lt remains to show that (13) is still true when <p(z) satisfies 
Dirichlet conditions only. These conditions imply that (0, b) can be divided 
into a finite number of sub-intervals in each of which (p(z) is monotonic. Let 
us suppose that (0, b) can be divided into three such sub-intervals (0, bj, (61? 
&2)> (&2> &)• Integral (13) is now split into three: 

, x sin mz , <p(z) dz 

f sin mz f sin mz . f sin mz 
= j 9>(2) " d * + J ?(*) " dZ+\ ^2) ~Z

 dZ' (19) 

0 b t bt 

The lemma is applicable to each term on the right, since (p(z) is monotonic in 
(0, bj)y (blt 62), and (62, b). Hence the first term tends to 0>(+O);2, whilst the 
remaining two tend to zero. I t follows that integral (19) tends to p( + 0)/2, 
which it was required to prove. 

http://conditions.lt
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I t may be pointed out that the number m in Dirichlet integral (12) can increase 
indefinitely in any manner and is not obliged to take only integral values. 
The result obtained has its origin in the fact that the function (1/z) sin mz changes 
sign very often for large m and moreover, takes large values for z near zero. 

153. Dirichlet's theorem. Dirichlet's theorem [143] can be proved without 
difficulty by using the lemma of the previous section. We have to show, by (3), 
that the expression 

I f , . sm(2n + l ) z , , 1 C .. . _ x sin(2n + l )z fix — 2z) ^—:——-— dz -A fix + 2z) ^ — — — dz (20) n J 'v ' sm z n J ' v ' sin z v 

tends to {f(x — 0) + f(x + 0)}/2 on indefinite increase of n. Instead of (20), 
we take the expression: 

J L J" / ( x _ 2z)
 8 i n ( 2 W

z
+ 1 ) g dz + - L f/(x + 2z) S i n ( 2 n

g
+ 1 ) g dz. (21) 

6 o 

The upper limits are positive in both integrals, and the functions f(x — 2z) 
and/(a; + 2z) satisfy Dirichlet conditions in the interval of integration. Further
more, m = 2n + 1 -*► oo, and by the lemma proved above, expression (21) 
tends to the limit {f(x — 0) + f(x -{- 0)}/2. I t remains to show that the dif
ference between expressions (20) and (21) tends to zero. For this, it is sufficient 
to show that the integrals 

6 
n 

- ^ J ^ + 2 2 )(-iik-~T-) s i n(2 w+1 ) 2 d a 
0 

tend to zero. We shall prove this for the first integral: 

— [f(x — 2z) (—^ —lsin(2w + l ) z d z = fy(z)s in(2n+ l )zdz , 
o 6 (22) 

where 

y>(z) = f(x - 2z) (~ -) . 
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The first factor f(x — 2z) has a finite number of discontinuities of the first kind 
(or is continuous) in the interval of integration. The second factor 

_1 1_ 
in z z 

( z z* z5 \ 

(
 Z

 A
 Z

* 1 ** \ 

tends to zero as z -+■ 0 and has no discontinuities whatever in the interval 
(0, 7i/2). Consequently the lemma of [150] is applicable to integral (22), and 
the integral tends to zero. The assertion of Dirichlet's theorem is thus proved. 

We supplement the theorem with two further propositions which are stated 
without proof. The result obtained above reveals only that the Fourier series 
S[f(x)] is convergent to the sum f(x) at every point x of the interval; it says 
nothing about the nature of the convergence in the interval ( — n, n). This 
gap is filled by the propositions now stated: 

1. In every interval lying inside ( — n, n) in which f(x) not only satisfies Dirichlel 
conditions but is also continuous, the series S\f(x)~\ is uniformly convergent. 

2. If f(x) satisfies Dirichlet conditions and is continuous throughout ( — n% n)y 
whilst moreover 

/ ( - * + <)) = /(* —0), 
the series S[f(x)] is uniformly convergent for all x. 

Dirichlet's theorem places relatively few restrictions on the function f(x) 
to be expanded. Nevertheless, the theorem for expansion in Fourier series is 
not valid for any f(x) and there even exist continuous functions which cannot 
be expanded in this way. 

The reader will easily show that propositions similar to the above are valid 
for series expanded in cosines only or sines only for the case when the function 
is defined in (0, n), with the following changes: 

With the conditions of Dirichlet's theorem for (0, n), the sum of the series 
n 

^ f + 2 ak c °s kx; ak = — (*/(«) cos kt dt (23) 

is equal to 

/(, + o) + / ( , -o) Q<x<n (24) 

and to 
<(-f0) for z s=0 ; f(n — 0) for x = n\ 

whilst the sum of the series 
n 

£ bk sin kx; bk = — f(t) sin kt dt (25> 
o 

is (24) for 0 < x < n and zero for x — 0 and x = n. 
All these results are obtained very simply if f(x) is continued in the neigh

bouring interval ( — n, 0) as was done in [146], the continuation being even in 
the case of series (23) and odd in the case of series (25). 
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154. Polynomial approximations to continuous functions. Our next 
task is to prove the closure equation (40) of [147]. The proof will be 
based on certain results in the theory of polynomial approximations. 
These results are important in themselves and their proof is based on 
the following theorem: 

THEOREM I (Weierstrass's theorem). 2/ f(x) is continuous in the closed 
interval a < x < b, a sequence of polynomials Px (x), P2 (x), . . . can be 
formed which tends uniformly [I, 144] to f(x) throughout the closed inter
val (a, 6). 

We notice first of all tha t the interval (a, b) can be reduced to (0, 1) 
with the aid of the transformation x' = (x—a)/(6—a), and polynomials 
in x become polynomials in x' and conversely. We can therefore assume 
that the interval (a, b) is (0, 1). We start by proving two elementary 
algebraic identities. We write down the binomial formula: 

J2C%umvn-m= {u + v)?. (26) 
m=0 

On differentiating this with respect to u and multiplying by u, then 
carrying out the same process on the identity thus obtained, we arrive 
at the two new identities: 

n 
^ mC% um vn~m = nu(u + v)"-1, 

n 
JP m2 C™ um vn~m = nu(nu + v) (u + v)n~2. 

On setting u = x and v = 1 — x in (26), we get: 

1 = j?C%xm(l— x)n~m. (28) 

We now multiply (26) by n2 x2, the first of (27) by (—-2nx) and the 
second of (27) by unity, and add; this gives us, with u = x and v = 
= 1 - z : 

jg (m — nx)2 C% xm (1 — x)n-m = nx( 1 — x). 

I t is easily shown [I, 60] that the right-hand side of this equation is 
positive in (0, 1) and takes its greatest value for x = l/2, whence it 
follows that 

j?(m — nx)2C%xm(l—x)n-m< -±-n. (29) 
m=0 

/OT\ 
v - • / 
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We now show that the polynomials 

Pn{x) = 2f ( - ^ - ) < ? ? t f m ( l - z ) " - m (30) 
772=0 

are uniformly convergent to f(x) in (0, 1). On multiplying both sides 
of (28) by f(x) and subtracting (30) from the equation obtained, we 
can write: 

/(*) - Pn (X) = 2 [/<*> - / (-£-)! Cn «" (1 - *)"-m • 
771=0 

We have to show that , given a positive e} there exists an N, not depend
ing on x, such tha t : 

| J[/(*)-/(-f-)]C*m (!-*)" < e for 7i > N. \n—m\ 
' m = o l 

Since the products C™ xm (1 — z) n ~ m > 0 for 0 < x < 1, we have 

|J[^)-/(-^-)l^^(l-a:r 1
 771*0

 V /J 

< 2 1 A*) - / Hir) I c " ̂  t1 - x)n~m. 
m=0 ' ' 

and it is sufficient to prove the inequality: 

^ , | / ( ^ ) - / f ^ L ) | C ^ m ( l - ^ ) n " m < e for n>N. (31) 

The function /(#) is uniformly convergent in (0, 1) [I, 35], i.e. there 
exists a b such tha t | /(JEJ — f(x2) | < e/2 for | a^ — x2 | < 5. Let us fix x 
from (0, 1). We split sum (31) in to two parts Sx and S2, and carry into 
the first sum the terms for which m satisfies the condition | x — m\n | <<5. 
The first sum consists of positive terms and we can write, in view 
of the choice of 6: 

S^^i-CZx^il-x)"-*", 
(/) 

where the (/) indicates tha t summation is over the m satisfying 
| x — mjn | < b. If the summation is over all m from 0 to n, the sum 
can only increase, i.e. 

5 1 < ^ - | - C ^ x m ( l — x)n-m = -^-^C™xm{\— x)n~m 

77i-»0 m—0 



446 FOURIER SERIES [154 

so that by (28), Sx < e/2 for any n. We turn to the second sum 

s2 = 2;\f(x)-f[^)\c^^(i^x)n'm
9 

( i n » v j • 
where summation is over the m which satisfy | x — mjn | > b or 
\nx — m\ > n 6, and evaluate it as follows. The function f(x) is 
continuous in the closed interval (0, 1) and must therefore satisfy in 
the interval an inequality of the form j f(x) | < M, where M is a 
definite positive number [I, 35]; hence \f(x) — f{mjn) | < | / ( a ) | + 
+ | / (W n ) | < 2 ^ * I n addition, we multiply the terms of S2 by the 
factors (nx — m)2ln2d2, which are not less than unity. On taking 
outside the factors 2M and \jn2b2, which are independent of the 
variable of summation m, we get: 

8* < IS- 2 (m ~ nx? c"%m ( l - a ; ) " " m • 
All the terms are positive and the sum can only increase if the sum

mation is over all m from m = 0 to m = n. On taking into account 
(29), we obtain: 

^<^rJ2(™-«*) 2 ^z m ( l -z )"- m < ^ r -

iW" and 6 are both definite positive numbers and it is enough to take 
M/2nd2 < e/2, i.e. n > M/ed2, in order that S2 may satisfy £ 2 < e/2. 
We have now obtained the N = Mjeb2 which we required to find. 
For n > N, both ^ and S2 < e/2 and inequality (31) is satisfied; 
Weierstrass's theorem is thus proved. As can easily be seen, the 
theorem may be stated as follows: if f(x) is continuous in the closed 
interval (a, b) and e is any given positive number, there exists a poly
nomial P(x) in x such that the inequality is satisfied throughout (a, b): 

\f{x) - P{x)\ < s. (32) 

On the basis of Weierstrass's theorem, a similar theorem may be proved 
for periodic functions. 

THEOREM I I . If f(x) is a continuous periodic function of period In 
and e is any given positive number, it is possible to find a trigonometric 
polynomial 

m 
T(x) = c0 + 5* ick c o s kx + dk sin kx), (33) 
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such that for any x: 

\f(x) — T(x)\<e. (34) 

We notice first of all that , due to the periodicity, it is sufficient to 
prove inequality (34) in the basic interval ( — n, 7r). We start by sup
posing tha t f(x) is an even function, and replace x by the new variable 
t = cos x, i.e. x = arc cos t, the principal values of this function being 
taken, so that as t varies from 1 to ( — 1), x = arc cos t varies con
tinuously from 0 to n. The function f(x) = /(arc cos t) will be continuous 
with respect to t in (— 1, 1) and in accordance with Weierstrass's 
theorem a polynomial P(t) will exist such that 

|/(arccos*) — JP(0 | <e ( — 1 < * < 1 ) , 

or on returning to the original variable, 

\f(x) — P ( c o s x ) \ < e (0 < x < n). 

Since f(x) is even its value is unchanged on replacing x by (—x) 
and similarly for P(cos x), since cos x is even; hence the inequality 
written is also valid for — n < x < 0, i.e. it is valid throughout the 
fundamental interval. We know from [I, 176] that positive integral 
powers of sin x and cos x can be expressed linearly in terms of sines 
and cosines of multiples of the angle, i.e. P(cos x) can be written in the 
form (33); thus the theorem is proved. 

We now take any continuous periodic function f(x). If we put 

v(*) = 4 [/(*) + / ( -*) ] ; v(«) =-- x M*) - / ( - * ) L (35) 
f(x) is equal to the sum of <p(x) and ip(x), where cp(x) and \p(x) are respec
tively even and odd periodic functions. By what has been proved, 
there exists for a given e a polynomial P(t) such tha t | cp(x) — P(cos x) \ 
< e/2. If we can show that a polynomial Q(t) exists such that 

|^(#)—sina;Q(cosa;)! < -^- (—n < x < n), (36 ) 

the trigonometric polynomial 

T(x) =■- P(cos x) + sin x Q(cos x) 

will satisfy condition (34). We introduce as before a new variable 
t — cos x and consider \p(x) = ^(arc cos t) in the interval — 1 < t < 1. 
In the manner of all continuous, odd periodic functions, tp(x) vanishes 
for x = 0 and x = n, and consequently ^(arc cos t) vanishes at the 
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ends of the interval, i.e. at t — ± 1 . It follows from (30) that if f(x) 
vanishes at the ends of the interval (0, 1), i.e. /(0) = /(l) = 0, the 
polynomial Pn (x) has the same property. We can transform the inter
val (0, 1) to (—1, 1) by using the transformation t = 2x — 1, which 
enables us to say that a polynomial R(t) exists, equal to zero at 
t = ± 1 , and such that 

|y>(arc cost) — E(t)\ < - | - for — 1 < t < 1. 

We can now write R(t) = (1 — t2)E1 (t), where Rx (t) is also a poly
nomial, and the above inequality can be written in the new form: 

\ip{x) — sin2 xR1 (cos#)| < — for 0 < x < n. (37) 

As regards the function sin x Rx (cos x) = j / l — t2 i?i (t), continuous 
in (—1, 1), we can find a polynomial Q(t) such that 

lYT^PB^t) — Q(t)\<-j- for — 1 < * < 1 , 
i.e. 

|sin xR1 (cos x) — Q(cos x)\ < - j - for 0 < x < JT, 

and all the more, 

|sin2 xRx (x) - sin x Q(x)\ < -J- , (37x) 

since | sin a; j < 1. It follows from (37) and (37x) that 

\y>(x) — sin x Q(eos x)\ < \ip(x) — sin2 x iJ^cos x)\ + 

+ |sin2 ̂ ^(cosa;) — sin x Q(coa x)\ < -^- + - j - = -«-» 

i.e. we have proved inequality (36) for the interval (0, n). But ip(x) 
and sin x Q(cos x) are both odd, so that the inequality likewise applies 
throughout (—TT, JT). 

The above proofs of Theorems land II are due to Prof. S. N. Bern-
shtein. 

155. The closure equation* The closure equation of [147] for systems 
of trigonometric functions follows fairly easily from the theorem just 
proved. We start by supposing that f(x) is a continuous function 
given in the interval (—n, n) and that /(—n) = f(n). 
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We obtain a continuous periodic function by periodic continuation 
of f(x) outside the interval. There will exist, for a given et a trigono
metric polynomial T(x) which satisfies inequality (34). 

I t follows from this inequality that 

-£r J U(x)-T(x)]2dx<e*. (38) 
—n 

Let n be the order of the trigonometric polynomial, i.e. the value of m 
in expression (33). Now on the other hand, for any choice of trigono
metric polynomial of order not higher than n, integral (38) has a least 
value e„, obtained when we take as the polynomial the sum of the 
first (2w + 1) terms of the Fourier series for f(x). I t follows from this 
that en < s, and since we can take as small a positive e as we wish, 
we can say tha t en, which does not increase with increasing n, must 
tend to zero as n-> °o; and as we know from [147], this is equivalente 
to the closure equation for /(#). 

We now take the more general case when f(x) is continuous in ( — n, 
zi) but f{ — n) and f(n) are distinct. As usual, a positive number M 
exists such that \f(x) | < M for — n < x < n. Let a positive number r\ 
be arbitrarily assigned and let the positive b satisfy the inequalities: 

<5<sS> <5<=*- (39) 

We construct a new function fx (x) in accordance with the following 
rule. We take /x (x) equal to f(x) in ( — n, n — 5), whilst we take the 
graph of /x (x) in (n — 5, n) as the straight line joining the points 
x = n — d, y = f{n — b) and x = n, y — f{ — 7t) (Fig. 126). Now 
/x (x) is continuous in (—TT, n) and has the same value f{ — n) for x = 
= ±7i, whilst evidently, as for f(x), | f± (x) | < M. 

By what we have proved above, for any given positive r\ a trigono
metric polynomial can be found such that 

4r J ft W ~ TW2 dx < -r • ^4°) 
—Tt 

Since f(x) = fx (x) in (—n, n — 6), we have: 

-5T/[/(*) - A(*)]2d« = i J [A*) -AW** -
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Hence we can write, since | f(x) — fx (x) | < | f(x) | -f | /x (x) I < 2M: 

2M25 ax = 
n-d 

1 f r ; M , . ,19, ^ 2M2 r , 2M2 

or, by (39): 

-^\[m-f1{xWAx<^r. (41) 

We now consider 

jL J [f(x) - T(x)]\dx = i J {[/(*) - / , (x)] + [A (x) - T{x)lY dx. 

FIG. 126 

On taking into account the obvious inequality (a -f W < 2(a2 + b2), 
we can write: 

2n < 

+n 

^ \ [f(z)-T(x)]*dx 
—71 

+ 
< i J [A*) - /i (*)]2 da? + 1 J" [/x (*) - r(x)]a dx, 

—n — 

and it follows from this, by (40) and (41), that 
+ 71 

1_ J [f(x)-T(x)Ydx<rj. 
2n 

If we let n denote the order of the trigonometric polynomial T(x) and 
argue as above, we obtain from this e„ < r\, and in view of the arbi-
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trary smallness of r\ we have en-+Q as w->°o, i.e. the closure equa
tion is also valid for f(x) with the properties stated above. I t can 
be shown in exactly the same way that this equation likewise holds 
for f(x) bounded in ( — n, ri) and having a finite number of discontinu
ities. If all the discontinuities are of the first kind, there is no need 
to stipulate boundedness of the function. We can carry out the proof 
by isolating the points of discontinuity with narrow intervals then 
forming a new function /x (x), continuous in (—TT, n) and coinciding 
with f(x) outside these intervals, whilst having a linear graph inside 
the intervals. By the above, a trigonometric polynomial T(x) which 
satisfies inequality (40) can be formed for f± (x), whilst the isolating 
intervals can be chosen narrow enough for inequality (41) to be satis
fied. The rest of the proof is as above. We have thus proved the 
closure equation for all functions having a finite number of dis
continuities of the first kind (or which are continuous). I t may be 
mentioned tha t the equation holds for a much wider class of functions. 

156. Properties of closed systems of functions. We now consider some con
sequences of the closure equation, and instead of confining ourselves to 
systems of trigonometric functions, refer the discussion to any system of orthog
onal and normalized functions 

Vi (x)> V>2 (*)» V>3 (x)> • • • > VVi N» • • • (42) 
in the interval (a, b). We suppose that, with respect to this system, the closure 
equation is valid for any function with a finite number of discontinuities of 
the first kind. We shall only refer to functions of this type in future. We 
bring in the generalized Fourier coefficients of the function f(x): 

b 
ck = § f(x) Wk (x) fo

ci 
The closure equation has the form: 

b oo 
S\J(x)?dx~2 c%. (43) 
a *=l 

We now turn our attention to some important consequences of this formula. 
1. If f(x) and <p(x) are any two functions, with Fourier coefficients c^ and djc: 

b b 
ck = $ f(x) 9k (x) dx'> dk = I 9(*) Wk (x) &*> (44) 

a a 
we have 

b °° 
I f(x) <P(x) dx = 2 ck dh (45) 
a k = l 

the series on the right being absolutely convergent. 
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In fact, on replacing f(x) in (43) by f(x) + £(p(x), where £ is an arbitrary 
constant parameter, we obtain: 

I [/<*) + &(*)? dx = 2 [f/(*) + ««*) V* (*) da;]2, 
a ^-1 a 

or, by (44): 

b b b 
5 [/(*)]* dx + 2* J /(*) ?(*) da; + «« J [?(*)]2 ds = 
a a a 

= 2 el+2S 2 ckdk + P 2 dl 
fc=l k=l fc=l 

Comparison of the coefficients of like powers of | gives us (45). 
The absolute convergence of the series appearing in (45) is obvious from the 

fact that 

00 

since we know that the series 2 (c\ + dl) is convergent. 
k=i K K 

2. If a function <p(x), dependent on certain parameters, satisfies for all values 
of its parameters 

b 
J i<p(x)Y dx < M, 
a 

where M is an independent constant, the series 
00 

2ckdk (46) 

is uniformly convergent with respect to the parameters. 
The proof is based on a simple, yet a t the same time extremely important 

inequality: whatever the real constants 

al9 <x 2 , . . . , a m ; ft, ft, . . . , /?m , 

we always have 
m m m 

(2«kh)%<2*l- 2 Pi (47) 

the sign of equality being obtained only when all the ai and ft are in the same ratio: 

In fact, let £ be any real number. We form the sum 
m 

Sm=2{&k-faY, (48) 
fc-i 
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which is clearly non-negative. The sum can only be zero in the case when 

?a* — fo = 0> fc = l , 2 , . . . , m, 
i.e 

and evidently in this case: 

Generally speaking, on removing the brackets in (48), we can write an equa
tion of the form 

where 
m m m 

A = 2 *%; B = 2 «kh\ o = 2 Pi k=l k=l fc=l 

Since Sm must always remain positive, we know from elementary algebra that 
B2 — AC < 0, i.e. we must have B2 < AC, which gives inequality (47). 

We return to our proposition 2. We form the sum: 

n+p 
2 ck dk; k=n+l 

we have in accordance with (47): 

n+p 
2 ckdk k=n+l 

n ± , p 2 
F k=n+l 

1 n+P 
2 <**• 

k=n+l 
On the other hand, if we replace f(x) and ĉ  in (43) by q>(x) and dk respectively 

we are enabled to write: 

n+p oo b 
2 dk< 2 d% = $[<p(x)]2dx<M. 

k=n+l fc=l a 

The terms of the series JJ c\ a r e independent of the parameters by hypothesis, 

so that for any previously assigned small positive e we can find an N, independ
ent of the parameters, such that for all n > N and all p > 0 we have the 
inequality: 

n+p
 a e2 

k=n+l m 

With this, we get: 
n+p 

I 2 ck^k\ < e f° r n > Nf k=n+l 

from which follows the uniform convergence of series (46). 
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3. If xt and x2 are any two values from the interval (a, b), we have: 

Xi °° Xa 
J f(x) dx = 2 C/J V*(x) dx> (49) 

the series on the right being uniformly convergent for all xv x2 of (a, b). 
If we knew that f(x) had the Fourier expansion 

f(x) = % cky>k(x) (50) 

and that this series was uniformly convergent, (49) would be obvious [I, 146]. 
The remarkable fact is that the formula is always valid, even if series (50) 

is not convergent, i.e. (50) can be integrated term by term just as though it 
were uniformly convergent and had the sum f(x). 

To prove (49), we put in expression (45): 

{1 if xl < x < x2 

0 if a < x < xl or x2 < x < b. 

The quantities xx and x2 appear here as the parameters on which <p(x) depends. 
The number M mentioned in proposition 2 exists, since 

b b 
J C?7^)]2 dx < J dx = b — a. 
a a 

We have furthermore, since (p(x) is zero outside the interval (xlt x2): 
b x, 

dk = J <P(x) V>k (x) dx = I V>k(x) dx 

Cl X i 

and, by (45): 
b X, oo oo X3 

J f(x) <P{X) d% = J f(x) dx= 2 ck dlc = 2 ?k S V>k (x) dx> 
a Xi

 k
^
1 k==l

 xt 
which it was required to prove. 

Remark 1. On applying this to ordinary Fourier series, it can be shown 
that they can be integrated term by term as though they were uniformly con
vergent and had the sum f(x) not only for intervals inside (— n, n) but for any 
interval in general. Here, the function f(x) must be continued periodically 
outside ( — 7i, n) as indicated in [143]. 

Remark 2. Inequality (47) is applicable to integrals as well as sums, in which 
case it has the form (Buniakowski's inequality): 

b b b 
[ J h (x) ft (x) dx? < J 11 (x) dx ' I /I (x) dx. (51) 

a a a 

We see this by considering 
b b b b 

J [/i (x) + £/2 (x)f dx = j* fl (x) dx + 2f J A (x) f2 (x) dx + p J f\ (x) dx, 
a a a a 
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where | is any real number. I t follows at once from the form of the left-hand 
side that this cannot be negative for real f. But if A + 2 B | + d 2 is non-
negative for real f, we must have B2 — AC < 0, i.e. J52 < AC. Application of 
this to the above gives us inequality (51). 

157. The character of the convergence of Fourier series. The series obtained 
by us in [144] suffer from the defect that they converge badly. Some of them 
are not absolutely and uniformly convergent, for instance, series (10) [144] 
becomes for x = n\1\ 

»G-^--) 
which is not absolutely convergent; in addition, (10) cannot be uniformly con
vergent since it represents a discontinuous function [I, 146]. The series represent
ing the discontinuous function having the values cx and c2 has the same defect. 
There is a relationship between the nature of the expanded function, its con
tinuity, and its Fourier series. We shall consider the relationship in detail here. 
We assume once and for all that the f(x) and its successive derivatives, to be 
discussed later, are functions satisfying Dirichlet conditions and periodically 
continued outside ( — n, 71). Let 

„,(o) T(o) 3,(0) 
xl , x2 , . . . , XTQ_1 

denote the discontinuities off(x) inside ( — 71, 71), and let 
t t f 

xv x2, . . . , x
x -1 

denote the discontinuities of its derivative f'(x) inside (— n, n), whilst in general 

are the discontinuities of the derivative f(k\x). I t will be necessary to add to 
the discontinuities the ends of the interval ( — n, n), if the limits: 

/ ( = F * ± 0 ) , f ( T » ± 0 ) , . . . , / ( / c ) ( T ^ ± 0 ) 

are not the same. 
For the sake of symmetry, we write xffl = — n and x^ = n, and similarly 

for the derivatives. The above condition for the derivatives amounts to the 
existence of a continuous f(k\x) inside any interval (x^\ x^x) {s = 0, 1, . . . , 
Tk-i)- By the Dirichlet conditions, the derivatives will tend to definite limits 
a t the ends of the interval. 

We now transform the expression for the Fourier coefficients of f(x). We 
start with the coefficient 

an = j(x) cos nx dx. 

We sub-divide the interval of integration (— n, n) into 

( - » , 4°)), (af>, 4 ° ) ) , . . . , (*<»>_!, »). 
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so that f(x) is continuous in each sub-interval. Integration by parts gives us: 

j(x) cos nx dx = l(x) /' (x) sin nx da:, 

Since, on the other hand: 

xJo> x<<»-e* 
j* f(x) cos nx dx = lim j* f(x) cos nx dx = 

x(o) i ^ ^ x ( ! ) 1 + « ' 

x 
.. sinna; 

= l im /(a?) 
x = x $ 0 ) . . . * l <o> 

* I — 1 

/' (a;) sin wa; dx, 

we obtain in view of the continuity of sin nx: 

f f(x) cos nx dx = sin"x'° /(*<<» - 0) — s i n n a ; ; - i y(a?(tf + o) — 

*,(?>i 
x(.o) 

/ ' (x) sin 7i# da;. w J 

We finally have, on summing over i from 1 to T0: 

°n - —Si" {sin " ^ [/(*i0> + 0) ~ /(*i0) - °>1 + • • • + 

+ sin « 4 ? U{*% + 0) - /(*<•> - 0)]} — f /' (a;) sin wa; dx, 
—» 

where xffl = — :rr, #§? = + ;r, an (* by the periodicity of f(x), f(x^ + 0) = 
= f(xffl + 0). In the present case sin nad® = 0, but we preserve the term for 
the sake of the symmetry of later expressions. 

For brevity, we denote the jumps of f(x) at its points of discontinuity xf\ 
xf\ . . . , xW, as respectively: 

dp> = / (cc(0) + o) _ f{x[0) - 0 ) ; . . . , <5<°0> = /(af.> + 0) - /(*<?> - 0 ) . 

The formula above can now be written in the form: 

an = —y m sin waf > - - ^ - , (52) 
nn f^i l * n 

where an and b'n denote the Fourier coefficients of the derivative/'(a;). Similarly, 
on departing from the expression: 

f(x) sin nx dx = f(x) + /' (a?) cos nx dx, 
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we obtain: 

^ r 2 , ^ 0 ) c o s^ (
/
0 ) - a'n 

457 

(53) 

Expressions (52) and (53) are important in themselves, since they show 
that if a periodic function f(x) has jumps, its Fourier coefficients are of order 
1/n as n -+■ oo, the main parts of the coefficients an and bn being respectively 
equal to: 

- — f <5<°> sin na<°>; — Y df cos nx?\ 
f = l & = 1 

(54) 

whilst their remainders are of higfier order than 1/n. 
The remainders are in fact: 

bn 
n 

a>n 
n 

and since a'n, b'n are the Fourier coefficients of fix), they tend to zero a s n - * o o , 
i.e. they become infinitesimals as n -* oo. There is another reason for the 
importance of (52) and (53); by using them, we can distinguish in the Fourier 
coefficients an and bny which tend to zero as n -*■ oo, the components of different 
orders of smallness with respect to 1/n. 

To do this, we let a^\ btf] denote the Fourier coefficients of the kth 
order derivative ftk\x), whilst d^\ , 6^ are their jumps at the points 
* < * > > . . . . , x. ><*> = : 

<$<*> = /<*> (x[k) + 0) - /<*> (x[* - 0 ) ; . . . ; 6^= /<*> (*r + 0) - /<*> (* - 0). 

We apply (52) and (53) to coefficients aw b'w which merely requires the 
eplacing off(x) by/ ' (#) , S^ by dfi\ x^ by xb\ and T0 by r^ we get: 

an = - — Y 6^ sin nx{P - ~^-nn fix n 

bn= — y #P cos nxV + — n n /== i n 

where a"ny b"n are the Fourier coefficients off"(x). 
Repetition of the above argument gives us: 

an = - — y <5<«> sin nxf - $L-
f = l 

bn an — 2 6? cosnx? + ^±-, nn fzx n 

If we write for brevity: 

^fc = — 1 bf sin«r}»»; 
n i = l 

(55) 

(56) 

Bk = — £ d«« cos nx\k) (ifc = 0 ,1 , 2 , . . . ) , 71
 i = i 
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we have from the above expressions: 

■^o " \ I ** 2 

U* 

n n 
A 

n3 

Bz Qk_ 

Qk + ^~+"-+"^" 
(57) 

where Qk, q"k have different expressions depending on the form of the number 
k, as given in the following table: 

k 

Qk 

Qk 

Am 

a<,*> 

&?> 

4m+ 1 

— b , w 

a<*> 

4m+2 

- o j " 

- & ? > 

4m+3 

&<*> 

-a<*> 

Here, a{*> and 6<*> are the Fourier coefficients of f^k\x). 
I t is clear from the expressions for ^ and B^ that these are dependent on 

n; however, n only appears under the sign of the trigonometric function, so 
that with fixed s, As and Bs remain bounded. The coefficients of the trigonometric 
functions in As and Bs consist of the jumps of the derivative f^s\x). If there 
are no jumps, As = Bs = 0. On the other hand, if f^k\x) satisfies Dirichlet 
conditions, the factors ok and gk> which coincide except for the sign with one 
of the Fourier coefficients offW(x), will be of order not lower than 1/n for large 
n, since we saw from [151] that the Fourier coefficients of a function that 
satisfies Dirichlet conditions are of order not lower than 1/n. We thus obtain 
the following theorem: 

If a continuous periodic function f(x) has continuous derivatives up to and includ
ing the (k — \)-th order, whilst the k-th order derivative satisfies Dirichlet conditions, 
the Fourier coefficients an and bn of f(x) are of order not lower than l/nk+l, i.e. 

Kl< 
M 

**+l 1*1.1 < " M 
nk+l 

where M is a positive number. 
I t may be remarked that, for k > 1, the Fourier series for f(x) is uniformly 

convergent. I t follows in fact from the theorem proved that in this case an 
and bn satisfy the inequalities 

M „ , . M 
!«»l < -=r K\ < ■ 

whilst we can write for the general term of the series: 

\an cos nx -\-on sin nx\ < ^- , 

whence follows the absolute and uniform convergence of the series, since 
00 

2J 1/n2 is convergent [I, 122]. 
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Formula (57) remains valid for Fourier expansions in the interval (—1,1). 
We merely have to put 

fi* = b j ir /?^ cos—r"--
( 4 = 0 , 1 , 2 , . . . ) (58) 

whilst the expressions written in the table for g'k, QI have to be multiplied by 
(l/ri)k, whilst now 

<5<T*> = fk) (I + 0) - /<*> (Z - 0) = /<*> ( - Z + 0) - /<*> ( - Z - 0 ) . . . (59) 

158. Improving the convergence of Fourier series. As we saw above, the 
presence of terms of order 1/n in the expressions for the Fourier coefficients 
an and bn of/(#), which cause the slowness of convergence, are due to the jumps 
in f(x). However many derivatives the function may have in ( — n, 71), it only 
needs one jump at the end of the interval, or to be precise, distinctness of the 
limits / ( T ^ ± 0), for its Fourier series to be unsuitable for practical purposes. 
Furthermore, the important thing in applications is often not the investigation 
of the expansion of f(x) itself but that of its first, second, or even third order 
derivatives. If the coefficients off(x) itself are of order 1/n , differentiation of 
the series brings the coefficients to the order l/nk, as is clear from the equations: 

f(x) = —K- + 2 (an c o s nx + bn s i n nx)> 
L n = l 

00 

/ ' (x)= £ n{bn
 c o s nx ~ an sin nx), 

n = l 

00 

I" (x) — 2J n2 (— an cos nx — bn sin nx). 
n=i 

Conversely, the order of the coefficients is increased by unity with each 
integration, since 

\ 2 K , , . x , „ . ^ — bn cos nx + an sin nx cos nx -f bn sin nx) dx = C + \ — 
n=i n 

where C is an arbitrary constant. 
The convergence of a Fourier series thus deteriorates on differentiation; 

if say the coefficients off(x) are of order 1/n2, as is the case for f(x) continuous 
and periodic, where f'(x) may have discontinuities, the series obtained for f'(x) 
by term-by-term differentiation will have coefficients of order 1/n, whilst the 
series for/^(ic) becomes quite meaningless, inasmuch as its coefficients do not 
even tend to zero. I t may happen that the Fourier expansion off(x) is entirely 
unsuitable for evaluation of its derivatives for any value of x, this being the 
case for an f(x) which, whilst possessing derivatives of any order at all other 
points, lacks a derivative merely at a single point. 
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The problem therefore arises of improving the convergence of Fourier series, 
i.e. of transforming them to new series in such a way that the new coefficients 
have a high enough order of smallness for the deterioration in convergence 
following on differentiation not to prevent the evaluation of derivatives. For 
instance, if we want to be free to evaluate the derivatives up to and including 
the third order by term-by-term differentiation, we want the original series to 
have coefficients of order not lower than 1/n5, since we then get coefficients of 
order 1/n2 in the series for the third order derivative, this latter series being 
uniformly convergent and suitable for practical computations. 

We can improve the convergence of the Fourier series for f(x) as follows. 
Let there be terms of order 1/n in formulae (57), i.e./(rr) has jumps b^p. 

A simple auxiliary function <p0(x) can always be found, having the same 
jumps as f(x). The difference: 

/i(») = / ( * ) — 9>oW 
now has no jumps, and its Fourier expansion S(ft) has coefficients of order at 
least 1/n2. The simplest choice for <p0(x) is the function whose graph is a step-line 
i.e. consists of a number of lines either parallel to OX, or with say constant 
slope m0; in the first case we have: 

<p'0 (x) = 0, i.e. / i (x) = /' (x), 
whilst in the second: 

/ i {x) - /' {x) = - m0, 

so that /j(x) has the same jumps as f'(x). 
We take <p0(x) as having been defined in some such way. We have: 

f(x) = 9>o (x) + A (x), 
where <p0(x) is a known, extremely simple function consisting of sections of 
parallel straight lines, whilst fx(x) has a Fourier series with coefficients of order 
not lower than 1/n2. We now improve A (a;). We have: 

/' (x) = /£ (*) + m0. 
On carrying out the same process on /'(a?) as above on f(x), we can write 

fi (x) = /2 (x) + <px (x), 

where <pt(x) is a function consisting of pieces of parallel straight lines and f2(x) 
has a Fourier expansion with coefficients of order not lower than 1/n2. Integra
tion of the last equation gives us an expression for A (a;), and hence forf(x), as 
the sum of a Fourier series with coefficients of order not lower than 1/n3 and 
pieces of second degree parabolas. If we were to undertake the further improve
ment off"(x), we should get an expression for f(x) as the sum of a Fourier series 
with coefficients of order not lower than 1/n4 and pieces of third degree parabolas, 
and so on. 

The above method is chiefly used when the function is unknown and only 
its Fourier series given, with coefficients of the form (57). In this case, we 
have to find the points of discontinuity and the jumps off(x) and its derivatives 
from the form of the coefficients, and afterwards apply our method for im
proving the convergence. 
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An alternative approach is as follows: we can sum the parts of the Fourier 
series which derive from the first terms of formulae (57) for the coefficients 
an and bn. I t is with these terms that the poor convergence of the Fourier series 
is associated. The Fourier series remaining after summation has better con
vergence than before. 

The following formulae must be used for the summation mentioned: 

(60,) ^ sin nx 

[ 
v cos nx j 

^ sin nx j 
n = l ' 

r i i 
— ( — 71 —X) (—27T<X<Q) 

\ - ^ - 7t — x (0 < x < 2n) 
1 
[ 0 (x = 0 and x = ± 2n) 

2TI2 + QTZX + 3z2 , _ ^ 1 
^ 1 2 ^ (-2TZ<X<0) 

2JI2 - 6 ^ + 3 ^ . j 
j2— (0 < a: < 2TI) 

2TE2 x + 3nx2 + a* 
- ^ I E ( - 2rc< <c < 0) 

— -*-— (0 < a? < 2JS). 

(602; 

(6o3 

The first formula is obtained by expanding in sines the function (71 — x)/2 
in the interval (0, 71). The second is obtained by integrating the first with 
respect to x from 0 to xy whilst making use of the equation [144]: 

Similarly, the third formula is found by integrating the second. Further integral 
tion could give us further formulae of the above type. We assume here that the 
interval has a length equal to 71, which can always be arranged for by a simple 
transformation of the independent variable. 

The above idea of improving the convergence of the Fourier series by gradual 
revision of f(x) and its derivatives, as also the example below, is due to Prof. 
A. N. Krylov.f 

159. Example. We consider the Fourier series: 

nn 
2 „ n cos - 2 

f(x) = y - — - — sin nx (0 < x < n). 
71 n = l n - l 

(61) 

We have here: 

& „ = -
2n cos —— 

7i(n2 - 1) 

f O nekotorykh differentsialnykh unavneniyakh matematicheskoi fiziki. 
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In order to represent bn in the form (53), we expand the fraction 

[159 

n2~ 1 

in powers of 1/n, as far as terms of order 1/n4: 

n 1 , 1 , 1 
n2 — 1 n n3 n5 

and 

bn=-
2cos~T 

nn 

2 cos-jr-

nn3 

2 cos — 

nn3 (n2 — 1) 

We thus have to sum the two series: 

(62) 

nn . 
m cos -jr- sin nx 

j-2 and 
n 

O oo 

n ^ 

nn . cos -<r- sm nx 

n~3 (63) 

We let S^x) denote the first sum and rewrite it as: 

«, sinn(:z + -^-| w sinnfz-^I 
Sl{x)=-± V——> U.-1 y ^ *lm 

v n ^d n n ^ n 
n=\ n=l 

Formula (60t) can be applied to both these sums. We start with the first 
sum. As x varies from 0 to n, the argument (x + n/2) varies from n/2 t o 
3rc/2, and (60x) gives: 

•3-
I W (* + T ) i * - ( * + T ) 2a; — n 

4TT~ 
(0 < x < rc). 

As regards the second sum, as x varies from 0 to JI/2, the argument (x — n/2) 
varies from — n/2 to 0, whilst as x varies from n/2 to n, (x — n/2 ) varies 
from 0 to n/2. 

Formula (60^ gives in this case: 

n ^ 
n=l 

( 2x 4- n f_ n\ 
I + (0<x<Y) 

( y < x <n} 

An 

2x — 3n fn 
4n 

o (.-4). 
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Addition gives us the following final expression for S^x): 

( x (^ n \ 

co cos —~- sin nx 
sx (X) = - — y - = 

— 71 f 71 ^ \ 

o ( . _ ■ ) . 

(64) 

We could evaluate the second of sums (63) by applying (603), but a different 
approach may be used. Let this sum be denoted as S2{x). It is easily seen that 
integrating S^x) twice with respect to x gives us — S2(x) to an accuracy of 
a first degree polynomial. On integrating (64) twice, we obtain: 

€■{>*•<$> (X — 7r)3 

On (T < * < *) 
and consequently: 

S2 (x) = 

X3 

6TT 

(X - 7l)2 
(65) 

6JT 

We remark in regard to finding the constants C that the Fourier series 
for S2(x) has coefficients of order 1/n3, whilst the series for S2(x) has coefficients 
of order 1/n2; thus both series are uniformly convergent to functions continuous 
at x = 7t/2. It follows that the two expressions (65) must coincide, as must 
also their derivatives, at x = n/2: 

713 JL.C' n A-C - n3 A-C". n 4-T"-

712 4-r' - nZ 4-n" (66) 

Moreover, it follows from the form of the second of sums (63) that S2(0) 
= S2(n) = 0, which gives by (65): 

C2 = 0; Cln + Cl = 0. 

We can obtain all four constants from equations (66) and (67): 

(67) 

and on substituting in (65), we get for S^x): 

S2 (x) = \ 

x3 n 
~~ "to + "24 * (0 < x < | ) 

(X — 7t)3 , 71 . . ( 71 \ 



464 FOURIER SERIES [160 

We finally obtain the expression for series (61): 

nn cos-
/ ( » ) = S , ( * ) + S 1 ( * ) - - | j l „ , , „ , , % s in M g , (68) 

n — 1 * ' n = \ 

which solves our problem. The function f(x) is given in terms of known functions 
Sx(x) and S2(x) consisting of pieces of straight lines and parabolas, and of a 
Fourier series with coefficients of order 

1 . 1 
i.e. n* (n2 - 1) ' * * n* 

We are now free to evaluate the derivatives of the first three orders of 
/(#), whereas it was impossible to differentiate series (61), which is itself non-
uniformly convergent. 

§ 16. Fourier integrals 
and multiple Fourier series 

160. Fourier's formula. We conclude our treatment of Fourier 
series by considering the limiting case, when the interval (—1,1) in 
which the series is investigated tends to ( —°°, + ° ° ) , i.e. I—>• + o o , 

Let f(x) satisfy Dirichlet conditions, be continuous in any finite 
interval, and furthermore be absolutely integrable in ( — °o, -foo), i.e. 
there exists: 

+ 00 

j \f(x)\dx=Q. 
— 00 

We have by Diriehlet's theorem inside (—Z, I): 

f (*) = -£- + 2 [a" C0S~T~ + 6" s l n _T~J • 
n=\ 

On recalling tha t 

+i +/ 
«n = y J7(*)oo8-2pd* f bn = T § f{t) sin^-dt, 

-z -/ 
we obtain from this: 

/<*> =-a-f/(Q* + - ! - ! j/wooa^iflcu. 
- Z n""1 -I 
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What happens to this formula when I -> + ° ° ? The first term clearly 
tends to zero, since 

^■J/(0d«|<- i -J | /W|d«<-i-J | / (0 |d/ = - | - ^ 0 . 

On introducing a new variable a, which takes equally spaced values 
in the interval (0, °o): 

n 2n nn 
al = ~j t a2 = = ~~J~ ' • • • > a n — ~~i~ * * ' *' 

with each time the increment Aa = n/l, we can write the remaining 
sum in the form: 

+/ 
dt. — J? Aa \ f(t)oosa(t — x) 

n <a> ii 

For large Z, the integral under the summation sign will only slightly 
differ from 

+ 
| / (t) cos a\t — x)dt, 

— 00 

and it can be foreseen that the whole sum will tend to the limit 
+ 00 

— da j / (t) cos a (t — x) dt, 
0 - c o 

as l-> + ° ° , so that we have: 
+ 00 +00 

/(a;) = -i- [ da J /(t) cosa(t — x) dt. (1) 

It is only necessary to replace f(x) at points of discontinuity, if such 
exist, by 

/ ( s + 0) + /(a?-0) 
2 

This expression, obtained when £->+°o in the Fourier series, is known 
as Fourier's formula. We have now arrived at the following proposition: 
if f(x) satisfies Dirichlet conditions in any finite interval and is absolutely 
integrable in (—°°, +°°)> we have the equation, valid for all x: 

- i ]da+ff(t)cosa(t-x)dt= / ( * + < » + / ( * - < » . ( 2 ) 
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The above is generally known as Fourier's theorem, whilst the inte
gral on the left-hand side of the equation is the Fourier integral of the 
function f{x). The above discussion is not rigorous, though it can be 
made so with the help of certain auxiliary arguments. Instead of 
proceeding in this way, we offer an alternative rigorous proof, based 
on the results of [152]. 

Equation (2) will be proved if we can show that 

l iml fda+f /<'>«»°('-«>*° /<* + <»+/(«-<» . 
A-oo n J J I 

0 —oo 

If J(A, x) denotes the integral on the left, we can write: 
+ 00 X 

J (A, x) = — J / (t) dt J cos a (t - x) da , (3) 
- c o 6 

i.e. we can change the order of integrations with respect to t and a. 
This follows from the fact that, by the absolute integrability of f(x), the 

integral 
+ 00 

J / (t) cos a (t — x) dt (4) 
— 00 

is uniformly convergent for all values of a. In fact, the integrals 

N' -N 
J* / (t) cos a (t — x) dt, J / (t) cos a (t — x) dt (N < N')... (5) 
N -N' 

do not exceed in absolute value 
AT 
J | /W|d* , (6) 

N 

and consequently, for a given e an N 0 can be found, independent of a, such 
that for all N and N' > N0 integrals (5) have absolute values less than e, this 
being a property of integral (6), by the absolute integrability o£f(t). 

But now integral (4) can be integrated with respect to the parameter a 
under the sign of the integral [84], which gives us: 

?. + 00 + °° ^ 

J (A, x) = — f da f / (t) oosa{t — x)dt=— j / (t) dt \ cos a (t — x) da. 
0 —oo —oo 0 

The inner integral with respect to a on the right-hand side of (3) can be evalu
ated directly, which leads us to : 

,(A„) = l f / ( t ) ^ ^ d < , (7) 



160] FOURIER'S FORMTJLA 

so that it remains for us to find: 
+ 00 

467 

A-*eo ^ J * — X 

On splitting the interval of integration (— oo, + oo) into the two intervals 
( — oo, x) and (x, + °°)> and replacing (t — x) by (—z) in the first and by 2 in 
the second, we can write (7) in the form: 

j ( A , « ) - l f / ( . - . ) ^ L d . + i f / ( . + .)^*Ld«. 
71 J 2 71 ) Z 

0 0 
Both these integrals have the form of Dirichlet integrals, except for the infinite 

limits. In spite of this latter fact, they are easily shown to have the properties 
of ordinary Dirichlet integrals, i.e. we must have as A -»• 00: 

if/<—«> 
6 

00 

sin Az 1 
— - — d z - > — / ( a ? - 0 ) 

. sin Az 1 
2 ) — - — d z - > — / ( z - f 0), 

(8) 

whence it follows that in fact: 

J (A, 3) / ( * + 0 )+ / ( * -0 ) 

which proves Fourier's theorem. 
We still have to prove (8). We shall confine ourselves to proving the first of 

the expressions. Let e be any given small positive number. With z > 1, the factor 
(l/z)sin Xz has an absolute value less than unity for any real A, whilst the function 
f(x — z) is absolutely integrable in (0, 00) by hypothesis. We can therefore find 
an N > 1 such that, for any A: 

OO CO 
|_J/(*-2z)——dz <— J | / (*-2*) |dz<y. 

N N 

If we take the Dirichlet integral with finite limits: 

N 

71 . Ij7(,-*>*£.*, 
0 

we can say that it tends tof(x — 0)/2 as A -+- 00, i.e. for all sufficiently large A: 
N 

I 1 f sin Az 1 
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We obviously have: 

± J / < , - * ) * * * * - . * . / < . - 0 ) -
0 

[160 

= [lJ/(,-2Z)^d,-i-/(x-0)]+if/ (a!-22)^i5d2) 
0 N 

whence, by virtue of the last inequalities, we have for all sufficiently large A: 

i j / ( ,_ 2 s ) ^d 2 - - ! / (*- ( ) ) e , e 
<T + T = e-

In view of the arbitrary smallness of e, this gives us the first of expres
sions (8). The proof of the second expression is precisely the same. 

A transformation of equation (2) is possible if f(x) is an even or odd 
function. 

We have in fact, on expanding cos a(t — x) as the cosine of a difference: 

/(« + 0 )+ / ( * - 0 ) 

CO - j - OO - f 00 

= — I da I / (t) cos at cos axdt + \ f (t) sin at sin ax dt\ (9) 
O — o o — oo 

where both integrals with respect to t clearly have a meaning in view 
of the absolute integrability of f(t) in the interval (—°°, + ° ° ) . 

If f(t) is even, f(t) cos at is also even, whilst f(t) sin at is odd, and 
consequently: 

+ 00 CO 

J / (t) cos at dt = 2 J / (t) cos at dt, 
— 00 0 

+ O0 

§ f(t)tinatdt = 0, 
so that 

f(x + 0)+f(x-0) _ 2 

6 o 
= — cos ax da f(t)eosatdt. 

On the other hand, if f(x) is odd, we obtain in a similar manner: 

/( , + o) + / ( , -o) = i j : s . n m d a j;(0s.na<d< 
0 
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If f(x) is defined in (0, oo) only, it can be contined into the neigh
bouring interval (—©o, 0) in an even or odd manner, in which case we 
get two expressions for the same f(x), assumed for simplicity to be 
continuous: 

00 00 

/ ( z ) = A f cos ax da f f(t) cos at dt {x > 0), (10) 
o o 
00 00 

/ (x) = A f sin ax da f / (t) sin at dt {x > 0). (11) 
o o 

I t need only be borne in mind tha t with the first of these the f(x), 
contined evenly, gives a continuous function of x, so tha t the first 
expression is also valid for x == 0; whereas we get a discontinuity with 
the second expression if /(0) # 0, the right-hand side being equal to 
zero, and not /(0), a t x = 0. 

The first integration in (9) is with respect to t, and on introducing 
the two functions 

+ OO -f- 00 

4 ( a ) = M / ( i ) cos at dt; B (a) = i - f f(t) sinaxdt, 
— OO — 00 

we can rewrite (9) in the form: 
00 

fix) = f [A (a) cos ax -f B (a) sin ax] da, 
6 

(x) being assumed continuous for simplicity. This latter expression 
gives us the expansion of f(x) in the infinite interval (—°o, + ° ° ) 
into harmonic oscillations with frequencies a varying continuously 
from 0 to + ° o ; the functions A(a) and B(a) give the amplitude distri
bution laws and the initial phases in relation to the frequency a. For 
the finite interval (—Z, I), we had the frequencies an = nnjl (n = 0, 
1, . . .), forming an arithmetic progression. 

If in (10) we put 
00 

/i(a) = f | - | /W c o s c r f ^ (12i) 
0 

we can now write (10) as: 
00 

f ( x ) = F T / î (a) c°s ax da- (i2*> 
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In these two formulae, f(x) and /x (a) are expressed in terms of each 
other in precisely the same way. 

If we take f(x) as the given, and fx (a) as the required function in 
(122), this expression now represents a so-called integral equation for 
/x(a), inasmuch as this latter function appears under the integral sign 
(Fourier's integral equation). Equation (12j) gives the solution of this 
integral equation. Similarly, we can write (11) in the form of the two 
expressions: 

00 

A(a)=|/|-J/(08ina<df (13^ 
0 

CO 
/(*) = f | - / / i ( a ) s i a a * d a f (132) 

0 

Examples. 1. In expression (10), we put 

f 1 for 0 < x < 1 
M lO „ x>\. 

We now get for the integral on the right-hand side of the equation: 

00 00 OQ 1 00 

P i P , , x i P i f , P cos ax sin a , cos cur da f (t) cos at at = cos ax da cos at at = da, 
0 0 0 0 0 

and consequently 

2 f cos ax sin a . 
da = ±r 

rc .1 
0 

2. On setting in (11) 

/(*) = e - ' x ( 0 > O ) , 

we have on the right-hand side the integral: 

1 for 0 < x < 1 

— for x = 1 

0 for a > 1. 

OO 00 00 
P . P _5/ . , 2 f a s i n a a ; , 

sin aa;da e H sin a/ dJ = — 2 , />, d a 
0 

P a sin or , I -5- n e~^x f or x > 0 

6 ^ 1 0 for a = 0. 

_2_ 
n 

0 0 0 

and we thus get 
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3. Similarly, on setting in (10): 

/(z) = e -^ ( / ?>0) , 
we find: 

f cos ax , n _Rx 

0 

Fourier's formula is often written in the complex form: 

/ ( , + o)+/(—o) = ^_+j da Jf{t)ea((_x)/ dt {14) 
— oo — a 

This is easily obtained from (2). If we substitute under the integral 
in (14): 

ea(*-x)/ _ c o g a(t — x) + i sin a (t — x), 

we get the two integrals: 

-£— I da / (t) cos a(t — x) dt and -5— da / (t) sin a (t — #) d£. 

In the second of these the variable a appears under the sine, so tha t 
the integrand is an odd function of a, and we consequently get zero 
on integrating with respect to a over (—°°, + ° ° ) . Conversely, we have 
an even function of a in the first integral, and integration over (—°°, 
-j-oo) with respect to a can be replaced by integration over (0, 00) 
with the factor 2 written in front. Hence it is clear that (14) is equi
valent to formula (2). 

Assuming continuity of f(x), we rewrite (14) as 

/(a?) = iJ e " a x ' d a J/We a f 'd« f 

whence it is evident that , as in the case of (10) and (11), it can be 
written in the form of the following two expressions: 

+ 00 

f1(a) = ~jf(t)e^dt, (15^ 
— 00 

+ 00 

/ ( * ) = p = J / i ( « ) e " * ' da. (152) 
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We notice one point in connection with the complex form of the Fourier 
integral. We cannot say that 

+ 00 + 00 

Y~ da I / (t) sin a (t — x) &t 

with infinite limits with respect to the variable a [82] has an ordinary meaning. 
We can only say that, for any finite positive M, 

+ M +00 

2n 

TJYl T <*> 

— I da f / (0 sin a (t — x) d/ = 0, 

and we should therefore strictly write Fourier's formula in the complex form as 

+ M +00 

/ (x) = 4- l i jn f ©~ax/ da f / ft) eaii dt. 
In M-»+OO J J 

—Af —» 

Here, the lower limit tends to (— oo) and the upper limit to ( + °°)» whilst 
both have the same absolute value. A necessary condition for the existence 
of the improper integral in the ordinary sense is that a limit exists for any method 
of the lower limit tending to ( — oo) and the upper to ( + oo). 

161. Fourier series in complex form. The method just described for 
writing the Fourier integral in complex form can likewise be applied 
to Fourier series. 

We recall the formulae of [146]: 

/ (*) = -§- + Z (<** cos ^ + bk sin ^f), (16) 

+ / +1 
a, = | J / ( f ) o o s - ^ d f ; bk = \ J / ( | ) s i n M d | . 

We show that these are equivalent to the following: 

/ ( * ) = 2 cne'—; cn = ± f(£)e '"df (17) 
-I 
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Here the subscript n takes negative as well as positive integral 
values. We define separately c0, c^ and <?_*, where k is a positive 
integer. We have by (17) and (16): 

c f c = i f / ( f ) ( c o s M _ i s i n ^ l ) d f = % i ^ ) 

-/ 

- I 

On substituting in series (17) and summing separately over the 
positive and negative subscripts, we get: 

f{x)=-t + 2 2 6 + ^ 2 6 ' 

Terms in the same k in the two sums written are complex conjugates; 
on combining the pairs into single terms, we get real quantities: 

° * - * * e ' T - X + °« + ** e - f i f = o A c o S - ^ + & f tSin-^-, 

and the above expression for f(x) coincides with Fourier series (16) 
from which the equivalence of (17) and (16) follows. 

162. Multiple Fourier series. Fourier series and integrals can also 
be used for representing functions of two or more independent variables. 
For instance, let f(x, y) be a periodic function, of period 21 with respect 
to x and 2m with respect to y. On considering f(x, y) as a function of x, 
we have [161]: 

+ co , anx 

/(*.*) = 2 c°We ' > (18) 
<f = — oo 

where 
+/ 

**to) = 4r J/(£.y)e~ , fTcif. 
-i 

The function ca (y) can in turn be expanded into a series: 
+ oo . TJiy 



4 7 4 FOURIER SERIES [162 

where 
+m +/ +m » 

- / - m 

Substitution of the expression obtained for ca (y) in (18) gives us 

+ 00 / +00 . T£ry\ . anX 

f(*,y)= 2 \ 2 c~ m e ' -
or= — oo \ T = —oo / 

whence we obtain, on removing the brackets: 

oo , tax xy\ 

f(x,y)= 2 *„e tol' + »), (20) 

which is the generalization of the Fourier series for the case of two 
variables. 

Similarly, we have for the periodic function f(xv x2, x$) of three inde
pendent variables, of period 2co1 with respect to xli 2co2 with respect 
to x2, and 2G>3 with respect to #3: 

+ oo in /oriXi o*X% Q2Xj\ 

f{xvx2yx2) = J£ W i * * e ^ i -2 c 3 / , (21) 
<tlt<xt, < ; , = » - oo 

where 
w . <o- a>, . „ 

W,= 1^J J //(^^e-^^^d^dl,. 
—cuj - c o , — a ) , 

(22) 

On separating out the real parts of (20) and (21), we get the real 
forms of the Fourier expansions. 

Series (20) will now take the form, when I = m = n: 

OQ 
f(x, y) = ^ (

a
n?m

 c os
 ̂

 c os m
2 / + ^ m

 c os nx
 ̂

 m
^ + 

+ a(n!m s u l nx c o s my + ^ m SU1 ̂  s u l m2/) • 
We shall not write down the expressions for the coefficients or investi
gate the conditions for f(x, y) to have a Fourier expansion. We shall 
merely note the sufficient condition for expansion to be possible a t a 
given point (x0, yQ): (1) bounded partial derivatives dffdx and dfjdy 
exist everywhere; (2) the mixed derivative 82 f\dxdy exists in the 
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neighbourhood of the point (xQ, y0), a t which it is continuous. Fourier's 
formula has the form, for functions of two variables: 

-{-00 + 00 +00 +00 

/(*></) = - ^ y r J d « i J d l j da.z j ffrrie'M-V+^-yndrj, (23) 
— OO — OO — 00 — 00 

where the integrations with respect to a± and a2 have to be carried out 
as indicated at the end of [160]. We have in the real form: 

OO + ° ° °° +00 

f(Vf y) = ~ r J d a i J d£ J d a2 J /(£>n)cos a i (f — ») c o s <h{v — y) &v-
0 —oo 0 —oo 

(24) 

This formula is valid if the function f(x, y), defined throughout the 
plane, is continuous, has first order partial derivatives, is absolutely 
integrable with respect to a; in — oo < # < + ° ° for any fixed y, and 
is absolutely integrable with respect to y in - o o < y < -foo for any 
fixed x. 

If, for instance, f(xf y) is an even function of x and y> we can write 
instead of (24): 

OO 00 OO OO 

f(x, y) = —y J cos axx dax cos ax£ df J cos a2^ da2 /(f, q) cos a2?y dq. (25) 
o o o 6 

Similarly, Fourier's formula can be written for a function f(x1, x2, . . . , 
xn) of any number of independent variables. 



C H A P T E R V I I 

THE PARTIAL DIFFERENTIAL EQUATIONS 
OF MATHEMATICAL PHYSICS 

§ 17. The wave equation 

163. The equation of vibration of a string. The problem of integra
ting partial differential equations belongs to one of the most difficult 
and extensive sections of analysis and we confine ourselves to the con
sideration of certain particular problems in this field. The present 
article is devoted to problems connected with the so-called wave 
equation: 

where 

Au = -W + W + ~̂ ~ = d l v grad u • 
We arrived at this equation in [116] and [118] when considering 

acoustic and electromagnetic oscillations. We suppose that u does not 
depend on y and z, i.e. tha t u has the same value at all points of a 
plane perpendicular to the x axis. In this case, the wave equation takes 
the form 

d*u _ 2 8*u 
W ~~a dx* ' 

the wave concerned being generally referred to as a plane wave. We 
now show that the same equation is obtained by considering the 
small transverse vibrations of a tau t homogeneous string. 

We understand by string a thin thread which can bend freely. We 
take it as acted on by a tension T0 and directed along the x axis when 
in the equilibrium position with no external forces (Fig. 127). If we 
move it from the equilibrium position and moreover subject it to the 
action of a given force, it starts to vibrate, so that a point of the string 
with the equilibrium position N of abscissa x occupies the position M 

476 
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at the instant t. We confine ourselves to considering unly transverse 
vibrations, on the assumption tha t all the motion takes place in a 
single plane and that points of the string move perpendicularly to the 
x axis. We let u denote the displacement NM of a point of the string. 
This displacement is in fact the required function of the two indepen
dent variables x and t. 

We distinguish an element MM' of the string, which has the equi
librium position NN'. On the assumption of small deformations, we 
neglect the square of the derivative du/dx by comparison with unity. 
Let a be the acute angle that the direction of the tangent to the string 
forms with the x axis. We have: 

t a n a = du 
"dx and sin a = 

tan a 
du 
dx 

/ l+tan 2 a r ! + ( ■ » 

du 
dx' 

dx) 

Let F denote the force acting on the string perpendicularly to the x 
axis, and reckoned per unit length. The following forces act on our 
element MM': the tension at the point 
M', directed along the tangent at M' and 
forming an acute angle with the x axis, 
the tension at the point M, directed along 
the tangent at M and forming an obtuse 
angle with the x axis, and the force 
Fdx, directed along the u axis. In view 
of our assumption of small deformations, 
we can take both the above tensions as 
equal in magnitude to T0. We suppose that 
initially we have equilibrium of the string 
under the action of the force F. On projecting on to the u axis, 
we have the following equilibrium condition: 

FIG. 127 

T0 sin a' — T0 sina + Fdx = 0 , 

where a ' is the value of the angle a a t the point M', i.e. 

and consequently: 

*.[(£L-(£)J+**-°-

(i) 

(2) 
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The difference in square brackets expresses the increment of the 
function dujdx as a result of x changing by dx. On replacing this in
crement by the differential, we get [I, 50]: 

\OX)M' \0XJM OX* 

On substituting in (2) and cancelling dx, we arrive at the equilibrium 
equation of the string: 

T o ^ + F = Q- (3) 

In accordance with d'Alembert's principle, the equation of motion 
is simply obtained by adding to the external force the inertia force, 
which we find as follows: the velocity of the point M is evidently 
dujdt, and its acceleration d2u/dt2, so that the inertia force of the 
element MM', given by the product of the acceleration and the mass 
taken with the reversed sign, is 

where g is the longitudinal density of the string, i.e. the mass per unit 
length; the inertia force, reckoned per unit length, is now 

Q 
9»s 

Q being assumed constant. 
I t follows that the equation of motion is obtained by replacing F 

in (3) by F — Qd2u/dt2, which gives: 

On dividing by Q and writing 

T = °2' T = / ' (4) 

we obtain the equation of forced transverse vibration of a string: 

If external force is absent, we have / = 0, and we obtain for the 
equation of free vibration of a string: 

-ST = *85«-- ( 6 ) 

file:///0XJM
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Another method of deducing (5), on the basis of Hamilton's principle, 
will be found in Volume IV. 

We assumed above tha t the external force was distributed con
tinuously along the length of the string; but occasionally, we are con
cerned with a force P concentrated at a single point C. This case can be 
considered, either as a limiting case of the above, the force being 
assumed to act on an infinitesimal element of length e about the point 
C, whereas the product of its magnitude with e tends to a finite non
zero limit as e -> 0, or else directly, by applying equation (2) to the 
element MM' about the point C and replacing the Fdx appearing 
there by P. I t may be noticed that we do not add to Fdx the inertia 
force (— (d2uldt2) Q dx), since we assume tha t the latter tends to zero 
as dx -> 0. 

On assuming that the ends of the element approach the point C, 
and denoting the respective limiting values to which du/dx tends as we 
approach C from the right and the left by 

(du\ (du\ 
\dx)+f \dx)-' 

equation (2) gives us in the limit: 

We see from this that the string has an angular point a t the point 0 
of application of the concentrated force, i.e. a point with different 
tangential directions to the right and the left. 

As is generally the case in dynamics, the equation of motion (5) is 
not sufficient in itself for a full definition of the motion of the string; 
we also have to give the state at the initial instant t = 0, tha t is, the 
positions of its points u and their velocities dujdt at t = 0 must be 
known functions of x: 

i 0=9>i(*)« (8) 

These conditions, which have to be satisfied by the required function 
u a t t = 0, are known as initial conditions. 

An infinite string may be considered in theory; equation (5) and 
conditions (8) are sufficient for finding the solution here, where <p(x) 
and <px (x) have to be specified throughout the infinite interval ( —°°, 
+ °°). This case can correspond to the consideration of plane waves 
in unbounded space. As we shall see later, the results obtained for an 

u *=o 
= <p(x); du 
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infinite string give us a picture of the distribution of disturbances 
in a bounded string also, up to the instant when disturbances reflected 
from the ends also make their appearance at the point concerned. 

If, however, the string is bounded on one or both sides a t the points 
x = 0 and x = Z, it is necessary to indicate what happens at the ends. 
For instance, let the end x = 0 be fixed. We must have in this case 

u|x=o = 0. (9) 
If the end x = I is also fixed, we likewise have: 

* | x _ | = 0, (»i) 

and these conditions must be fulfilled for any t. 
Instead of the ends being fixed, they may move in a given manner; 

the ordinates of the ends must now be given functions of time, i.e. we 
must have: 

«* |x-o = Xi (0 > u Ix-i = X* (') • (10) 
Whatever the case, if the string is bounded on one or both sides, a 

condition must be a specified for each end, this being known as a 
boundary condition. 

We see from the above tha t the initial and boundary conditions have 
as great an importance as the actual equation of motion for the solution 
of a concrete physical problem, and moreover, tha t what we are inter
ested in is not so much finding arbitrary solutions or even the general 
solution as finding those solutions which satisfy the given initial and 
boundary conditions. 

164. D'Alembert's solution* In the case of the free vibration of an 
infinite string, the required function u(x, t) must satisfy equation (6): 

d2u _9 d*u 

with initial conditions (8): 
dt* ~a dx* 

t=rcpl{x)f 

where cp(x) and cp1 (x) must be specified in the interval ( —°°, + ° ° ) 
since the string is infinite. 

The general solution of (6) can in fact be found, and in such a form 
that conditions (8) can easily be satisfied. 

For this, we transform (6) to the new independent variables: 

f = x — at, rj ==x + at 



164] D'ALEMBERTS SOLUTION 481 

or 
* = .*.(, +f); t = ±{r,-S). 

On taking u as depending on x and t indirectly via f and r\ and using 
the rule for differentiating functions of a function, we can express the 
derivatives with respect to the first variables in terms of the derivatives 
with respect to the new variables: 

du 

On applying these formulae a second time, we get: 

~W ~" 8 | I 8f + 8rj J + 8r? I 8£ + 8*7 J ~~ 8f2 + 8|8>7 + 8??2 ' 

"§f2~~'a drj [drj 8fJ a 8 | Idr? 8f J "" a Uf2 Sffr? + ty2)' 

whence 
—- a 2 -7T-T = — 4 a 2 ; 

8*2 8z2 8£8>? ' 
and equation (6) is seen to be equivalent to the following: 

We conclude, on re-writing (11) in the form 

tha t dujd£ is independent of 77, i.e. is a function of f only. If we write 

integration gives us: 

«=J'0(*)d# + e1fo), 
where 02 (77) is an arbitrary function of rj (the "constant" of inte
gration with respect to f can depend on 77). The first term can be 
reckoned here as an arbitrary function of £, since 0(|) is an arbitrary 
function of I; on writing the first term as 91 (f), we have: 

u^e^ + e^r,), 
or, on returning to the old variables x and t: 

u (x, t) = 01(x- at) + 02(x + at), (12) 
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where 6X and 62 are arbitrary functions of their arguments. This is 
the most general solution of (6) and is known as d'Alembert's solution; 
it contains two arbitrary functions 61 and 02. We define these by bring
ing in the initial conditions (8), which, in view of the equation 

*L = a[-0i(x-at) + 0'2(x + at)] 

and equation (12), give: 

0i (*)+ 0t (*) = ? (*) ; -"fli(») + e i ( « ) = f i ^ (13) 
(A 

or, on integrating and reversing the signs: 
X 

0i (x) - 02 (x) = - 1 f <p2 (z) dz + C. 
0 

We determine the arbitrary constant G by putting x = 0: 

c = MO)-0,(0). 
We can take C = 0 without loss of generality, i.e. 

0i(O)-0a(O) = O, (14) 
since, if we happened to have C # 0, we could replace 6X (x) and G2 (x) 
by the functions: 

M*)-y> M*) + y , 
so that (14) is satisfied whilst equations (13) are left unchanged. 

Thus we have: 
X 

ex{x) + e2(x) = <p(x); e±(x)-e2(x) = - ^ ^ 1 ( z ) d z . (15) 
0 

From these, we can easily find 61 (x) and 62 (x): 
X X 

*i{x) = \v(*)-^\<Pi(z)dz\ 02(x) = ±V(x)+ ±1^(2)62. (16) 
0 0 

On subsituting the expressions obtained in (12), we find: 
x-at 

, .. 1 , .. 1 u( v ' ' Z ' * ' ZO 
6 

,{x}t) = -^-(p(x-at)-^ J Vi(2)d2 + 
0 

x x+af 
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or finally: 
x+at 

« ( s , f ) - . ' < * - " > + *<« + "> + j _ J y i ( 8 ) d 8 ( i 7 ) 
x-a/ 

Expression (17) clearly gives a twice continuously differentiate 
solution (the so-called classical solution) of the problem, if cp(x) has 
continuous derivatives y'(x) and q>"(x), whilst cpx (x) has a continuous 
derivative <pi(z) for — °o < x < + °° . I t quite often happens, however, 
tha t we are concerned with problems in which the initial disturbance 
is specified by functions which do not satisfy these conditions. For 
instance, if the string has a polygonal form at the initial instant, tp(x) 
lacks a definite derivative at the vertices of the polygonal shape. 
Nevertheless, it is reasonable to suppose tha t (17) gives the solution 
of the problem in spite of u(x, t) not having continuous derivatives up 
to the second order everywhere. The problem is said to have a general
ized solution in this case. The theory of generalized solutions is dealt 
with in Volume IV. 

165. Particular cases. Formula (17) gives the full solution of the 
problem considered. I t becomes more clearly comprehensible on dis
tinguishing various particular cases. 

1. The initial impulse is zero, i.e. the initial velocity of points of the 
string is zero. With this condition, q>x (x) = 0 and (17) gives: 

U (X, t) =<P(*-at) + v(x + at) .? ( l g ) 

together with, a t the initial instant: 

u\t=0 = u(x, 0) = cp(x). 

What are the physical interpretations of solution (18)? The numer
ator in (18) consists of two terms, and we shall dwell on the first, 
q>(x — at). 

We suppose tha t an observer, departing from the point x = c of the 
string at the initial instant t = 0, moves in the positive direction of OX 
with a velocity a, i.e. his abscissa changes in accordance with the 
formula: x = c + at or x — at = c. For such an observer, the displace
ment of the string, defined by u = cp(x — at)} will always remain con
stant, equal to cp{c). The actual phenomenon defined by the function 
u = (p(x — at) is known as the direct wave propagation. Returning to 
d'AlembertJs formula (12), we can say tha t the term Qx (x — at) gives 
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the direct wave which is propagated along the positive direction of OX 
with velocity a. Similarly, the second term 02 (x + at) defines a 
vibration of the string, the disturbance from which is propagated 
with velocity a in the negative direction of OX, in the sense tha t a 
point with abscissa c — at a t the instant t will have the same deviation 
u as the point x = c had at t == 0. We call the corresponding pheno
menon the reverse wave propagation. 

The quantity a is the velocity of propagation of the disturbance or 
(transverse) vibration. We can see from (4) tha t 

'-ft- (19) 

i.e. the velocity of propagation of transverse vibrations is inversely pro
portional to the square root of the density of the string and directly pro-

portional to the square root of the tension. 
Solution (18) obtained above represents 

the arithmetic mean of the direct wave 
cp(x-— at) and the reverse wave cp(x-\-at) and 

—^X can be obtained as follows: we draw two 
FIGL 128 identical samples of the graph u = q>(x) 

of the string at t = 0 and imagine that 
they are superimposed on each other 

then displaced in either direction with velocity a. The graph of the 
string at the instant t is obtained as the arithmetic mean of the 
displaced graphs, i.e. it bisects the ordinates of these latter graphs. 

For instance, let the initial shape of the string be as shown in Fig. 128: 

!

0 outside the interval (— a,a) 
x + a for — a < x < 0 

— x + a for 0 < a: < a 

Figure 129 illustrates the graphs of the string at the instants 

__ _?_ 2a 3a a 5a_ 2a 
""4a , "4a" , 4a" , ' 5 ' , "4a* , "o~ , 

We take two axes at right angles on the plane: one for the variable x 
and the other for t. The x axis only is drawn in Fig. 130. Every point 
of the plane is defined by the two coordinates (x, t), i.e. every point 
characterizes a definite point of the string a? at a definite instant t. 
We can now readily find by graphical means the points of the string 
whose initial disturbances arrive at the point xQ at the instant t0. 
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By the above, these will be the points with abscissae xQ + a£o> since a 
is the velocity of propagation of the vibration. We find these points 
on the x axis simply by drawing through the point (x0, t0) the two 
straight lines: 

nr. — a.t = nr. — at- 1 
(20) 

x — at = x0 — at0, 1 
x + at = x0 + at0 , j 

the intersections of these with OX being the required points. Straight 
lines (20) are known as characteristics of the point (x0, tQ). Along the 

- 2 o C - o C 5oC «* 2oC 
4a 

FIG. 129 

^ M *±\, *±\> 
^ w. 

<p-0 «t, oC2 OP-0 »» 
FIG. 130 
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first of these lines, cp(x — at) retains a constant value, i.e. the line 
gives the values (x, t) for which the direct wave produces the same 
deviation as at (x0, tQ). The second of lines (20) plays the same role 
as regards the reverse wave. We can say briefly that the disturbances 
are propagated along the characteristics. 

We can reveal the following facts on applying the construction 
indicated. 

Let an initial disturbance have been present only in an interval 
(av a2) of the string (Pig. 130), i.e. y{x) = 0 outside this interval. We 
confine ourselves to the upper part of the (x} t) plane, i.e. t > 0, which 
alone has a physical meaning, and draw the characteristics of the 
points at and a2 on OX, these being represented by full lines. These 
characteristics divide the total half-plane into six domains. Domain 
(I) corresponds to those points at which both direct and reverse waves 
arrive at the given instant. Domain (II) corresponds to points at which 
only a reverse wave arrives a t the given instant; whereas only direct 
waves arrive in domain (III). Points of domains (IV) and (V) are those 
at which no disturbance has arrived up to the given instant. Finally, 
the disturbance has had time to come and go through points of domain 
(VI), and these find themselves in a state of rest at the given instant. 
This is clear from the fact tha t if characteristics are drawn through 
any point M of this last domain, they will intersect OX a t some point 
x = c outside the interval of initial disturbance, and consequently 
the values of cp{x ± at) = <p(c) will be zero. Furthermore, if a line is 
drawn through M perpendicular to OX, the lower part of this line, 
which corresponds to the earlier instants with fixed x, will intersect 
at least one of the domains (I), (II) , (III), whilst the upper part of the 
line, corresponding to later instants, will be situated entirely in domain 
(VI). This remarkable property, of returning to the original state after 
passage of the wave, is not possessed by the string with every initial 
disturbance, as will be seen below. 

2. The initial displacement is zero, and only an initial impulse is 
present. 

Here we get the solution: 
x+at 

u(x,t) = ± j <h(z)dz. (21) 
x-at 

If we write 0X (x) for the indefinite integral of <pl(x)l2a9 we have: 

u (x, t) = &! (x + at) — 01(x- at), (22) 
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i.e. it is again a matter of the propagation of a direct and reverse wave. 
If the initial disturbance is confined to the interval (av a^), we get the 
same construction as in case 1, with the important difference, however, 
tha t the displacement in domain (VI) differs from zero and is given 
by the integral: 

a, 

iJVi(*)d*. (23) 

In fact, it follows from the construction of domain (VI) that we 
have for points of it x -\- at > a^ and x — at < av i.e. the integration 
in (21) has to be carried out over an interval tha t contains (av a2). 
But <px(z) is zero outside (av a2) by hypothesis, so tha t only the 
integral over (av Oj) remains, and we obtain expression (23) for u(x, t), 
which represents a certain constant. 

The action of the initial impulse thus amounts to points of the 
string undergoing displacements in the course of time tha t are expres
sed by integral (23), after which the points remain without movement 
in the new position. 

Equation (21) can also be interpreted as follows. Let the point x lie 
to the right of the interval (av c^), i.e. x > a2. The interval of inte
gration degenerates to the point x a t t = 0, then with increasing ty it 
extends to both sides with velocity a. I t will have no points in common 
with (av a2) for t < (x — a2)jaf (px (z) will be zero, and (21) gives 
u(x, t) = 0, i.e. rest at the point x. Starting at the instant t = (v—a^la, 
the interval (x — at, x -\- at) will overlap with (av c^), in which <px (z) 
differs from zero, and the point x starts to vibrate (the instant when 
the front of the wave passes through x). Finally, with t > (x—aj/a 
the interval (x — at,x-\- at) will contain the entire interval {av a2), 
integration over (x — at> x + ot) reduces to integration over (av a2) 
since tpx (z) is zero outside the latter by hypothesis, and we thus have 
now a constant value for u(x, t), given by (23). The instant t = 
= (x—a^/a is when the rear front of the wave passes across the 
point x. 

We notice some details regarding the general case. I t can happen 
in the general case tha t the direct or reverse wave is entirely absent. 
Suppose, for instance, tha t the functions <p{x) and q>t (x) appearing in 
the initial conditions satisfy the relationship: 

x 
y ?>(*) +-§5-JVi(«)d* = 0. (24) 

o 
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With this, by the second of expressions (16), the function 02 (x) is 
identically zero, and the reverse wave is absent in the general solution 
(12). If we replace the zero on the right of (24) by a constant, 92 (x) 
becomes constant and its value can be absorbed into 6X (x — at) in (12), 
i.e. reverse wave is again absent. Let us return to the example that 
we considered in case 1. Figure 128 gives the graph of the initial 
deviation (the initial velocity is zero everywhere). The last of Figs. 129 
gives the graph of the string at the instant t = 10, consisting of two 
separate pieces. The right-hand piece corresponding to the interval 
(a, 3a) will move to the right, and the left-hand piece to the left, with 
velocity a. But we can describe the later phenomena with t > t0 by 
taking t = t0 as the initial instant, calculating the deviation u and 
velocity dujdt for this instant, and applying the general formula (17), 
in which it is only necessary to replace t by (t — t0) on the right-hand 
side, t0 having been taken as the initial instant. In this case, the 
initial conditions only differ from zero in the intervals (—3a, —a) 
and (a, 3a). In the general case, the disturbances in each of these 
intervals might give both a direct and a reverse wave. Here, however, 
as we saw above, the disturbances say in the interval (a, 3a) give only 
a direct wave. This happens because in this interval, apart from the 
initial deviations illustrated in the last of Figs. 129, velocities are 
excited as a result of the vibration at t = 10 such that the reverse wave 
is absent. Similarly, the disturbances over the piece ( — 3a, —a) do not 
give a direct wave. This phenomenon corresponds to one of the for
mulations of Huygens principle. 

166. Finite string. Let the string be finite and fixed at the ends 
and let the abscissae of the ends be x = 0 and x = I. 

In addition to the initial conditions (8): 

u t=o=(p{x)> l r L = = , M a ; ) ' 
where cp(x) and cpx (x) are specified for 0 < x < Z, we also have to 
satisfy the boundary conditions: 

v|x-o = 0 ; *|x-« = 0. (25) 

d'Alembert's solution (12): 

u (x, t) = Qx (x — at) + 92 (x + at), (12) 
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is of course suitable for this case, but the definitions of the functions 
0± and 02 i n accordance with (16): 

A. 

9i (x) = y 9> (x) - —j- j ^ («) d^; 

(26) 

o 
meet with the difficulty here that cp(x) and <px (x), and consequently 
also 0X (x) and 02 (#), are only defined in the interval (0,Z) in line with 
the physical meaning of the problem, whereas the arguments (x ± at) 
in (12) can lie outside the interval. 

Consequently, for the characteristics method to be applicable we 
have to continue the functions 0± (x) and 02 (x), or what is exactly 
equivalent, cp(x) and <px (x), outside the interval (0,1). From the physi
cal view-point, this continuation amounts to defining the initial dis
turbance of an infinite string such that the motion of its part (0,1) is 
the same as if it were fixed at the ends and the rest of the string re
moved. 

On substituting x = 0 and x = I in the right-hand side of (12), the 
boundary conditions become, on equating the results to zero: 

fl1(-o«) + 02(at) = 0 ; 
0 1 (Z_a*) - f 02(l + at) 

or, if we write the variable argument at simply as x: 

0 i ( - » ) = - 0 * ( s ) ; ] ( 2 8 ) 

0 ; l 
o, / 

(27) 

■0; ] 
02(l + x) = -01(l 

When x varies in (0,1), the argument (I — x) also varies in this interval, 
and the right-hand sides of equations (28) are known to us. But the 
arguments (—x) and (I + x) now vary respectively in the intervals 
(—Z, 0) and (Z, 2Z), and the second of equations (28) gives us values 
of 02 (x) in (Z, 2Z), whilst the first gives 0± (x) in (—Z, 0). Furthermore, 
as x varies in (Z, 2Z), the argument (Z — x) varies in (—Z, 0), and the 
right-hand sides of equations (28) are known to us on the basis of the 
above working. Arguments (—x) and (Z + x) now vary in the intervals 
(—2Z, —Z) and (2Z, 3Z), so that (28) gives us 02 (x) in (2Z, 3Z) and Qx (x) 
in (—2Z, —Z). We can see by continuing in the same way that (28) 
gives us the determinate values for 0X (x) with x < 0 and 02 (x) with 
x > Z, which we require for applying (12) with t > 0. Similarly, if x 
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varies in the interval (—Z, 0), the left-hand sides of equations (28) are 
known, and we obtain 02 (x) in (—Z, 0) and 9X (x) in (Z, 2Z). With x 
varying next in (—2Z, — Z), we get 92(x) in ( — 2Z, —Z) and 91(x) in 
(2Z, 31) and so on, i.e. equations (28) give us 9X (x) and 02 (x) defined 
for all real x. 

If we replace x by (Z + x) in the second of equations (28) and make 
use of the first equation, we get: 

02 (x + 21) = - 9X ( - x) = 02 (x), 

i.e. the function 02 (x) is shown to have the period 2Z. I t now follows 
from the first of (28) that 9X (x) also has the period 2Z. This implies 
tha t we in fact know 9± (x) and 02 (x) for all real x provided simply 
that we carry out the first of the operations described above for con
tinuing these functions, i.e. it is sufficient to let x vary in (0, Z) only. 
Equations (28) give us 9X (x) in (—Z, 0) and 02 (x) in (Z, 2Z), i.e. 9X (x) 
is known in (—Z, +Z) whilst 02 (x) is known in (0, 2Z). The remaining 
values of the functions follow from their periodicity. 

Having thus defined 9X (x) and 02 (x), the functions (p(x)y cpx (x) are 
readily continued, since we have by equations (26): 

X 

cp (x) = 0± (x) + 02 (x); i-J" Vl (z) dz = 02 (x) - 9± (x), 
o 

i.e, 
<P1(x) = a[9'2(x)-9[(x)]. 

We obtain on replacing x by (—x) in the first of equations (28) and on 
differentiating also: 

0i(*) = - 0 i ( - s ) ; 0 { ( - * ) = 0 2 » ; 0{(*) = 0 2 ( - z ) . 
We use these relationships and the first of equations (28) to enable us 
to write: 

<p ( - x) = 0X ( - x) + 02 ( - x) = - 02 (x) - 0X (x) = - <p (x) 

^ ( - a?) = a [02 ( - x) - 0{ ( - x)] = a [9[ (x) - 02 (x)] = - ^ (a), 

i.e. we obtain an extremely simple rule for continuing cp(x) and cpx (x): 
they are continued from the interval (0, Z) to (—Z, 0) oddly, and there
after periodically with period 2Z. If, with this, we obtain functions 
(p(x) and (px (x) along the entire x axis such that cp(x) has continuous 
derivatives <p'(x) and cp"{x), whilst (px (x) has a continuous derivative 
(p[ (x), we shall have by (17) a twice continuously differentiate 
solution of our problem. 
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We return once more to the xt plane. Since the string is finite, 
we need only consider the strip of the upper half-plane t > 0 included 
between the lines x = 0, x = I (Fig. 131). The physical significance 
of the solution (12), in which the functions 
01(x) and 92(x) a r e defined for all x, as shown 
above, may be explained as follows. Having 
drawn characteristics through the points 0 
and L to their intersections with the op
posite boundaries of the strip, we draw new 
characteristics through these points of inter
section to their further intersections with 
opposite boundaries of the strip, and so on. 

We divide the strip by this means into 
domains (I), (II), (III), . . . Points of domain 
(I) correspond to the points of the string at 
which only disturbances from interior points 
have arrived, and consequently the infinite 
parts that we imagine to have been added 
to the string have no effect here on the 
motion. At points in domain (II), we already have disturbances coming 
from the imaginary parts; we shall take, for instance, the point 
M0 (x0, t0) of domain (II). 

Since 
u (x<» to) = 0i (x0 — at0) + 62 (x0 + at0), 

FIG. 131 

there are two waves present at this point: firstly the direct wave, from 
the initial disturbance at the point M1 of the string with abscissa 
x = x0 — at0i and secondly the reverse wave from the point M2 with 
abscissa x = xQ -f- at0, M1 being in the present case a real point of the 
interval (0, Z), and M2 an imagined point. The latter is readily replaced 
by a real point by noting that , by (28): 

02 («o + ato) = ^2(1 + XQ + ato — l) = — 0i (2Z — *Q — at0), 

so that the reverse wave 02 (x0 + at0) is in fact the same as the direct 
wave —01 (21 — x0 — at0) from the point of initial disturbance 
M^ (21 — xQ — at0) (symmetrical to M2 about L), which, after arriving 
at the end L a t the instant 

t = I — (21 — x0 — at0) x0 + at0 — I 
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has reversed its direction and sign and arrived in this form at the instant 
t0 at M0; in other words, fixing the end x = I has led to a reflection of 
the displacement wave, corresponding to a change in sign of the displace
ment whilst the absolute value is retained. 

We find the same phenomenon with waves arriving at the end 
x = 0; we have two waves at points of domain (III): the reverse and 
the direct, reflected from the end x = 0. We obtain at points in domains 
(IV), (V), (VI), . . . waves which have undergone several of these reflec
tions at both ends of the string. 

If instead of a boundary condition (25) we had, say, at the end x = Z, 
the conditionf: 

we should have, instead of the second of equations (27): 

ef
1(l-at) + 6f

2(l + at)=-0, 

or, on again replacing at by x: 

0£(Z + x) = _0i (Z_<r) . 

Integration of this relationship clearly gives us: 

02(l + x) = d1(l-x) + C, 

where G is a constant which we can take as zero without loss of 
generality, the proof of this being left to the reader. We thus have 

02(l + x) = 01(l-x). (29) 

The physical interpretation of this condition is likewise reflection 
at the end x = I, though both the sign and magnitude of the displacement 
are now preserved. 

A remarkably simple example of the use of the above method of charac
teristics and reflections is given by a "plucked string'', which is stretched out 
at one point a t the initial instant with zero initial velocity. The reader may 
easily verify the method given below for finding the shape of the string at any 
instant t, the initial shape being assumed given. 

fThis is met with in the theory of longitudinal vibrations of rods, which 
obey the same differential equation (6) or (6) with different physical values of 
the constant a. The condition imposed means that the end of the rod is free. 
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OAL gives the initial shape of the string in Fig. 132, the 
the corresponding symmetrical figure with respect to the 
string x = 1/2. Let the perpendicular AP to OL be continued 

B' with A'L* Let C be the mid
point of AB\ which gives us 
the direction LC. 

The shape of the string at any 
given instant is now obtained 
by moving a line of intersec
tion parallel to LC from the 
point A to the point A'; in 
particular, at the instant T = l/a, 
the string takes the dotted 
polygonal shape OA'L. 

Figure 133 illustrates the successive forms of the string 
at the instants: 

dotted line being 
mid-point of the 
to its intersection 

Z?*L 

"t=0 

FIG. 132 

n 1 1 3 
0<*< 

t=T 

167. Fourier's method. The transverse vibra
tions of a string fixed a t its ends may also be 
treated by means of Fourier series. Although this 
method is not as simple as the above in this par
ticular case, it is worth describing because it can FIG. 133 
be used in many other problems for which the 
method of characteristics is inapplicable. We again write down the 
equations of the problem, in a different order: 

dt* ~~a dx* ' 

w| x = 0 = 0 , ^|x=/ = 0 , 

/ \ 9w 
, = 0 = ?>!(*). 

(30) 

(31) 

(32) u 

Instead of seeking the general solution of equation (30), we seek a 
particular solution as the product of two functions, one of which depends 
only on t and the other only on x: 

u = T(t)X(x). (33) 
We have on substituting this in (30): 

X(x)T"(t) = a*T(t)X"(x) 
or 

T"{t) 
a2T (t) X(x) 



4 9 4 THE PARTIAL DIFFERENTIAL EQUATIONS OP MATHEMATICAL PHYSICS [ 1 6 7 

The function on the left of this equation depends only on t, and that 
on the right only on x; equality is only possible if both left and right 
are independent of both t and xy i.e. both sides represent the same 
constant. 

We write this constant as (—-k2): 

a*T{t) ~ X(x) - K ' KM) 

hence we get two equations: 

X" (x) + k2X (x) = 0; T* (t) + a2k2T (t) = 0. (35) 

The general solutions of these equations are, with k # 0 [27]: 

X (x) = C cos kx + D sin kx\ T (t) = A cos akt + B sin akt, (35x) 

where A, B, C, D are arbitrary constants. 
We obtain for u, from (33): 

u = (A cos akt + B sin akt) (C cos kx + D sin kx). (36) 

We now choose the constants so that boundary conditions (31) are 
satisfied, i.e. the factor in x of (36) vanishes for x = 0 and x = I. 

This gives: 

C M + D - 0 = 0; CcosH + Ds inW = 0. 

I t follows from the first equation that 0 = 0, and the second gives 
D sin kl = 0. If we take D = 0, we have C = D = 0 and (36) is 
identically zero. This is a trivial solution, so tha t we must take 
D ^ 0 but sin kl = 0. 

We thus get an equation giving the parameter ky which has so far 
remained entirely arbitrary :*j* 

sin kl = 0, 
i.e. 

*=±T. iT1"--* ±X -•• (37) 

If we substitute k = nn\l or k = —nnjl in (36), the only difference 
is in the sign of the sines, and in view of the presence of the arbitrary 

t If we had written (+&2) for the constant in (34) instead of (—&2), we should 
have obtained X(x) = Gekx -{-De~kx and it would have been quite impossible 
to satisfy boundary conditions (31). 

The same situation is obtained with k = 0. Similar remarks apply to later 
problems for which we use Fourier's method. 
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constant factors the two solutions will be essentially the same. Hence 
it is sufficient to take only positive k from values (37). On putting 
G = 0 in (36) and writing A and B for the arbitrary constants AD 
and BD, we get: 

u = (A cos akt + B sin akt) sin kx. 

We still have to substitute one of the values (37) for k. We can take 
different values for A and B on substituting different values of k. 
This leads us to an infinite set of solutions: 

wn = ^4ncos - y - + 5 n sin - y - J sin — (rc = 1, 2 , . . . ) . (38) 

These solutions satisfy both equation (30) and boundary conditions 
(31). We now notice that , due to the fact that (30) and (31) are linear 
and homogeneous equations, if uv u2i . . . are solutions satisfying these, 
their sum likewise satisfies the equations (as in the analogous case of 
ordinary linear homogeneous equations). Hence we have the following 
solution: 

00 

u = Jz lAn cos ——|- Bn sin - y - 1 sin —r- . (39) 

It remains to choose An and Bn so as to satisfy also the initial con
ditions (32). We differentiate solution (39) with respect to t: 

00 

ou x? ( nna A • nnat . nna ~ nnat\ . nnx , . ~ x -^- = 2 ^ - — Ansm-r + -j-Bncos-j-J sin-j-. (40) 

On setting t — 0 in (39) and (40), we get by (32): 
oo oo 

/ \ V A • nnx i \ ' V n n a r> • nnx t A *i \ 
<P{*) = 2, ^nSUl-y- , (px{x) = 2i ~TBn^^-T' (4 1) 

n = l * n - 1 l l 

The series written represent sine expansions of the given functions 
<p(x) and (px (x) in the interval (0, Z). The coefficients of these ex
pansions are defined by the familiar formulae of [146], which leads 
us to the following values for An and Bn: 

i i 

An = T J V (z) s i n ^ p d z ; Bn = ^ J V i (z) s i n ^ d z . (42) 
0 0 

On substituting these values in (39), we obtain a series which for
mally meets all our requirements. We give below the sufficient con
ditions to be imposed on cp(x) and q>x (x) so that the sum of the series 
in fact provides the solution of our problem. 
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168. Harmonics and standing waves. We bring in the amplitude Nn 

and initial phase cpn of a harmonic: 

A nnat . ^ . nnat , T . fnjtat , Y 
An c o s - y - + Bn sin — = Nn sin ( - y - + <pny 

Each term of series (39) gives a solution of the problem: 

( A nnat , r> . nnat\ . nnx ^T . fn;ra£ , \ . nnx ,Anx 
\Ancos — + Bn s m - y - J sin — = tfnsm {-y- + <pnJ s m — (43) 

and represents a so-called standing wave, such that points of the string 
carry out harmonic vibrations of the same phase and with the ampli
tude 

, T . nnx i V n s m — , 

depending on the position of the point. The string emits a sound with 
this type of vibration; the pitch depends on the frequency of the 
vibration: 

whilst the strength depends on the maximum amplitude of the vibra
tion Nn. On assigning the values 1 , 2 , 3 , . . . to n, we get the fundamental 
tone of the string and a series of successive overtones, the frequencies of 
which or numbers of vibrations per second are proportional to the 
terms of the natural series of integers 1, 2, 3, . . . The amplitude Nn 

sin nnxjl can be negative for certain values. Its absolute value can be 
taken on adding n to the phase. 

Solution (39), i.e. the emitted sound, is the addition of these separate 
tones or harmonics; their amplitudes, and therefore their influence on 
the sound, generally diminishes rapidly as the number of the harmonic 
increases, whilst the total result of their effects produces the timbre 
of the sound, which differs with different musical instruments and is 
due to the presence of the overtones. 

At the points 

x = 0, 1 *L,...,(±^Hl,l, (45) 

the amplitude of the nth harmonic vanishes, since sin nnxjl = 0 at 
these points, which are called nodes of the n th harmonic. On the other 
hand, at 

___L JL (2n-l)l , 
X~ 2n> 2w In K™^> 
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the amplitude of the nth harmonic has maxima, since sin nnxjl attains 
its maximum absolute value at these points, which are known as anti-
nodes of the nth harmonic. With this, the string vibrates as though 
it were composed of n mutually unconnected separate pieces, each 
fixed at its boundary nodes. If we press the string exactly at the mid
point, i.e. a t the antinode of its fundamental tone, we obtain vanishing 
not only of this tone but of all the others tha t have antinodes at this 
point, i.e. the 3rd, 5th, . . . harmonics; whereas the even harmonics, 
which have nodes at this point, are unaffected, so that the string now 
emits the octave instead of the fundamental, i.e. the note with twice 
the number of vibrations per second. 

The above method might be distinguished from that of character
istics by calling it the standing wave method, but it is generally known 
as Fourier's method. 

We can readily show that the solution given by series (39) is com
pletely identical with that obtained above in [166]. We start by re
calling the proof in [166] that the use of d'Alembert's formula (16) 
in the case of a finite string requires the odd continuation in the 
interval (—Z, 0), and thereafter continuation with period 2Z, of the 
functions cp(x) and q>x (x) specified in the interval (0,1). But this method 
of continuation is exactly equivalent to the sine expansion of these 
functions [145], i.e. is exactly equivalent to expressions (41) for any x. 
On substituting these expressions for cp(x) and <px (x) in d'Alembert's 
formula (17), we in fact arrive at solution (39), as may easily be seen: 

" = y J g J " [ s i n nn{x~at) + Sin «"<» + *>] + 
n=»l 

, X+Qt co 

x-at 
or 

1 ^ A f • nn(x — at) . . nn (x + at) "I , u>=YJ£ ^ n | s m K—t '- + Bin v ^ } + 

+ J25"[cos "*(»-*> _ cos «»(« + *) j f 
whence (39) follows at once. 

In the present case, Fourier's method has the disadvantage compared 
with the characteristics method that series (39) is often very slowly 
convergent and is unsuitable both for computation and even for the 
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rigorous proof of the fact that the series is in fact the solution, since 
this latter involves its differentiation twice term by term, which brings 
in a factor of n2 before the nth term. The relationship between the 
required function and the originally assigned cp (x), (p1(x)> expressible 
by series (39), is much more complicated outwardly than the relation
ship given by the characteristics method. Nevertheless, Fourier's 
method reveals the extremely important fact tha t the string has an 
infinite set of individual harmonics, addition of which gives the total 
vibration. 

On taking into account the discussion of [166], we can say that the 
sum of series (39) will give the solution of our problem with continuous 
derivatives up to the second order, if cp(x) and cp± (x) possess the pro
perties stated in [166]. If cp(x) has continuous derivatives up to the 
third order and satisfies 99(0) = <p" (0) — y(l) = <p" (I) = 0, whilst 
<p± (x) has continuous derivatives to the second order and 9̂  (0) = 
= cpx (I) = 0, series (39) can be shown to be twice differentiable with 
respect to x and t. I t is also possible to consider solutions of the wave 
equation with fewer assumptions regarding the initial data, and we 
shall discuss this in Volume IV. In future applications of Fourier's 
method, we shall not stipulate the conditions under which the series 
obtained in fact represent solutions of our problems. The general aspects 
of Fourier's method are dealt with in Volume IV. The present aim 
is to indicate the method of solution and the results obtainable. 
A further point: it follows at once from the arguments of [164] and 
the characteristics method of [166] that the above solutions are 
unique, both for an infinite and a finite string. The question of the 
uniqueness of the solutions of the general wave equation is discussed 
below. 

169. Forced vibrations. We deduced in [163] the equation of the 
forced vibrations of a string acted on by a force F(x, t) per unit length: 

= ̂ -g- + /(M) [/(M)=}^0M)]. (46) 
Boundary and initial conditions must be associated with this 

equation (taking the case of a string fixed at the ends): 

«|x-o = 0; «lx=; = 0> (47) 

* |,-o = *<*>• ( 4 8 ) H=o = ?(£); -AT 
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These forced vibrations of a general type can be represented as the 
result of adding two vibratory motions; one of these is purely forced 
and due to the action of the force F, the string being assumed still 
in the state of rest a t the initial instant, whereas the other is the free 
vibration accomplished by the string simply as a result of the initial 
disturbance without the force being present. This amounts analyti
cally to replacing u by two new functions v and w, in accordance with 
the formula: 

u = v + w, 

where v satisfies the conditions: 

d2v 0 d2v . ,, .. /Ar.x 

■w = a2w + f{xt)> (49) 

f|x-o = 0; o|x-/ = 0, (50) 

H=o = 0; ^ | < = 0 = o. (51) 

and provides the purely forced vibration, whilst w satisfies the con
ditions: 

d2w 2 d2w 
~W ~ a "to*"' 

w |x = 0 = 0, w |x_z = 0, 

and gives the free vibration. We may readily verify, on forming the 
sum u = v + w, that this provides the solution of our problem, i.e. 
of equations (46), (47), (48). 

The methods of finding the free vibrations w have been considered 
in previous sections, so that we shall deal here only with how to find v. 
As in the case of free vibrations, we seek v as a series: 

v(x9t)= yTn(t)sin^f (52) 

so that boundary conditions (50) are automatically satisfied, whilst 
the Tn (t) are obviously different from the functions that we had in 
[167], since equation (49) is not homogeneous. 

We obtain on substituting series (52) in equation (49): 

yT ( * ) s in— r -= — a- >Tn(t) - y - sin—=— + f(x, t), 
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whence, on replacing annjl by the quantity con (44) [168]: 

/ (*, t) = 2 \.T* W + < Tn (')]sin - ^ (53) 
n = l 

We can expand f(x, t), considered as a function of as, in a Fourier 
series in the interval 0 < x < I: 

/(*,*) = ^ / n ( « ) s i n - ^ , (54) 

the coefficients /„ (£) of this series being dependent on t and given by 

fn(t) = ^\f(z,t)sm^dz, (55) 
6 

On comparing expansions (53) and (54) for the same function f(x, t)> 
we obtain the series of equations 

Tm
n (*) + < Tn (t) = /„ («) (n = 1, 2, . . . , ) , (56) 

defining the functions Tr (t), T2(t), . . . 
Having thus defined the functions Tn (t), function (52) now satisfies 

differential equation (49) and boundary conditions (50). In order to 
satisfy also the remaining initial conditions (51), we merely have to 
subject the Tn (t) to these conditions, i.e. we put 

T n (0) = 0, T'n(0) = 0, (57) 
since it is then clear that 

, = 0 = i r n ( 0 ) s i n - ^ L = 0; » \ = 2 ^ ( 0 ) s i n ^ = 0. 

The solution of equations (56) and (57) was indicated in [28], whence 
we readily deduce tha t : 

t 
Tn(t)=^-\fn(r)smCDn(t-T)dT, 

no 

or, on substituting expression (55) for fn (r): 
t i 

Tn(t) = ~Jdrjf(z,r)sm(on(t-r)Sm^dz. (58) 
no o 

Substitution of this in (52) gives us the expression for v(x, t). I t is 
easily shown that if f(x, t) has continuous derivatives up to the second 
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order and /(0, t) = f(l, t) = 0, the sum of series (52) is in fact the 
solution of problem (49)—(51). 

We have so far considered non-homogeneity either in the initial 
conditions (with function w) or in the differential equation (with 
function v). I t is natural to consider also non-homogeneous boundary 
conditions. If we assume the equation and the initial conditions homo
geneous and again let u denote the required function, we get the 
following problem: 

d2u __ „ d2u = co(t); u 
x-0 x = / 

^co^t); u = 0. 

We shall discuss this case of non-homogeneous boundary conditions 
in Volume IV. 

170. Concentrated force. We investigate (58) in the case of a concentrated 
force at the single point C (x = c). We shall denote the magnitude of the force 
by QP instead of by P as in [163]. As has been shown [163], this case can be 
considered as the limit of the case when the force F acts only on a small interval 
(c — <5, c + <5), F being zero outside this interval, whilst its total magnitude 

c+d 
f F(z,t)dz-+gP(t) as (5->0. 

c'-d 

We have from the second of equations (4): 
c+6 

j" f{z,t)dz->P(t) as <5-*0. 
c-d 

If we note that f(z, t) is zero by hypothesis outside the interval c — <5< 
< z < c + 3 and use the first mean value theorem [I, 95] with the assumption 
that f(z, t) has an invariable sign in 

c — < 5 < z < c + (5, 
we get: 

/ c+6 c+tf 
/ (z, t) sin —-— dz = f(z,t) sin '? dz = sin —j— / (z, t) dz, 

6 c-d c-d 

where £ is a point of (c — d, c -\- 6). 
In the limit, as 6 -»- 0: 

1 (z, t) sin —j— dz -> P (t) sin - y - , 
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and the function Tn(t)> defined as the limit of the right-hand side of (68) as 
<5 -+• 0, now becomes 

t 
T» {t) = 7^sin?Jp(T) sin0)"(t * T) dT' 

0 
whilst the forced vibration is g iven by the expression: 

t 
/ ,\ ^ i 2 . nnc f x . . njra? / r_. 

v (a?, t) =3 > sin —^— P (T) sm con (£ — T) dr • sin—-—. (59) 
n=»l n

 0 

This formula shows that certain overtones can be absent in forced vibrations, 
these being the overtones for which 

. nnc 
s m _ _ = o, 

i.e. which have a node at the point C of application of the force. 
We shall dwell on the case when the impressed force is of a harmonic oscil

latory type and we have to put 

P (t) =* P0 sin (cot+ <p0), 

or, if we take the phase <p0 = 0 for simplicity: 

p (t) = P 0 sin cot. 

The expression for Tn(t) now gives: 
t 

Tn (t) = -y-5- sin —j— 2 sin cor sin con (t — T) dr = 
0 

t 

— -—=—£- sin—-— {cos [cont — (con — a>) T ] — cos [cont — (con -j- to) T ] } dr = 
vn 0 

2a> P n . nnc . , 2Pft . nnc . 
J L ^ s i n sin o>nt + _ • _ sin - y - s m a*. Zeon (a;* _ W2) I n l l(co2

n- a>2) Z 

If the frequency of the impressed force is not coincident with any of the 
proper frequencies eon, none of the denominators (co\ — co2) vanishes; where as 
if co approaches one of the con, the corresponding denominator decreases and 
the particular Tn(t) becomes very large compared with the rest, i.e. the pheno
menon of resonance takes place. Finally, if co — con, the above expression for 
Tn(t) becomes meaningless and has to be replaced by another. 

Substitution of the expression obtained for the Tn{t) in (52) gives us: 

. nnc 
s in-

x — 2(0 P 0 ^ 1 / . J . nnx 
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The first term on the right has the form of the proper vibrations, whilst the 
second has the same frequency as the disturbing force. We shall neglect the first 
term with free vibrations w(x, t) and only concern ourselves with the second, 
writing it as V(x, t): 

. nnc sin-
,r , x 2Pft _-, I nnx V (xy t) =—j^-smcot >*—s -sin—r—, v ' I <*-/ fop, — co2 I 

or, on setting a2 = co2l2/a2 n2: 
. nnc 

rt. r-% 1 00 S i n "i 2PJ . m.-, I nnx //>rt% 

n = l 

The sum: 
nnc sm- l 

sm-^ n 2 _ a 2 *"** I 

can be evaluated by the method indicated in [159]. Instead of proceeding along 
these lines, however, we shall approach the problem in a new way by considering 
the concentrated force directly instead of as the limiting case of a continuously 
distributed force. 

The point G of application of the force divides the string into two parts 
(0, c) and (c, I). We consider these two parts individually, denoting the ordinate 
of the first part by ut(xy t) and the ordinate of the second by u2(xt t). We get the 
following equations for the two functions ux and u2: 

Q-«QtorO<*«. (61) 

< ^ = aAioTC<x<l, W l > 

since there are no external forces inside the intervals (0, c) and (c, I). Further, 
we have the conditions for the fixed ends: 

"ilx-o = 0, ^ 1 ^ = 0, (62) 

hen the condition for continuity of the string at x = c: 

Ul Ix-C = U2 Ix-C (63) 

and finally, the condition for equilibrium of the forces acting at x = c [163]: 

\x=c dx 

We confine ourselves to the case of a harmonic force 

P (t) = P0 sin (ot 

du2 
dx = - f P W - - ~ P ( 0 t (64) 

t With our present notation, we have to replace P in equation (7) [163] 
by gP(t), and (dujdx)+, (du/dx)^ by dujdz, di^/dx. 
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and distinguish in the vibrations produced those of the same frequency co 
We shall look for these vibrations in the form: 

u (a?, t) = X (x) sin cot, 

where, however, we must have different expressions for the function X(x) 
in the intervals (0, c) and (c, I); as a result of this, we put: 

w1 = Xx (x) sin oyt, u2 = X2 (x) sin cot. (65) 

On substituting in equations (61) and (61t), we have: 

— co2 sin cot Xt (x) = a2X{ (x) sin cot, 
whence 

X J W + - ^ X l ( x ) = 0, 

and similarly, 

Xl(x)+-£xi(x) = 0. 

We thus obtain, using [27]: 

Xl (x) = G[ cos — x + G'% sin — x; X2 (x) = G\ cos — x + C% sin — a\ a a a ex 

Conditions (62) give us: 

G, = 0, G\ cos \- G2 sin — = 0, 1 , 1 a ' z a 

whence it follows that we can put 

C = 0 2 sin — , 02 = — <72 cos , 
1 2 a 2 z o 

where C2 is an arbitrary constant. On denoting the arbitrary constant G'2 by 
Gx for the sake of symmetry, we get: 

Xl(x)=Cl8in-^> X2(x)=CxBin °> <! ~ xl. 

The continuity condition (63) now gives: 

^ . o>c . ^ . co (J — c) . 0, sin sm cot = C7« sin — i sm cot. a ' a 

It only remains to satisfy the last condition (64), from which we obtain 

co ^ co (I — c) co ~ coc . M P0 . Q Cos —* '— sin cot C\ cos sin co* = ~ sm cot. a 2 a a a a* 

Hence constants Gx and G2 are determined by the system of equations: 

„ . coc „ . co(l — c) ~ n a)C i n ™o ^ (? ~ c) __ ^o 
0l Sm ~cT ~ °* S m a = °; C l C°S "5" + % a ^ 
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whence we obtain by simple working: 

(O (I — C) . COC 

sin — „ sin — 
r _ po a

 r _ po ±_ 
t i — z > iy« — r> 1 aco . col L aco . col sin sin a a 

the final solution of the problem being given by expressions (65) in the form: 
CO (I — C) 

s i n 

u (x, t) = I 

Pn a cox . A _ —- , sin sin cot for 0 < x <c , aco . col a sin — a 
(66) 

coc 
P 0 a . a) ll — x) . j _ ^ 7 —2 r sin — sin cot tor c < x < /. aco . col a sin a 

The reader may easily verify that solutions (66) and (60) for V(x, t) are 
identical, by expanding (66) as a Fourier sine series. 

171. Poisson's formula. By analogy with an infinite string, we now 
consider the solution of the general wave equation: 

~w = a W + w + -w) (67) 

in unbounded space with given initial conditions. We start by deducing 
an auxiliary proposition. We shall find it more convenient to write 
the coordinates (x, y, z) as (xv x?y x3). Let co(xv x2, xz) be any contin
uous function with continuous derivatives up to the second order 
in a domain D or throughout space. All future arguments will be in 
reference to this domain. We consider the values of the function co 
on the surface Cr (xv x2, xz) of a sphere with centre at the point 
(xv x2, x3) and radius r. The coordinates of points of the sphere can be 
written as: 

g1=zXl + a1r; g2 = x2 + a2r; {3 = z3 + a3r, 

where (av a^, a3) are the direction-cosines of radii of the sphere. We 
can write these latter in the form: 

ax = sin 6 cos <p\ a2 = sin 0 sin <p\ a^ = cos 0, 

where the angle 0 varies from 0 to n and the angle cp from 0 to 2jr. 
We let d±a denote an elementary area of the unit sphere and dra 
an elementary area of the sphere of radius r: 

d1cr = sin 6 dd d<p; dra = r2 dxa = r2 sin 9 dO dq>. 
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We consider the arithmetic mean of the values of the function co over 
the spherical surface Cr (xv x2, x3), i.e. the integral of co(xli x2, x%) over 
the spherical surface divided by the surface-area. The value of the 
integral here obviously depends on the choice of the centre (xv x2, x3) 
and the radius r of the sphere, and the arithmetic mean will be a 
function of the four variables (xv x2, x3, r). We can write the arith
metic mean either as 

v (xv x2, x3, r) = - ^ J Jco (xx + axr; x2 + a2r; x3 + azr) da<r, (68) 
o o 

or as 

v (xv x2) x3, r) = - ^ J Jco (xx + a^] x2 + a2r; xz + a3r) dra. 
Cr 

We shall prove that , for any choice of function co, the function v 
satisfies the same partial differential equation, viz: 

(69) 

where as usual, 

9**> \ , 2 A 

A d*v d*v d2v 

The integration in (68) is carried out over the surface of the unit 
sphere, and we can differentiate with respect to x{ under the integral 
sign. We thus have: 

2n 
Av = 1^J fAft) to + a'r) dl°* 

o o 
and 

2n n 3 
dv 1 f f v 9w , 

" S F ^ U F J J ^-dx-k
a^a' o o k~l 

We can transform the last integral to a surface integral over the sphere 
\JT (Xl, X2y X^)l 

dv 1 f f v 9W J 

Cr
 K 

and application of Ostrogradskii's formula gives us 

- ^ i M U ^ ' (70) 
Dr 
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where Dr is the sphere with centre (a^, x2, xs) and radius r. The last 
expression is the product of two functions of r: the fraction lj4nr2 

and the integral. The derivative with respect to r of the triple integral 
over the sphere D r is equal to the integral of the same integrand over 
the surface Cr of this sphere. To see this, we need only say write the 
integral over Dr in spherical coordinates. Hence a second differentiation 
with respect to r gives us: 

n/^^+^fjAcod^. 
dr2 ~~ 2TTT3 

If we substitute the above expressions for the different derivatives 
in equation (69), we see once that the equation is in fact satisfied. 
If r - > 0, it immediately follows from (68) tha t v(xv x2, #3) tends to 
co(xv x2, x3), whilst it follows from (70) tha t dvjdr tends to zero, since 
by the mean value theorem, the triple integral in (70) is of the order r3, 
whilst we have r2 in the denominator. We thus arrive at the following 
theorem: 

THEOREM. For any choice of a function a> having continuous deriva
tives up to the second order, the function v defined by equation (68) satis
fies equation (69) and the initial conditions: 

v OJ [xv xz, xz); -Qp , « = 0 - <71> 
lr—0 

lr=0 

We use this theorem to prove tha t the function 

u (xv x2, #3, t) = tv (xv x2i xz, at) (72) 

satisfies the wave equation 

W~a [~dxT+ ~fof + "W ( ' 
and the initial conditions 

du 
U t=o "" ° ; dt~ = co(xv x2, xs). (74) 

We have in fact: 

du . .v , , dv (xu <r«, x~, at) 
-QF = V (xv x2. *8, at) + at v ^ » , 

d2u _ dv (xx, x2> x3, at) , 2 d2v(xl,x2,x^at) 
~W~Za dr " h a f dr~* 

\u = t Iv (xv x2; x3, at), 
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where e.g. 3v(xv x2, #3, at)/dr is the value of the derivative 3v(xv x2, xz, 
r)jdr a t r = at. On substituting the above expressions in equation 
(73), we obtain equation (69) for v with r = at, which is in fact valid 
as shown above. Initial conditions (74) are obtained immediately from 
(71). Inasmuch as (73) is a linear homogeneous equation with constant 
coefficients, we can say tha t the function v^ = dujdt also satisfies the 
equation. We find the initial conditions for this function with t = 0. 
Initial conditions (74) give us at once: 

w i k o = ft,(a;i» xv *3)-

We have for the derivative dujdt = d2ujdt2, by (73): 

dt f_o I dx* "T" a*i "t" 

whence we find on differentiating the first of initial conditions (74) 
with respect to the coordinates: 

dt /=o 
0. 

Thus the derivative with respect to t of the above solution satis
fying initial conditions (74) of wave equation (73) is likewise a solution 
of the wave equation and satisfies the initial conditions: 

u, /-o 
— co (xlf x2, x3) ; —gj- = 0 . 

/«=o 
(7*i) 

If, on returning to the previous coordinate notation, we take some 
function <px (x, y, z) for co(x, y, z) in the first case of initial conditions 
(74), and some other function cp(xi y, z) for co(x, y, z) in the second case 
of initial conditions (74x), and add the solutions thus found, we arrive 
at a solution of equation (67) satisfying the initial conditions: 

u /~o 
= p ( * , y , « ) ; 

du 
;-o 

= Vi (*. V>z) (75) 

If we write briefly Tr{co(M)} for the arithmetic mean of the function 
co over the sphere with centre M(x, y, z) and radius r, by the above 
arguments, we can write the solution of equation (67) satisfying initial 
conditions (75) in the form: 

u (M, t) = tTat fa (M)} + -L [tTot {<p (M)}] (76) 
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This equation is generally known as Poissoris formula. I t can evi
dently be written in the form 

2n n 2n n 

(™i) u{x,y1z,t)^-^^<p1{a,piy)d1o + ^j- \-^\ j<p(aj,y)d1a\ 
o o L 0 o J 

where dxa = sin 6 dO dq> and (a, /?, y) are the coordinates of a variable 
point on the sphere: 

a = # + a£sin0cos<p, /? = y + atf sin 0 sing?; y = z + atcos0. (77) 

The above arguments show that the function u defined by formula 
(76) in fact satisfies equation (67) and conditions (75) if <px(x, y, z) has 
continuous derivatives up to the second order and cp(xf y> z) up to the 
third order. The last statement is bound up with the fact that the 
second term in (76) contains a differentiation with respect to t. 

If (p(x, y, z) and tpx (x, y, z) have less satisfactory differential pro
perties, as happens, for instance, in problems with concentrated initial 
disturbances, it seems natural to suppose that formula (76x) still gives 
the solution. But in this case, the solution is in fact generalized and 
not classical (see Vol. IV). 

We shall see later that the problem treated can only have one solution. 
Let us suppose tha t the initial disturbance is concentrated in a 

bounded volume (v) with surface (a), i.e. (p(N) and cp± (N) are zero 
outside (t?), and let the point M be situated outside (v). With t < d\as 

where d is the shortest distance from M to (cr), the sphere (Sat) is 
situated outside (v), both the above functions are zero on (Sat), and 
(76) gives u(M, t) = 0, i.e. rest at the point M. At the instant t = d/a, 
the surface (Sat) touches (a) and the forward wave-front passes through 
M. Finally, with t > D/a, where D is the greatest distance from M 
to a point of (cr), the sphere (Sat) will again be situated outside (v) 
[volume (v) will be entirely inside (3at)], and (76) again gives u(M; t) = 
= 0. The instant t = D/a corresponds to the passage of the rear wave-
front through M, after which u(M, t) vanishes a t this point instead 
of becoming a constant as in the case of a string (i.e. for a plane wave). 
The forward wave-front at a given instant t consists of the surface 
which separates points already vibrating from points which have not 
yet begun to vibrate. I t follows from the above tha t every point of 
this surface has a shortest distance at from (or). The surface is readily 
shown to be the envelope of the family of spheres of radius at with 
centres on the surface (a). As we shall see, the constant a is the speed 
of propagation of the wave-front. 
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172, Cylindrical waves. We refer space to Cartesian coordinates and 
assume that functions (p(x, y, z) and cp^x, yy z) depend only on x and yy 

i.e. they preserve a constant value along any straight line parallel to 
axis OZ. If the point M(x, y} z) is displaced parallel to OZ, it is clear 
tha t the right-hand side of (76!) remains unchanged, i.e. the function 
u(x, y, z, t) is also independent of z, and (76x) gives us the solution of 
the equation: 

with the initial conditions: 

u t=o t=0 
<Pi(x,V). (79) 

We can consider this solution whilst remaining exclusively on the xy 
plane. For this, we have to transform the integral over a sphere in 
(76x) to an integral over a circle in the xy plane. We take a point 
M(xy y) on the xy plane. The points with coordinates (a, £, y) defined 
in accordance with (77) with z = 0 are variable points of the sphere 
(Sat) with centre M(x, yt 0) and radius at. An elementary surface area 
of this sphere is given by dSat = a2 ft d±a. Parts of the sphere situ
ated above and below the xy plane project on to this plane as circles 
(Gat) with centre M and radius at. The elementary area of the pro
jection dCat is connected with the elementary surface area of the 
sphere dSat by the formula [62]: 

d S „ , = dCat 
at cos (n,Z) ' 

where n is the direction of the normal to (Sat), i.e. the radius of the 
sphere, forming an acute angle with the z axis. If N is a variable point 
of the sphere and Nx its projection on the xy plane, it is clear from ele
mentary geometry that 

where (a, /?) are the coordinates of a variable point of the circle (Cat). 
On making all these substitutions in the first integral of (76x) and 
noticing that circle (Cat) is obtained both from the upper and the 
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t 
4n 

2fra J J 

lower parts of sphere (Sat), we get the following transformation for the 
first integral: 

- J J 9x (a, p, y) dl0 = -j^f \ JVi (a, /?) dSat = 
0 0 <S„) 

y t («■ ft) ^<7 
VaV - (a - *)« - (/J - v)' ° ( ' 

On applying the same transformation to the second integral and 
writing the elementary area dCat on the xy plane in the form da d/?, 
we finally get the following formula for the function satisfying equation 
(78) and conditions (79): 

(Ca<) 

+ — f—— f f _ y(a,jg)dqdfl 1 
ft 2na J J ^a2,* ___ ( a _ x )2 _ ^ _ yy \ * 

L (Crf) J 

Let the initial disturbance be confined to a finite domain (B) of the 
xy plane with contour (Z), i.e. <p(x, y) and ^ (#, y) are zero outside 
(J3). For instants t < d/a, where d is the shortest distance from M 
to contour (Z), the circle (Ga1) has no common points with (B), <p(x, y) 
and <px (x, y) are zero throughout (Cat), and (80) gives u(x, y, t) == 0. 
At the instant t = d/a the forward wave-front reaches M. For £ > 
> D/a, where D is the greatest distance from M to contour (Z), domain 
(B) lies wholly inside the circle (Cat) and the integration in (80) must 
be carried out simply over (B) since cp(x, y) and (px (x, y) vanish 
outside (B), i.e. 

/ ,v I f f <pl(a,p)dadp . 
II (# , y , Z) = -H Y-IV >A/ _ ^ 

(B) YaHi " ( a ~ * > ' " ( / ? ~ ^ 

_9_f 1 f C <p(a,p)dadp 

(B) 
8* 1̂  2na J J ^0,|f _ (a _ x)2 __ (j5 _ y)i 

In the present case, the function u(x, y, t) does not vanish after 
passage of the rear wave-front at the instant t = Dja, as in the case 
of three-dimensional space, nor does it become constant as in the 
case of a string. But in view of the presence of a2t2 in the denominator 
we can still affirm that u(x, y, t) tends to zero on indefinite increase of t. 

The phenomenon occurring here is known as wave diffusion after 
passage of the rear front. All our arguments have been carried through 
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whilst remaining on the xy plane. In three-dimensional space, equation 
(7*) corresponds to so-called cylindrical waves. 

173. The case of w-dimensional space. The results obtained in [171] can be 
generalized immediately for the case of any number of dimensions. Let us con
sider n-dimensional space with coordinates (xlt xif . . . , xn). The volume of a 
sphere of radius r in such space is given by the formulae [99 ] : 

*n C-) ■ 
(2*)2 

2 • 4 • 6 . . . (n — 2) • n 

2\(n + i) Jfr.-i) 
r " ( r ) - 1 . 3 - 6 . . . ( » - 2 ) W

 r" (W ° d d ) -

On differentiating these expressions with respect to r, we get the surface 
area of the sphere: 

l 

"»(r)= 2 . 4 . 6 2 * . ) . ( n - 2 ) r""1 ( n e v e n ) l 

i(n + i) J-(n-i) 
«"<r>- 1 .3 .5 . . . (n -2) *""' <» °dd>-

The direction-cosines ak of radii of the sphere are given in terms of (n — 1) 
angles by the formulae: 

at = cos 0t 

i 2 = sin 6l cos 02 

a3 ■ sin 6l sin 02 cos 03 

an-2 = s * n 0\ s u a 02 • • • s * u ^n-s c o s ^n-2 
a n - l = sin 0! sin 02 . . . sin 0n_2 cos 99 

an = sin 0t sin 02 . . . pin 0„_2 sin 99, 
where 

0 < 6k < 71 ; 0 <9? < 2TT. 

An elementary surface area of the unit sphere becomes 

dYa = s i n " - 2 0t sin"""3 02 . . . sin 0„_2 d01 d02 . . . d0n_2 dcp , 

and of a sphere of radius r: 

dra = rn-
1
d l<T. 

Let cu be a function with continuous derivatives up to the second order. 
given in the space Bn. I t s arithmetic mean over a sphere of radius r and centre 
at (xlt . . . , xn) is given by: 

v (xv xv ..., xn, r) = — y r ... \<o(xx + axr, x2 + a2r, ...yxn + anr) dxa 

(n even), 
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or 

v (xv xv ...,xn,r) = — - r j • •. \o> (a?i + V , x2 + a2r, . . . , xn + a„r) drcr. 

We can show, precisely as above, that the function v satisfies the differential 
equation: 

d2v k , ? 2 — l dv 

and the initial conditions: 

■-co(xl9...,xn); -gp- = 0. 

The results obtained can be used to derive definitive formulae for the wave equa
tion with any number of independent variables. We shall simply state final 
results for the general case. 

The solution of the wave equation 

'a la*! 
d2u , d2u 

dx\ F+--- + 
d2u\ 
dx*n) 

(81) 

with initial conditions 

u\ = 0; 
I / -0 

du 
dt = (o(xvx2, . . . ,«„) 

has the form, with n odd: 

u(xv ...,a?n> 0 = 

n-3 
2 2 

n-3 
a 2 

and with n even: 

«(*i> . . . . * „ , 0 ! 

f l - 2 

2 2 

1.3 . . . ( « - 2) 

at 

— [*»-« !?„,{«> (*,)}] (82t) 

8(<«) 

11-2 

9 2 

2 - 4 . . . ( n - 2 ) &J fli I 77f=f " H E T lr""2 r ' (* <«'»]dr' (82*> n-2 
8(r«) 2 

where Tc{G>(a )̂} is the arithmetic mean of the function co(xv a?2, . . . , xn) over 
a sphere of radius Q and centre at (xlf x2, ..., xn). A sufficient requirement 
for verifying (82t) and (82..) is that ca(xlt x2, . . . , xn) should have continuous 
derivatives up to order (n + l)/2 in the case of n odd, and up to (n + 2)/2 
in the case of even n. 

174. Non-homogeneous wave equation. We take the non-homo
geneous wave equation: 

d*u 
dt* = flH^ + ^ + l * J + / ( * • y • * ■ ' , (83) 
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in infinite space and look for a solution of it satisfying the zero initial 
conditions: 

= 0; du 

t=0 dt t=0 
= 0. (84) 

Addition of this solution to the solution of the homogeneous equation 
satisfying initial conditions (75) will give us a solution of equation 
(83) satisfying initial conditions (75). 

In order to solve the above problem, we bring in the solution of the 
homogeneous equation 

(85) d*w 2fd*w 
dt* ~a [dx* 

, d2w , d2w\ 

satisfying the initial conditions 

w * dw — 0* 
f-r ' dt t^ffaV'***)* (86) 

t = r being taken as the initial instant instead of t — 0, where T is a 
parameter. The function w is given by Poisson's formula, except tha t 
t has to be replaced here by (t — r), on account of our new initial 
instant. We thus have: 

u> (x, V, z, t\ r) = 
2n n 

t — T 
4n 

(87) 
0 0 

where 
ax = sin 6 cos <p; a2 = sin 0 sin cp; a3 = cos 6. (88) 

We notice that w depends on the parameter r as well as on the 
ordinary independent variables (x, y> z, t). We now define a function 
u(x, y, z, t) by the formula: 

; (x, y, z, t) = ■ J w (z, y, z, t; r) d r 
o 

(89) 

and show that it satisfies non-homogeneous equation (83) and zero 
initial conditions (84). We have: 

du C dw (x, y, z, t; r) , . , , . I . (90) 
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The term outside the integral is zero by the first of conditions (86). 
A second differentiation with respect to t gives us: 

t 
d2u __ f d*w(xyyyz,t\ T) A^ . dw (x,yyz,t;r) I 

0 

the term outside the integral being in this case equal to f(x, yy z, t) 
by the second of conditions (86), i.e. 

b 

Differentiation of expression (89) with respect to the coordinates 
simply requires differentiation of the integrand: 

\u = J Aw (x, y, z, t; r) dr. 
o 

It follows at once from the last two expressions and equation (85) 
that u satisfies equation (83). Initial conditions (84) follow immedia
tely from (89) and (90) on taking account of the fact that the term 
outside the integral in (90) is zero as shown above. Expression (89) 
thus gives the solution of equation (83) with initial conditions (84). 
On substituting for w(x, y, z, t; r) in (89) in accordance with (87), 
we get: 

t 2n n 

u (x, y, z, t) = ~ J(* - T) ^ | |7 [X + axa (t — T), y + a2a (t - T), 
0 0 0 

z + atfi(t — r), T j d ^ l d r . 

This expression for u can be written in a new form. Instead of r, we 
introduce a new variable of integration: r = a(t — T). On carrying out 
the change of variables, we get: 

u {x, y, z,t) = 

at2n n 
= ~i^l \ jf [x + as> y + v » z + a3 r» l ~ 7T) rl s in d drdd d(?> 

0 0 0 
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or, on multiplying and dividing by r: 
u (x, y, z, t) = 

at 2n r r rf\x + a!r' V + a2r ' z + a3r> l ~ 7TI 
j j | - ^ ^ r ^ s i n f l d r d e d ^ . 4rca2 

0 0 0 

On taking account of expressions (88) for the ak and recalling the 
expression for an elementary volume in spherical coordinates, we see 
that the three quadratures in the above formula are equivalent to the 
triple integral over the sphere Dat with centre (xy yf z) and radius at. 
On bringing in the variable point 

| = x + axr\ rj = y + a2r; f = z + a3rt 

and noting that a\ + a\ + cz§ = 1, we get: 

r = Y(S - *)2 + fa - V? + (C - z)2, 
and the expression for u finally takes the form: 

u (*, y, z, t) = - L . J J J - i ? ^ <**. (9D 

where the inequality r < at characterizes the sphere Dat mentioned 
above. The characteristic feature of the integrand in the last expression 
is that the function / runs from the instant t — (r/a) which precedes the 
instant t for which u is evaluated. The difference rja between the 
instants gives the time required for passage from the point (£, rj, £) 
to the point (x, y, z) with velocity a. Expression (91) is generally known 
as the retarded potential. It should also be noted that the basic formula 
(89) has a simple physical meaning: it shows that the solution of non-
homogeneous equation (83) with initial conditions (84) is the sum of 
the impulses w(x, y,z,t; r)dr derived from the presence of the term 
f(x,yyz,t) and defined by equations (85) and (86). 

We now consider the non-homogeneous wave equation for cylindri
cal waves: 

d*u 9(d*u . d*u\ , ,, mt ,x , Q o v 
"5T = *\-&r + -tyr) + /(*. V> *) (92) 

with zero initial conditions. Precisely the same method as above can 
be used to obtain the solution in the form: 

t 
u (xf ytt)^[w (x, y, t; r) dr, 
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where w(x, y,z,t\ r) satisfies the homogeneous equation 

dt* ~a\dx* + dy*) 

and the initial conditions 

\t=x dt t = x 

We finally get, on taking (80) into account: 

■^')-sl[n^it.y-<Hd' <93) 

[e2 = (£-*)* +to-y)2]-
I t may be noted tha t we have integration with respect to time 

in this last formula, which was not the case with (91), where depend
ence on time reduced simply to the dependence on time of the 
radius of the sphere over which integration was carried out and the 
dependence on time of the function f(x, y, z> t). In the linear case: 

the solution obviously becomes: 
t x+a(t-z) 

M ( * ' ' ) = "£rJ"[ j /(f,r)df]dr. (95) 
0 x-a (t-r) 

175. Point sources. We may suppose tha t the term / (x, y, z, t) in 
equation (83) differs from zero only in a small sphere with centre at 
the coordinate origin. On letting the radius of the sphere tend to zero 
and the intensity of the external force increase indefinitely, we obtain 
in the limit the (so-called generalized) solution of the wave equation 
with the presence of a point source, which starts to act at the instant 
t = 0 and which can have any law of action in relationship to time. 
We take 

f(x,y,z,t) = 0 for Yx2 + y2 + z2 > e (96) 
and 

j I I / {*, V> *> 0 d* dy dz = 4JTCO (t), (97) 

where Ce is a sphere with centre at the origin and radius e. We return 
to equation (91), where we shall assume at > fx2 + y2 + z2. By (96), 
it is sufficient to carry out the integration over the sphere Ce. As 
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e -> 0, r becomes equal in the limit to the distance from point (x, y, z) 
to the origin, i.e. r — ]jx2 + y2 + z2, and we obtain on taking (97) into 
account: 

(r = K*2 + 2/2-4-z2) . 

Moreover, we must take u(x, y, z, t) = 0 for r > at, since the domain 
of integration in (91) for r > at does not include the sphere G for 
sufficiently small e. I t may be noted that function (98) satisfies the 
homogeneous wave equation and has a singularity at the coordinate 
origin for any choice of twice continuously differentiable function co(t). 

In the case of equation (92), we proceed exactly as above and take 

f(x,y,t) = Q for ]fx2 + y2>e9 

and 
J J / (x, y, t) &x dy = 2nco(t), 

where ye is a circle of radius e with centre at the origin. On returning 
to equation (93) and passing to the limit, we get the solution for a 
point source in the case of cylindrical waves as: 

<-£ 
*<*'*''> =T$ J&filwT?*' {at>^ (99) 

u (x, y, t) = 0 for at < Q 

(Q = Yx2 + y2). 

The difference between (98) and (99) is similar to the difference 
pointed out in the previous section. Formula (98) shows that the in
fluence of a point source at the instant t a t the point (x, y, z) depends 
only on the intensity of the source at the instant t—{rla). In the case of 
(99), this influence is determined by the action of the point source for 
the interval of time from t = 0 to t = qfa. 

In the linear case (94), after as usual putting 

J f(x,t)dx = (o(t) and f(x,t) = 0 for | * | > s > 
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we obtain on passing to the limit in (95): 

u (x, t) = j co (T) dr tor | x | < at, 
(100) 

u(x,t) = 0 for \x\>at. 

176. The trans verse vibrations of a membrane. We have so far considered 
the wave equations in a plane and in space in the absence of a boundary, and 
have thus only had the initial conditions in addition to the differential equation. 
Boundary value problems involving the wave equation either in a plane or in 
space are much more difficult than in the linear case. We shall consider the 
two particular cases of such problems in a plane which arise when the boundary 
is a rectangle or a circle. The wave equation in a plane will be interpreted physi
cally as the equation of the transverse vibrations of a membrane. 

We understand by membrane a very thin sheet which, like a string, does 
work only by extension and not by bending. If the membrane is under the action 
of a uniform tension T0 and lies in the (x, y) plane at equilibrium, and if we confine 
ourselves to the case when motion occurs parallel to axis OZ, the displacement 
w o f a point (x, y) of the membrane becomes a function of #, y and t, satisfying 
a differential equation analogous to that for a string, i.e. 

Wr = a IW + W) + f (*' * h (1 l) 

where 

g is the surface density of the membrane, and p/is the external force or loading. 
We shall not dwell here on the derivation of equation (101). 

Apart from differential equation (101), we also have to take into account 
the boundary conditions which must be satisfied by the function u on the bound
ary of the membrane (C). We shall only discuss the case when the contour (C) 
is rigidly fixed, i.e. 

u = 0 on (C). (102) 

Finally, we have to specify the initial conditions, i.e. the displacement and 
velocity of every point of the membrane at the initial instant: 

0 = 9>2 (*>*/)• (103) 

177. Rectangular membrane. We consider the free vibrations of a rectangular 
membrane, the contour of which consists of the rectangle with sides 

x = 0, x = /, y = 0, y = m (104) 

in the (x, y) plane. We shall assume that external forces are absent, i.e. / = 0. 

f=0 
= 9>i (x, y)> du 

dt 



520 THE PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS [ 1 7 7 

Here we have to find the solution of the equation 

■¥=fll¥ + F)' (105) 

satisfying conditions (102) and (103). 
On again applying the standing wave (Fourier's) method, we seek a partic

ular solution of equation (105) in the form: 

(a cos tut + f$ sin cot) U (x, y), (106) 

which gives us 

— co2 (a cos cot + f$ sin cot) U (x, y) = a1 I-a-^ + -«-yI (a c o s °^ + P s m w 0 > 

whence, on setting 

I - &2, (107) ~a 

we obtain the equation for U as: 

We seek in turn a particular solution of this last equation in the form 

U {x, y) = X (x) Y (y), (108) 

which gives us: 

X"{*)Y(y) + X (x)Y»(y) + k*X{x) Y (y) = 0 , 
or 

X"(x) _ Y"(y) + WY(y) 
X (x) Y (y) 

where A2 is an as yet undefined constant. 
We thus have the two equations: 

X"(aO + A«X(aO = 0 ; Y" (y) + l**Y (y) = 0 , (109) 

where 

ju2 = fc2 - A 2 , fi* + tf = k*. 

Equations (109) give us the general forms of the functions X(x) and Y(y): 

X (x) = Cx sin lx + C2 cos Arc; Y (y) = C3 sin jucc + (74 cos ̂ ux. 

The condition 
w « 0 on (C) 

gives us 
U (x, y) = 0 on (C), 

whilst this last condition in turn splits up into the following conditions: 

X ( 0 ) = 0 ; X ( 2 ) = 0 ; Y (0) = 0 ; Y (m) = 0 , 
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from which it is obvious that C2 = <74 = 0; also, if we neglect the non-zero 
constant factors Gx and C73, we now have: 

X (x) = sin Xx, Y (y) = sin fiy, (110) 

with, however, 

sinAZ = 0, sin^m = 0. (HI) 

It follows from equations (111) that A and fi have the infinite set of values 

(JTC X71 

A = Ax, A2, . . . l^ ... ; ii = plf ixv . . . //T, . . . ; Xa = — , /<T = — • (112) 

On arbitrarily selecting a A and a fi from sequence (112), we get for the 
corresponding value of the constant k2: 

t 5 > T -AS+ ,4 = **(■£ + _ £ ) , 

and find from (107) the corresponding frequency co for this value of k2: 

< r = a*kl9r = a W ( -£ + ^ ) • (113) 

We substitute Xa for A and ^T for p in expression (106) and write the cor
responding a and f$ as aa T, /9a T and hence obtain an infinite set of solutions of 
equation (105) satisfying boundary condition (102) in the form: 

, n , . OTIX . T7ty 
(o<r, T c o s «Vf T * + Per, T S11* °V, T 0 s i n - y - s i n - ^ ~ . 

i.e. the infinite set of proper (free) harmonic vibrations of a membrane corres
ponding to the free vibrations of a string. 

The constants a, fi are determined from the initial conditions. Substitution 
of t = 0 in the expressions: 

u = J £ (a^ T cosm a t x t + pVyXsina)^T*) sin —y— sin 
or, T = l 

~Qf = 2L mv.x (P<r, T c o s «V, T l — acr, T s i n W ( r , t 0 s i n 

a,T=l 

gives us on the basis of (103): 

u I*-o = 9i (*» y) = ^ a<r,T sin — 

r;zt/ 

-Qj~= 2L ^ t t P . r . T ^ ^ . T ^ — *0%x*UL<ov%xt)*vcL—y-sin—— 
a,T = l 

■ s m — 

-5T = r 2 ( ^ l / ) = ^> ^ x ^ ^ s i n — r - s i n — — 
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These expressions are in fact the double Fourier expansions of the functions 
(px and <p2> and it may readily be seen that the coefficients a and /? are given by 

/ m a"-^-^rJhl{S'°l <m£ 
■sin 

T7ZTJ dSdrj, 
0 0 

/ m 
■.t̂ .T = -^-JJ%(*^)8in^y sin — df drj, 

0 0 

(114) 

which provides the solution of our problem. 
The case of a membrane differs from that of a string inasmuch as, for the 

latter, each proper frequency corresponds to a particular form of the string, 
which is simply split up by nodes into several different parts. I t is possible with 
a membrane that the same frequency corresponds to several different shapes 
with different positions of the nodal lines, i.e. the lines on which the amplitude 
of vibration becomes zero. This can be studied most simply by considering a 
square membrane: 

I = rn = r . 

The frequency coa T is defined in this case by 

. ya* + T2 = a Y<J* + T2, (115) 

where a = anjr is a factor depending neither on a nor T. 
On setting a = T = 1, we get the fundamental tone un of the membrane 

with frequency con = ay2: 

un = Nx sin ((on t + <pxl) sin sin —— • 
r T 

Here, there are no nodal lines whatever within the membrane. 
On next putting 

a—\, T = 2 or cr = 2. T = 1 , 

we get two further tones of the same frequency 

, = w2l = a Yd , 
given by: 

. / , ^ . 7TX . 27ty 
j l 2 = A 12 sm (cu121 + <pl2) sin — sm - y 

ny u2l = iV21 sin (co2l t + <p2l) sin 2nx . 
sin 

r r 
The nodal lines of these elementary vibrations are respectively 

r r 
t or X = T 
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But in addition to vibrations ul2 and u2l, an infinite set of further vibrations 
of the same frequency exists, obtained from linear combinations of ul2 and u2l. 
On writing <pl2 = cp2l = 0 for simplicity, we get a vibration of the form 

[ ,T . nx . 2ny , ^ . 2nx . ny~\ A, sin sin — - + N9 sin sin —£- , 1 r r z r r \ 

where co — col2 co 21, Nt = N1Z and N2 = N2V 
With N1 = N2, the nodal lines are defined by the equation 

. nx . 2ny , . 2nx . ny _ . nx . ny ( nx , ny\ 0 = sm sm —— 4- sm sin —— = 2 sin sin —— cos h cos —— , r r r r r r \ r r ) 

giving us the nodal line 

With N2 

% — y = o. 
-Nlt we find by precisely the same method the nodal line 

N,=Q 
1—n 

i 
! 
1 
1 
1 

N2=0 N2=N1 

\ 
\ 

\ 
\_. \ 

Nt-N, 
/ / / / / / / 

L I 
FIG. 134 

These elementary cases are illustrated in Fig. 134. We get more compli
cated nodal lines for the same frequency when N2^ ± Nt and N19 N^ ^ 0. 

These all have equations of the form 

N2 cos f- 2V, cos —- = 0, 
On now setting 

a = 2, T : 

we obtain the unique tone of frequency 

2, 

t = a / 8 , 

the nodal lines of which are (Fig. 135): 

The next case: 

x = — r and ?/ = 

( 7 = 1 , T = 3 , (7 = 3 , T = l 

again leads to an infinite set of vibrations of the same frequency col3 = cozx = 
= a /10- Figure 136 illustrates their nodal lines in elementary cases analogous 
to those with frequency col2 = co21 = a ^5 . All these figures are in fact the well 
known Chladni's figures of acoustics. 
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The forced vibrations of a membrane are investigated in exactly the same way 
as the forced vibrations of a string, except that the external force f(x> y, t) 
is expanded in a double instead of a simple Fourier series. 

N^O N2~0 N2=~Ni N2=H7 

1 1 
1 
1 
1 

1 1 
0)-0(1/5" 

" " 1 — 1 — X 
co-ocV/0 

15\ 

178. Circular membranes. The case of a circular membrane gives us an 
example of the expansion of a given function in Bessel functions; it is important 
inasmuch as similar expansions are encountered in other notable problems of 
mathematical physics. 

We investigate the free (proper) vibrations of a circular membrane with 
contour of radius I and centre at the coordinate origin. We assume as a pre
liminary that there is no displacement on the contour. On introducing polar 
coordinates (r, 6) instead of rectangular coordinates (x, y), we have now 

As in the rectangular case, we seek particular solutions of equation (105) 
in the form: 

(a cos cot + P sin cot) U, 

where the function U is now assumed given in terms of (r, 9) instead of (a?, y) 
We obtain the same differential equation for U: 

d'u. + S- + k>u>. dxi dy* = 0, (116) 

except that it has to be transformed to the new variables (r, 0). This is done 
simply by expressing Laplace's operator 

AC/: + By* dx* 
(117) 

in polar coordinates. We know that the operator for three variables 

AC7 = 
d*U , 82C/ 8*C/ 
dx2 ' dy* ' dz* 

is given in terms of cylindrical coordinates by [119]: 

1 f 8 ( dU\ , 1 8*C/ , &U1 

FIG. 135 F IG . 136 
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We express (117) in polar coordinates by taking U as independent of z. We 
shall in future denote the length of the radius vector as r instead of Q, and the 
polar angle by 0 instead of <p: 

d2U , d*U d2V 1 dU , 1 d*U 
dx2 ' dy2 dr2 ] r dr T r2 90* 

Equation (116) becomes: 

dr2 ' r dr ' r* 80* 

We seek its particular solution as the product: 

U (r, 0) = T (0) • B (r) 
which gives: 

2* (0 ) |V (r) + i tf (r) + * « (r)] + "^ ^ (0) * (r) = 0, 

or 
T*(0) __ _ r»fl* (r) + ri?'(r) + k2r2B (r) _ __ 
T(0) ~~ JB(r) ~~ 

and so finally: 

T"(0)-M2T(0) = O, (118) 

tf (r) + 1 * ' (r) + (fc* - £ ) * (r) - 0. (119) 

The general solution of equation (118) is of the form 

T(B)=C cos XQ + D sin A0, 

and since the sense of the actual problem implies that U must be a single-
valued periodic function of 0 of period 2n, we can say the same of the function 
T(9)y which in turn implies that A must be an integer. If we confine ourselves 
to positive A, we have to take A = 0, 1,2, . . . , n, . . . , the corresponding 
expressions for T(B) and R(r) being denoted by 

To(0), 2 \ ( 0 ) , Tt(9),..., Tn(B)9...; R0(r), R^r), Rt(r),..., Rn(r).... 

We thus obtain an infinity of solutions of (105) of the form 

(a cos cot + P sin (ot) (C cos n6 -f D sin nQ) Rn (r) (co = a&). (120) 

The function Rn(r) satisfies equation (119) if we replace the A there by n: 

R*n (r) +±R'n (r) + (*2 - -£-) *« (r) = 0. (121) 

As we saw in [49], the general solution of this equation is 

Rn (r) = CxJn (kr) + C2Kn (kr), (122) 

where Jn(x) is the Bessel function and Kn(x) is the second solution of Bessel's 
equation which tends to infinity at a? = 0; since the nature of the problem implies 
that the required solutions remain bounded at all points of the membrane, 
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the origin r = 0 included, the term in Kn(kr) must be absent in the above 
expression for Rn(r), i.e. <72 ^ 0* We can take Cx = 1 without loss of generality, 
i.e. we put 

« « W - J « ( i r ) , (123) 

in which case the boundary condition 

u lr-/ = 0 
gives 

Jn(&Z) = 0. (124) 

On writing kl = fi, we have the transcendental equation for ^: 

J „ W = 0 , (125) 

which, as shown in the theory of Bessel functions, has the infinite set of positive 
roots 

4n)> /4n)> 4 n ) . • • • . A*S?) , . .M (126) 

corresponding to the values 

*£», kin), k{n)y . . . . jfc0i> = i!»L (127) 

of the parameter A; and, by (107), to the values 

a}minz=akim) (n *= °> X> 2 ' •> w» = l. 2, . . . ) (128) 

of the frequency co. The first nine roots of the first six Bessel functions are 
given in the attached table: 

1 
2 
3 
4 
5 
6 
7 
8 
9 

2.404 
5.520 
8.654 

11.792 
14.931 
18.076 
21.212 
24.353 
27.494 

3.832 
7.016 

10.173 
13.323 
16.470 
19.616 
22.760 
25.903 
29.047 

5.135 
8.417 

11.620 
14.796 
17.960 
21.117 
24.270 
27.421 
30.571 

6.379 
9.760 

13.017 
16.224 
19.410 
22.583 
25.749 
28.909 
32.050 

7.586 
11.064 
14.373 
17.616 
20.827 
24.018 
27.200 
30.371 
33.512 

8.780 
12.339 
15.700 
18.982 
22.220 
25.431 
28.628 
31.813 
34.983 

Subsequent roots may be evaluated from the approximate formula 

JfeOj) = ±-n (2n - 1 + 4m) /C1
 4 n * 7 * x , (129) 

m 4 v ' ' n (2n — 1 + 4m) v ' 

the accuracy of which, for a given n, increases with m. We cannot enter here 
into the derivation of formula (129). 
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I t follows from expression (120) that the particular solutions obtained by 
us can be written in the form: 

(a<i> n cos comtn t + ajw „ sin a>m> n t) cos nQ . Jn (*cn> r ) + 

+ (/?<!> fl cos comjn * + /?<*> n sin o V n *) sin nQ . Jn (*<*> r) (130) 

(m, w = 1, 2, . . . ) . 

We also notice that equation (118) with A = 0 has two solutions: a constant 
and Q. The second solution is unsuitable since it is not periodic. Expression (120) 
gives in the first case the solution: 

( a # o c o s \ o H a«> Q sin com> 01) J0 (*<»> r ) . 

This solution also has the form (130) (with n = 0), the only difference being 
that with n = 0 the second term in (130) vanishes due to the presence of the 
factor sin nQ. 

I t only remains for us now to satisfy the initial conditions: 

« l/-o = <Pi (r» °) 5 
9w 

f-o 
= <p2(r,0). (131) 

To this end, on bearing in mind the particular solutions arrived at, we seek 
u.as the double series: 

u (r, 0, 0 = £ (a%\n cos comj nt + agf>n sin a>mj B«) cos n0 . Jn (*«j|>r) + 
m = i 

+ J £ (^S) R c o s <°mt n * + i%; „ BiiX com> n t) sin n0 . J „ (fc jg> r ) . 
m = i 

On evaluating 3^/8^: 

9w 
3* = £ com,n (<*%] n

 c o s ^ . n ^ «% n s i n \ n 0 cos nQ . J n (&<«> r) + 
n = o 

m = i 

+ J £ *>m,„ ( ^ n cos a>mint- 0<i) B sin com,n *) sin n0 . Jn (*<*> r), 

and setting £ = 0 in these expressions, we arrive by (131) at the point of having 
to expand the given functions (p^r, Q) and <p2(r, Q) as double series of the forms: 

9>i (r, Q) = ^ (°Si! n COS n 6 + ^m? „ s i n n°) ' Jn (*g? r ) » n = o 
m = i 

oo 

<P2 (r. 8) = J £ «V n ( a £ ' „ c o s »f l + <%! n s i n w 6>' Jn W r) • 
n-o m-i 

(132) 
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Expansion of <px(r, 0) as a periodic function of 0 in an ordinary Fourier series 
gives us 

<P\ (r> e) = -*f- + 2 (V™ c o s n0 + Vn1* sin we) , 

where 
n n 

<p<t> = — f ^ ( r , 0) cos n0 d0 ; y><i> = — f^i (r, 0) sinn0 d0 (n=0,1 ,2 , . . . ) • (133) 

On comparing this expansion with the first of expressions (132), we readily 
obtain: 

*?=2 2 <%'* (*s?r); c = J ? «a:„ jn o r o ; m = l 

v,„,>=J£/»s,,„«M*2?'1)-
(134) 

Coefficients <p(^ and ŷ 1* obviously depend on r, as indicated by their expres
sions (133). We thus arrive a t the problem of expanding a given function of 
r in a series in Jn(kfffr) with fixed n. On obtaining these expansions, we can 
determine the coefficients a and /?, and the problem is solved. 

Thus, let it be required to expand a given function f(r) as 

f(r) = Jg AmJn(k<g>r). (135) 
m = l 

We assume that this expansion is possible and that it can be integrated 
term by term, so that we only have to show how to find the coefficients Am. 
To this end, we prove that the functions 

Jn (*f> r), J„ (&<"> r) , ...,Jn (*«> r) , . . . 

possess the property of generalized orthogonality, i.e. 
/ 

I Jn ( ^ r ) ^n (&(
r
n) r) r dr = 0 for (T ̂  T. (136) 

0 

In fact, if we substitute k^2 then k^2 for k2, and similarly Jn(k^ r) then 
Jn(kW r) for J?n(r) in equation (121), we get: 

d'J„(fc<g">r) 1 dJn(fc«>r) 
dr2 

1 dJ„(fc<">r) ( wM , 
+ T dr + I*"'2 - 7r) J" (*? r) = ° • 

d»J„(JfcW)r) 1 dJ„ (fc<"> r) / w2 ^ , 
^ - ^ + T dr + l ^ - -W) J» (*S° r> = °-
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On multiplying the first equation by rJn(kfp r) and the second equation by 
yJjifMo^ r)> subtracting, then integrating from 0 to Z, we get: 

(kf* - k™2) f Jn (Jfew r) Jn (ifcW) r) r dr = 
b 

/ 

o 

a dJn (k<n> r) dJn (Jfcw> r) 1 

lX } Jn <*?> r) ~ "\; } Jn (*?> r)J dr. • 

We have by integrating by parts: 
f &*Jn(k«»r) , x dJn(k™r) 

r dJn(k™r) d[rJnQyr)] dJn(k«>r) 
J dr dr dr n\ o ' 

f dJn(kWr) 6Jn(k™r) ( dJn(k™r) y 

and similarly: 

f d V . f t i r ) djn(jfc«>r) 

r dJn (Vm r) dJn (*«> r) f dJ.flfflr) 
~J "dT £= rdr~J dT • M * y > r ) d p -

W e easi ly deduce from the above tha t 

Qcim* _ fc<n>2) j JTn (fc<"> r) Jn(k™r) rdr = 
0 

-r [-^kr-1 J» (*?» r> — ^ J« <*r '>J l-o-
We have by definition of k£\ &<?>: 

J n ( 4 » ) / ) = J „ (*(">/) = 0, 

whence it follows that the right-hand side of the equation written vanishes 
for r = Z. In view of the presence of the factor r and the f initeness of Jn(x) and 
J'n(x) for x = 0, we can say that the right-hand side also vanishes at the lower 
limit r = 0; but now it follows from the fact that kfl ^ k^ for a ^ r that 

Jj„(*y>r)Jn ( t?>r)rdr = 0 , 
o 

which is what we wished to prove. 



530 THE PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSIOS [178 

Having proved (136), the determination of the coefficients Am in expansion 
(135) presents no difficulty: we multiply both sides of equation (135) by 
Jn(k^r)f integrate from 0 to I with respect to r, use formula (136), and find 
directly that: 

/ / 
J / W J „ ( * w > r ) r d r = i lpJ jJ | ( iby)r ) rdr . 
0 0 

Hence we can say that, if expansion (135) exists and is integrable term by 
term, the coefficients Am are given by: 

A - ° 
^f(r)Jn(^r)rdr 

m— / 
J ^ n ( * g > r ) r d r 
0 

Expressions (133) and (134) now give us the following formulae for the 
coefficients a ^ and ^ : 

<*£%* = \—x = 1 J d 0 j ^ ( r , 0 ) J o ( * S > r ) r d r 
J J2n (*g? r) r dr 2n J j \ (*<o> r) r dr ~* ° 

1 " ' 
<\ n = / 5 d6 1 ^ ( r ' 0) COS " 0 J " (*m} r ) r d r 

* J J8(*g>r) rdr "n ° 

1 " ' 
flSln = / I d0 I ?i <r' 0> sin n 0 j n (*!!? r ) r dr * 

n I Jl (&w> r) r dr "* ° 
0 

The same arguments can be used for determining the coefficients a^, /?^; 
it is only necessary to replace (pl by <p2 in the above formulae and divide the 
corresponding expressions by com, n. 

As in the case of a rectangular membrane, the general motion of a circular 
membrane consists of the addition of an infinite set of proper harmonic vibra
tions, it being possible for the same frequency to correspond to an infinity 
of different dispositions of the nodal lines. Several dispositions of the nodal 
lines are illustrated in Fig. 137, along with the corresponding frequencies, the 
fundamental frequency being taken as unity; the radii of the circular nodal 
lines are also given, as fractions of the radius of the membrane. 

When we apply Fourier's method for the case of any contour, we can only 
separate out the factor depending on t in (106), which leads to the equation: 

™ + ^ + ™.o. 
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and we have to find the values of the parameter k for which the equation written 
has non-zero solutions which also satisfy the boundary condition (102). We 
succeeded in doing this in the above examples with the aid of further expansion 
of the variables. This method cannot be used in the general case, and we have 
to consider equation (137) directly. Of course the problem does not have an 
explicit solution. The theoretical solution and some relevant qualitative results 
are given in Volume IV. The boundary value problem for the wave equation in 
threedimensional space in the case of a rectangular parallelepiped is solved pre
cisely as in [177], except that we arrive 
a t Fourier series in three variables x, y, z. 
The case of a sphere again leads to Bessel 
functions. We shall discuss this in Vol
ume III in connection with a more de
tailed treatment of the theory of Bessel 
functions. 

A detailed study of the convergence 
of the Fourier series obtained in the 
solution of boundary value problems for 
the wave equation in the case of several 
spatial variables is given in Volume IV. 

179 . The uniqueness theorem. We 
now prove the uniqueness of the 
solution of the wave equation both ^tuu 0UUl 

in the ease of unbounded space with F l G 1 3 7 

given initial conditions, and with 
the further imposition of boundary 
conditions. For simplicity of writing we shall take the velocity a = 1, 
which is permissible on replacing the t in the wave equation by at. 
We take the case of three independent variables for the sake of defi-
niteness, i.e. the wave equation 

~~ dx* + dy2 ' (138) 

and we start by considering the problem with initial conditions only, 
given throughout the (x, y) plane: 

u\t=0 = (p(x,y); du 
dt ?-o 

<Pi(z,y)- (139) 

The solution of this problem has already been described [172], and the 
method used could itself serve for proving uniqueness. Here we shall 
give a different proof, which is also applicable to problems with 
boundary conditions. If equation (138) with initial conditions (139) has 
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two solutions, % and uv their difference (u2 — ux) must satisfy (138) 
and the homogeneous initial conditions: 

u \M = 0; 
du 
dt = 0. (140) 

We now have to show tha t u must be identically zero for any (#, y) 
and for any t > 0. We consider a three-dimensional space (x, y, t) 
and take a point N(x0, y0, t0) of the space such that t0 > 0. From this 
point as vertex, we draw the conical surface 

(x - x0)2 + (y - Vo)2 - (* - 'o)2 = 0 (141) 

to its intersection with the plane t = 0. We also draw the plane t = tv 

where 0 < t± < t0, and let D be the three-dimensional domain bounded 
by the lateral surface r of our cone and the pieces of the planes t = 0 
and t = 12 lying inside the cone (D is a section of a cone). We can easily 
verify the following elementary identity: 

2 ft 1 ft* 8z2 9i/2 J ~ dt [[dx J "*" Ut/ J U ' J J 

1 dx [dt dx) Z dy [dt dy)' (l*Z) 

We integrate both sides over the domain D. The integral of the left-
hand side must vanish since u is a solution of (138). We can use 
Ostrogradskii's formula to transform the integral of the right-hand side 
to an integral over the surface of D: 

MW+(£)*+(£)><*••'>-
^ du du . x - du du . S\ -, / - i > 0 \ 

- 2 - 8 T - ^ c o s ( n ' a ; ) - 2 - § r - ^ c o s ( n ' ^ | d s - ( 1 4 3 ) 

The function u and all its first order partial derivatives are zero by (140) 
on the lower base of the section of cone D and integral (143) vanishes 
over the lower base. We have on the upper base a: 

cos (ft, x) = cos (n, y) = 0 and cos (ft, t) = 1, 

On the lateral surface of the cone .Tthe direction-cosines of the normals 
satisfy the relationship: 

cos2 (ft, t) — cos2 (ft, x) — cos2 (ft, y) = 0, 
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and we can rewrite integral (143) over r in the form: 

J=J J - ^ d b r {["£"cos {n' l)~^cos {n' X)J + 

r 

+ [l% cos (n> *) ~ "W"cos (n' y ) ] j d5' 
so tha t we finally get 

We have cos (n, t) > 0 and consequently J > 0 on the surface r, 
so that 

from which it follows that at all points inside the total cone with 
vertex N(x0, y0, t0) the first order partial derivatives of u vanish, with 
the result tha t u is constant. I t is zero on the bases of the cone by (140), 
and it is therefore also zero at the point N. This proof of the uniqueness 
theorem can readily be extended to the case of a boundary problem 
with equation (138). Let the solution of (138) be sought in a domain B 
of the (x, y) plane with given initial and boundary value conditions, 
the boundary conditions being in reference to a contour I of domain 
B. We construct a cylinder with base B and generators parallel to the£ 
axis. Every point of this cylinder corresponds to a definite point of 
domain B and a definite instant t. We suppose tha t we have the zero 
initial data (140) in B and that on the contour I of B we have the 
homogeneous boundary condition: 

1 4 = 0 . (144) 

We show that the function u is zero at all points of our cylinder. 
We take one such point N and draw the cone (141) through it. Let D 
be the solid bounded by the lateral surface of this cone, by our cylinder 
and by the planes t = 0 and t = tv We again integrate both sides of 
identity (142) over this domain. All the arguments remain the same 
except for the appearance of the integral over the lateral surface of 
the cylinder on the right-hand side. If this integral can be shown to 
vanish, the above proof of the uniqueness theorem can be retained 
complete. The integrand in this integral coincides with the integrand 
of (143). But we have cos (n, t) = 0, and furthermore, dujdt = 0, on 
the lateral surface of the cylinder. The last equation follows at once 



5 3 4 THE PARTIAL DIFFERENTIAL EQUATIONS OP MATHEMATICAL PHYSICS [ 1 8 0 

from the fact that points of the lateral surface of the cylinder consist 
of points of the contour I at different instants t, whilst we have the 
homogeneous boundary condition (144) on the contour I for any t. 
The integrand of (143) thus vanishes at all points of the lateral surface 
of the cylinder, and the above proof of the uniqueness theorem is fully 
preserved for the boundary value problem. During the course of the 
proof, we integrated the right-hand side of expression (142) over the 
domain D and applied Ostrogradskii's formula. These operations are 
entirely justifiable if we assume that the function u has continuous 
derivatives up to the second order, which remain bounded inside the 
domain D. 

We mentioned above that the investigation of problems of practical 
interest forces us to bring in so-called generalized solutions. We shall 
show in Volume IV that the uniqueness theorem is also valid for 
this wider class of generalized solutions. 

180. Applications of Fourier integrals. We take the wave equation in the 
linear case: 

for the semi-infinite domain x > 0, with the initial conditions 

u li-o = 9 (x) 

and the boundary condition 

du = 9>t (x) (x > 0) (146) 

«lx-o = 0. (147) 

This problem may easily be solved by the method indicated in [166], In 
fact, it is sufficient to make an odd continuation of functions <p(x) and <Pi{x), 
assigned in the interval (0, + oo), into the interval (— oo, + oo), and afterwards 
to apply formula (17) for an infinite string. We obtain by setting x = 0 in 
this formula: 

-{-at 
. <p(—at) -\-<p(at) C N 

"lx-o = — 2
 + J ^ ) d z ' 

-at 

and both terms vanish in view of the odd continuation of <p(z) and (Pi(z)t so that 
the boundary condition is in fact satisfied. 

If we apply Fourier's method to the above problem, we get a Fourier integral 
instead of a Fourier series. As we saw in [167], application of Fourier's method 
with the boundary condition taken into account leads to a solution of the form: 

u a (A cos akt + B sin aht) sin kx. 
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There is no second boundary condition, so that all values are permissible 
for the parameter k, i.e. we arrive at a continuous spectrum of possible frequen
cies k of the semi-infinite string. Instead of siunming over discrete values of 
k as in [167], we now have to integrate with respect to the parameter k, A 
and B being of course taken as functions of k. We obtain: 

u (x, t) = J [A (k) cos akt + B (k) sin akf] sin kx dk. (148) 
00 

The functions A(k) and B(k) must be found from the initial conditions (146) 
these give: 

+ oo + o o 

cp(x)= f A (k) sin kx dk; (px (x) = \ ak B {k)swkxdk. (149) 
Joo -Too 

On comparing these formulae with Fourier's formula for an odd function: 

/ (x) = — f f / (t) sin at dt sin ax da, 

o 

we obtain for A (k) and B(k): 
CO 00 

4 (&) = JL L (f) sin U df; B (k) = - ^ - f ?i (f) sin fcf df, 
0 0 

and substitution in (148) gives us the solution of the problem as 

-f-OO CO 

u (x, t) = — I \\<p (f) cos akt -\ jT- 9?t (f) sin aAtf sin &f sin kx df | dfc, 
— 00 0 

or alternatively, if we take into account the evenness of the integrand considered 
as a function of k, as: 

00 00 

u (x, t) = — 1 I ? (£) c o s a^ct + —r <Pi (£) s m akt sin k£ d£ J sin &a; d&. 
0 0 

It may readily be seen by using Fourier's formula that the right-hand side 
of the above expression coincides with the right-hand side of (17), on the 
hypothesis that <p(x) and <px(x) are odd. 

In precisely the same way, we can consider a boundary value problem for 
the equation 

d2u __ 2 Cd2u d2u\ 
dt2 ~ ° {~dxT + dy2 J 

on the half-plane y > 0 with the boundary condition 
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and with any initial conditions: 

du 
= <Pi {x, y) 

f-0 

( - oo < x < + oo; y > 0). (151) 

We can easily verify that the solution of the problem is given by formula 
(80) on condition that <p(x, y) and <px(x, y) are continued oddly with respect to 
the argument y into the interval (— oo, 0). In fact, with y = 0, the first term of 
(80) can be written as 

x+at 

2jta — f 27ta J 
x-at 

+ya«<»-(a-x)* 

J VaH* - (a - a;)2 - 6* P 

-ya*/»-(a-x)» 
da 

and the inner integral is zero for any x and t, since the integrand is an odd func
tion of p. Similarly, the second term of (80) also vanishes, so that condition (150) 
is in fact satisfied. We might equally have used Fourier's method for the 
problem, the functions of two variables being represented by Fourier integrals. 
The proof of the identity of the solution thus obtained with the solution given 
by (80) presents greater difficulty than in the linear case. The wave equation 
can be considered in a similar way in the semi-continuum z > 0 with the bound
ary condition u = 0 for 2 = 0. We may also use Fourier's method for solving 
the wave equation in the unbounded case, when there are only initial conditions. 
This leads to more complicated working, however, than that carried out above. 

§ 18. The equation of telegraphy 

181. Fundamental equations. Either of the methods explained 
above — that of characteristics (d'Alembert's) or tha t of standing 
waves (Fourier's) — may also be successfully applied in the case of 
the equation of telegraphy, which has a basic significance in the 
theory of the propagation of quasi-stationary electric vibrations along 
cables. 

Let us have a circuit made up of out-going and return conductors 
of length Z. We shall assume that the ohmic resistance R, self-induc
tance L, capacity C and insulation leakage A, all per unit length, are 
uniformly distributed throughout the circuit, so that the present case 
differs from that discussed in [I, 181], where we had resistance, self-
inductance and capacity lumped at different points of the circuit. 
Let v and i denote the voltage and current at the section of circuit 
distant x from the end x = 0. These functions of x and t are connected 
by two differential equations which we shall now derive. 
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The law of induction says that the voltage drop over an element dx 
of the circuit: 

v — (v + dv) = — dv = — -g- dx 

is found by adding the ohmic drop R dx • i and the inductive drop 
L dx dijdtf or in other words, if we divide by dx: 

l + Ll + m = o. (i) 
Further, the difference between the currents entering and leaving 

the element dx, i.e. 

i — (i + di) = — di — — -^ dx, 

is obtained by adding the charging current C dx dvjdt and the leakage 
current A dx • v, so tha t 

& + C% + Av = 0. (2) 

The boundary conditions tha t have to be satisfied at the ends of the 
circuit are extremely important. If one end of the circuit is open, we 
must have at this end 

i = 0 (for x = 0 or x = l). (3) 

In general, if an external electromotive force 23, a resistance r and 
a self-inductance X are connected to one end of the circuit, we must 
have at this end: 

v = E + ri + X^ (for x = 0 or x = l). (4) 

In particular, if a voltage E only is applied to the end x = 0, whilst 
t h e other end x = I is short-circuited, we have 

v\x=0 = E, v\x=l = 0. (5) 

182. Steady state processes. We shall first say a few words about 
the steady state processes, when the external factors operating on the 
circuit are either (1) constant or (2) sinusoidal, v and i being taken as 
independent of t in the first case. 

Equations (1) and (2) give us in the first case: 

^; + Bi = 0; £ + Av = 0. (6) 
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On differentiating the first of these equations and making use of 
the second, we get 

^ - B A v = 0. (7) 

The function v is given at once by the method indicated in [27], 
and we find 

v (x) = C&** + C2e~bx, (8) 
where 

Having found v, we get i from the first of equations (6): 

*<*> = - "FIST = - TT ^"X ~ <>*-*)• W 

Examples. 1. We have conditions (5) in the case of a circuit with a constant 
voltage E a t one end and shorted at the other; hence we can determine the 
arbitrary constants appearing in equation (8): 

Ox + C2 = E; CXQU + Ose~bt = 0, 
whence 

_ E _ Ee~bl _ Eebl 

° 1 _ e ^ - l " " ebl-e~bl' *~J*-<r*% 

so that we obtain on substituting in (8): 

ê * — e ° smb. bl 

and equation (9) gives 

'w-'yfrjTsfc* (io-> 
2. Now let an external sinusoidal electromotive force of given frequency 

co act on our circuit; we can convert the physical quantities acting here into 
vectors, as was done in [I, 180], whilst we shall understand by forced vibrations 
sinusoidal oscillations of voltage and current in the circuit of the same frequency 
co. On recalling the rules of [I, 180] and introducing the current vector I and 
voltage vector V, which depend on a; in the present case, we can transform 
the system of differential equations (1) and (2) into: 

$^--(R + i<oL)l = 0\ -^ + (A+icoO)\ = 0. (11) 

On differentiating the first of these equations with respect to x and using 
the second to eliminate I, we get: 

d 2 V - (R icoL) (A + icoG) V = 0, 
dx2 
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whilst precisely the same form of equation is obtained for I, as may easily be 
shown. 

Thus, I and V are solutions of the same second order differential equation. 
On using the method of [27] and setting 

(R + icoL) (A + icoC) = *2, (12) 
we have 

V = A^** + A2e-*x, (13) 

where Ax and Aj are arbitrary constant vectors. On substituting back into the 
first of equations (11), we find for the vector I: 

r _ 1 dV _r/A + ia>C ., _,* ' ^ ,_.. 

The final solution of the problem requires the detemiination of the con
stant vectors Ax and A2, by making use of the two boundary conditions (of 
course there is no question here of initial conditions); here, instead of assigning 
a condition for each end separately, two conditions may be stipulated for the 
same end, saying by giving the voltage and current vectors there. 

However this may be, equations (13) and (14) define the vectors of the forced 
oscillations which depend on x, i.e. they vary both in amplitude and phase along 
the circuit. On representing each vector (m + ni) by a point on the complex 
plane and letting x vary from 0 to Z, we get two curves for V and I, the vector 
diagrams of the voltage and current. It must be recalled when finding the shape 
of these curves that x is in general a complex number; on writing 

x = a + ib, 
we have: 

V aa A^** (cos bx + i sin bx) + A2e~ax (cos bx — i sin 6a?). 

Each term on the right-hand side gives a spiral [I, 183], and V is obtained 
by "geometric addition" of these spirals; the radius vector of a point of the 
curve for V, corresponding to a given value of x, is equal to the geometric sum 
of the radius vectors of the points of the two spirals with the same value of 
x. We can say the same as regards the vector I. On introducing the factor 

1 / J R + icoL /1K. 

which is known as the wave impedance, we can write the expressions for V 
and I as 

V => A^** + A2e-**; I = — (A2e",cx - A ^ ) . (16) 

If we pass from the vector to the ordinary form, we can write expressions 
for the required functions v and i of the type: 

v= F(#)s in [a>t + y (#)]; i =1 (x) sin [cot + % (a?)], (17) 

which give the harmonic oscillations of the same frequency co as the external 
force, the amplitudes V(x) and I(x), and phases xp(x) and %(x) of these being 
dependent on the position of the section of the circuit in question. 
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3. The circuit with sinusoidal voltage at one end and open at the other end. 
Let V0 denote the voltage vector given at the end x = 0. In addition to equations 
(11), we have the boundary conditions: 

V|x_„ = V0;I |x_, = 0, 

which give us, by (16): 

At + A2 = V0; A&-*1 - A ^ = 0. 

On solving these equations and substituting in (16), we find 

V — v cos ,k x(l — x) j __ V0 sinh x (I — x) 
0 cosh*/ ' v coshxZ 

With x = 0, we obtain the complex impedance at the point » = 0 a s 

_ cosh xl 
n ~ V sinh*/ " 

183, Transient processes. We propose to compare the two types of 
forced oscillation, (I) and (II), in the same circuit with the operation 
of different external factors. The voltage and current of the type (I) 
oscillation are written vv iv and those of type (II) by v2, i2. 

If we suddenly replace the external conditions leading to oscillations 
(I) by those with which type (II) must be obtained, instead of the 
transition taking place immediately from (I) to (II), a greater or lesser 
period of time must elapse, during which free oscillations (or transients) 
are excited in the circuit. The transitional period can be infinite in 
theory but is finite in practice. The transients are characterized by 
their voltage v and current i, and we shall assume that the transitional 
state of the circuit is obtained by adding free damped oscillations to 
state (II), Le. the voltage and current of the transitional process are 
defined by the sums 

v2 + v; i2 + i. (18) 

At the start of the process, t = 0, these sums must reduce to vx 

and iv The functions v and i must satisfy differential equations (1) 
and (2) [181] and boundary conditions (3) or (4), depending on the 
conditions imposed at the ends. Above all, they have to satisfy initial 
conditions as well, of the form: 

»ko = (h —h)«-o = y-j-*(*)-t ] 
(19) 

t The factor YO/L is introduced in order to simplify later working. 
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Instead of seeking v and i directly, we shall express them in terms 
of a new unknown function w, where we take 

dw 

Equation (2) now gives: 
di i n d*w i A to d (- i n to i A \ n 

whence 
i + C-F£- + Aw = c, 

where c is independent of x. We can in fact take c = 0 without loss 
of generality, since we can add an arbitrary term not depending on x 
to w without changing v = dw/dx. 

We thus have: 
to r^ to A /rtrkV 

v = -te' % = -c-w~Aw> <2°) 
and equation (2) is satisfied. On substituting (20) in equation (1), we 
get an equation which must be satisfied by the function w(x> t), i.e. 

8 (dw 
dx 

or 
( •£W("T + H - * ( 0 T + *')-0-
£-LO%-lLA + BQ%.-BA» = 0. (21) 

This is known as the equation of telegraphy. 
We simplify this by introducing a new unknown u(x, t) in accordance 

with the formula: 
w(x,t) = e->itu(x, t), (22) 

whilst agreeing to choose the constant factor /i in such a way tha t the 
terms containing dujdt fall out in the equation for u. We have after 
differentiating and cancelling out e - / i f : 

dx 
u

Y-LC(^u-2^^ + ^)-(LA + EC)(^^u + ^)^BAu=0y 

so tha t our purpose is achieved if we take 

2pLC - (LA + RC) = 0, 
i.e. 

„-H&L. (23) 
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If we substitute this value for fi and carry out some simple re
arrangements, we get the equation for u: 

d*u _ 1 d*u 
dt* ~~ LO dx* 

where 
LA-BO 

+ d*u (24) 

2L0 
We first distinguish the case when d can be neglected or is strictly 
zero, i.e. 

JL — A. 
L ~~ 0 " 

In this case 

(25) 

L ' 
and on setting 

fi=4- <26) 

■m = a*> <27) 

we obtain the equation for u: 

~ n2 
dt* a to* 

(28) 

which we investigated above. 
The general solution is [164]: 

u {x, t) = 0X (x - at) + 02 (x + at), (29) 

and the constant a = yi/LC gives the velocity of propagation of the ex
citation along the cable. Equation (22) gives: 

w (x, t) = e-"' [0± (x-at) + 02 (x + at)] , 

and finally, we obtain from (20): 

v(x,t) = ^ = e-<*[d[(x - at) + 62(x + at)], 

• ,(*,t) = - 0 ^ - i w = - e-# [ - aCQ[ (x - at) + aCQ'2 (x + at) -

— [xCdx (x — at) — pC02 (x + at) + A6t (x —at) + A02 {x + at)] = 

= aGe-* [0J (x - at) - 0'2 (x + at)], 

since it is obvious from (25) and (26) that fxC = A, and the remaining 
terms go out. Instead of the arbitrary functions 0X and 02, it is more 
convenient to take directly the functions 

9>i (z) = e i (x) and <p2 (x) = 02 (x), 
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after which we obtain the final expressions for v and i: 

v (x, t) = e~"' [<px (x — at) + cp2 (x + at)], 

* (x> ') = —a— [<Pl (x - at) - <Pl (x + Ot)\ t 
(30) 

where we have put a = |/X/(7 for brevity. These are the expressions 
that we shall utilize. The functions <px (x) and cp2 (x) are deter
mined from,the initial conditions (19), which give us: 

Vi (x) + <Pz (x) = 9 (x) ; <Pi (x) — <Pi (x) = *(»)> 
whence 

<PA*)=9(x)th(x)-> <P>W=9(x)-2
h(x)- (>i) 

We could reckon the problem solved if the functions g(x) and h(x), 
or what amounts to the same thing, cpx (x) and <p2 (x), were specified 
throughout the interval (—°°, +°° ) ; but in fact, we only know these 
in the interval (0, Z), and in order to be able to make use of the solution 
obtained we have to continue them outside this interval. We can do this 
with the aid of the boundary conditions as in the case of a string, and 
the physical meaning of the continiuition also amounts here to a wave 
reflection occurring at the ends of the circuit. 

The phenomena corresponding to solution (30) are analogous to 
those worked out above for a string. We have two waves here, the 
direct and the reverse, which are reflected on arrival at the ends. The 
essential difference between this case and that of a string is the presence 
of the factor e~Mt

9 which diminishes with time and produces the damp
ing of the oscillation; the greater the exponent [x (the logarithmic 
decrement of the damping), the faster the damping. 

184. Examples, If the end x = I is open, the condition 

gives us by (30): 
(p2 (I + at) — (Pi{l — at) 

or on replacing at by x: 

<P% (l + x) = (px (/ — » ) , 

i.e. the wave is reflected without change of magnitude or sign at this end, since 
<p2(x) is an even continuation of q>i(x). The same is evidently true if the open 
end is at x = 0. 

/ / the end x = I is short-circuited, i.e. 

Ix-/ = 0, 
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we obtain on taking (30) into account and replacing at by x: 

<Pz (I + x) = - <pt (l — x), 

i.e. the wave is reflected with a change of sign but with the same absolute value, 
since <p2(x) is an odd continuation of (px(x). The further continuation is obtained as 
in the case of a string. 

1. The circuit open at one end has a harmonic alternating current of frequency 
co switched into it. The harmonic oscillations deduced above [182] correspond 
to the final steady state (II): 

v 2 = V (x) sin [cot + \p (x)\ ; i2—I (x) sin [cot + % (x)]. 

If the circuit was empty before the inclusion of the current, we have: 

v 1 = =0 , ^ = 0. 

Hence the initial conditions become, by (19): 

v ||_0 = - V (x) sin y> (x) = g (x), 

* |*-o = - ! ( » ) sin x (x) = — h (x). 

The boundary conditions are as follows. At the end x = I we must have: 

We can take at the end x = 0: 

since in the present transient process we are only interested in the oscillations 
that are due to the difference of the initial conditions of the oircuit from the 

~4l -3L -21 -L 0 a 21 3L 41 51 61 

FIG. 138 

forced oscillations of frequency co. We define cpx(x) and <p2(x) in accordance 
with (31) and then continue these, in an odd manner past the end x = /, and 
evenly past x = 0. 

2. We consider the damped process due to the initial conditions 

H _ 0 - - t f ; *'li-o = 0 . 
where E is a constant, and with the boundary conditions 

Equations (31) give 
cpx (x) = <p2(x) = — E where 0 < x < I, 

and we find from the boundary conditions: 

<Pi ( - x) = - <p2 (x) ; cpx (I - x) = cp2 (l + x), (32) 
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from which it is clear that <p2(x) is an even continuation of (fi(x) in the interval 
(Z, 2Z), whilst <px(x) is an odd continuation of q*2(x) in the interval ( — Z, 0), i.e. 

92 (X) = - -o - f ° r 

<Pl (*) — \ 

— E for 

--z-E for 

0<x<2l 

-l<x<0 

0 <x< I. 

On writing (Z + a;) for a: in the second of equations (32) and comparing the 
equation obtained with the first of (32), we get: 

and similarly, 

<pz (21 + a?) = - <p2 (x), 

tpx (21 -x) = -<pl(-x), 

V+Vo 

i.e. <px(x) and <p2(x) change sign on addition of 21 t o the argument, so that their 
period is 4Z. 

On putt ing together everything that has been said, we see that <px(x) and 
q>2(x) are in fact the same, their graph being illustrated 
in Fig. 138. 

W e obtain v and i b y moving this graph to the 
left and right with velocity a; via half the sum of the 
ordinates multiplied b y e-'**, and i is half the difference 
of the ordinates multiplied b y e^^/a. 

The graph of the voltage a t the end x = I is shown 
in Fig. 139, the steady state v2 = E being added to 
the free oscillation v. The T = 4d/a denotes the period 
of the free oscillation. 

I f we have ohmic resistance rh self-inductance A/ 
and capacity y\ a t the end x = Z, conditions (4) give the following relationship 
for continuation of <p2(x) in (Z, 2Z): 

e - " b i (I ~ at) + (p2(l + at)] = [r, + J, - ^ - ] J - ^ - [?i(Z-a*)-? 2 (Z+a*)]} . (33) 

On replacing the argument at by xy this leads to a differential equation for 
the unknown function: 

% 7X 3t 

FIG. 139 

0 (x) = q>2(l + x) 0 < x < I. 

We get a similar result for the continuation of <fi(x) in (—Z, 0) by applying the 
boundary condition at the end x = 0. 

3. The circuit is terminated at x = I by the pure ohmic resistance r/. Equa
tion (33) now becomes: 

e - " [<Pi (I - at) + <p2(l + at)] = r, [<pt (I - at) - <pt (I + ai)], 
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whence we find q>2(l -f- x) after writing x for at: 

p,(* + *) = gvi (*-*), 3 = ^ T - (34) 

The wave is thus multiplied by the factor q on reflection at the end x = I 
in the present case. Obviously, | q \ < 1, i.e. the absolute value of the wave 
diminishes or remains constant, with absorption occurring in the former case. 
The factor vanishes r/ = a, and total absorption of the wave takes place. With 
rt = oo, q = 1 and we get reflection of the wave without change, which is 
obvious since this case is equivalent to the open circuit case. 

Having thus continued <p2(x) into (I, 21), and correspondingly <Pi(x) into (—I, 0), 
we can continue <p2(x) into (21, 31) in accordance with (34), and so on. 

Of course we no longer obtain a periodic function in this case, and assuming 
| q | < 1, subsequent reflections lead to stronger and stronger absorptions. The 
function <p2(x) is now defined for x > 0, and q>x(x) for x < I; but this is just 
what we need, since the arguments (I — at) and (I + at), on which (py(x) and 
<p2(x) depend, in fact satisfy these inequalities. 

185. Generalized equation of vibration of a string. We have con
sidered the equation in the particular case 6 = 0. Before turning to 
the general case, we investigate theoretically the generalized wave 
equation in the linear case: 

d2v 9 d*v . dv . dv . ,__ 

where we take the first coefficient a2 as positive and the remainder of 
arbitrary sign. We replace v by a new required function u in accordance 
with 

v = eat^x u (36) 

and show as above that an a and /? can always be chosen so that terms 
containing first order partial derivatives fall out in the equation for u. 
We substitute (36) in equation (35), cancel out eat + px and collect like 
terms, and arrive at the equation 

+ (a3 + a2/)2 + aj + a2a - a2) u, 

or, after setting a = a2/2, /S = — a1/2a2: 

•*_„£ +A, „„ 
where the coefficient c2 can be either positive or negative, i.e. c is to be 
reckoned either positive or pure imaginary. 
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We shall solve equation (37) for an infinite x axis with the initial 
conditions: 

du 
t=o~~0; df t=o 

0)(x). (38) 

Instead of solving directly the problem posed by (37) and (38), we 
attack the problem defined by the following equation and initial 
conditions: 

d2w 

w 

= a[d*+wh (39l) 

= o> (x) ecy'a . (392) t=o u ' dt t=o 

We can write down the solution of this immediately on using ex
pression (80) of [172]: 

co(a)QPc,adadp »i*>*>Q=jxSh aH* - (a - x)* -(P- y)* 
Cat 

where Cat is the circle with radius at and centre (x, y). On introducing 
new variables a ' = a — x and /?' = /? — y instead of a and y3, we can 
transform the double integral to that over the circle C'at with radius a 
and centre at the origin: 

v ' * ' J 27zaJJ ya2t2 _ a/2 _ p* 
cat 

or alternatively, after taking ecyla outside the integral sign, we can 
write 

w(x,yyt) = ecyla u(x,t), (40) 
where the factor 

Cat 

is clearly independent oft/. We show tha t (41) in fact solves our original 
problem, i.e. satisfies equation (37) and initial conditions (38). The 
function w satisfies equation (39x), and on substituting expression (40) 
in (39]), we obtain equation (37) for u after cancelling out ecy,a. The 
initial conditions for u are obtained at once from initial conditions (3 92) 
for w and expression (40). Thus (41) gives the solution of equation (37) 
with initial conditions (38). We shall write the expression on the right-
hand side of (41) in a new form. 
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We reduce the double integral over the circle C'at to two quadratures: 

u (x, t) = 
+at + yaW-a* 

We replace the variable of integration /?' of the inner integral by a new 
variable 9?, in accordance with /?' = / a 2 £2 — a'2 sin 9), which gives us 
the integral in the form: 

+*/2 
f e*/«Y«*'i-a',s*n?(j 

- * / 2 

On introducing a new transcendental function I(z), defined by an 
integral and depending on the parameter z: 

+*/2 
/(Z) = l j ezsin*d?, (43) 

-w/2 

we can write (42) in the form: 

+at 
u ( x J ) = = H I ( i VaH2 - a ' 2 ) " (a' + *> da'> 

or, on introducing as variable of integration a = a' + #: 

x+af 

^ 0 M ) = 2J7 f / f £ KaV - (a - a)2) co (a) da. 
x-af 

We differentiate the solution obtained with respect to t and obtain 
as in [171] a new solution ux = du/dt of equation (37), no longer 
satisfying initial conditions (38) but instead the conditions 

du 
■,-o = l o ( * ) ; ft f=0 

0. 

The solution of (37) satisfying the general initial conditions 

(44) 

(45) 

is simply obtained by taking a>(x) = <p1(x) in initial conditions (38) and 
o)(x) = q>(x) in conditions (44) then adding the respective expressions 
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for u; this gives us 
x+at 

u (x, t) = ± J / ( £ M 2 - (a - x)*9l (a) da + 

x+at 

+ i[i j 7 fe^-(«-*)») 9(a)da]. (46) 
x-af 

On carrying out the differentiation with respect to t both for the 
upper and lower limits and under the integral sign, and noting tha t 
Z(0) = 1 by (43), we can rewrite (46) in the form: 

u (x, t) = g r 

x+at 

+ i J I (i VaH* ~ <a ~ *>2) vi («) d« + 
x-a* 
x+af 

+ 4 - J - ^ .'._ ,y *- ( T f r » - <« - *> j y<«> dq> ( ^ x—at 

where I'(z) denotes the derivative of I(z) with respect to the argument z. 
We now establish a relationship between the function I(z) and the 

zero order Bessel function [48]: 

«M*) = i-feF(ff' (48) 
s=0 

On expanding ezsinq> in a power series: 

tfsitKp^ y zn8inn<p 
*£ n\ > n=0 

then integrating term by term over the interval ( —TT/2, -\-7ij2)> as 
is possible in view of the uniform convergence of the series, we get 

+»/2 

1=0 - * / 2 

The integrals on the right evidently vanish with n odd, whilst we 
have for even n = 2s [I, 100]: 

+*/2 */2 

J e i n ^ d ? = 2 | sin* y d ? = ( S V . ( 2 . ( - 2 ) . 3 ) . 2 ' 1 "• 
-n/2 0 
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whence it follows tha t : 
r/,v i . j ! L ( 2 a - l ) ( 2 * - 3 ) . . . l 

1 W - ^ (2s)! * 2*. (2*-2) . . . 2 

or 

On comparing this expansion with (48), we see tha t 

I{z) = J0(iz). (50) 

186. The general case of an infinite circuit. We shall now discuss 
the equation of telegraphy for an infinite circuit. A preliminary obser
vation concerns equation (21), obtained for the auxiliary function w 
in [183]: this is also the equation which must be satisfied individually 
by the voltage v and current i. 

We return to the fundamental equations (1) and (2) and eliminate z. 
We do this by differentiating equation (1) with respect to x then re
placing di/dx by its expression from equation (2): 

i.e. 
d2v T d („ dv , A__\ „(„ dv ^Mc^+Av)-R{c^+Av)=0 

whence we have equation (21) for v: 

^r-LC^--(LA + RC)%--BAv = 0. (51) 

If we had eliminated the voltage v from equations (1) and (2), we 
should have again arrived at this equation as the equation for i. 

Having determined v, we can find i so tha t it satisfies equations (1) 
and (2). For instance, use of equation (2) gives us: 

i = - $ ( 0 ^ . + Av)dx + B (*), (52) 

where the integration is with respect to x with constant t and B{t) is 
a t present an arbitrary function of t. We set this expression for i in 
equation (1) and differentiate with respect to the parameter t under 
the integral sign: 

+ LB'(t) + BB(t) = 0. (53) 
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Differentiation with respect to x of the sum of the first three terms 
gives us zero by (51), i.e. the sum is a known function of t only, and we 
obtain a linear first order equation for B(t). The arbitrary constant 
obtained by integrating this latter equation is in general defined by 
the initial conditions. 

As above in [183], equation (51) reduces to the form 

with the aid of the substitution 

v (x} t) = e-"' u (x, t), (55) 
where 

LA + RO \LA-RG\ , _ 
V = —2LC~> C== 2LC ' <56> 

If we are given v and i along the circuit at t = 0, we must also know 
dvfdx and difdx at £ = 0, whilst equations (1) and (2) give dvjdt and 
dijdt at t = 0. Hence we can suppose that, along with equation (51), 
we have the general initial conditions: 

*L=*(x,; ^U=W{x)- (57) 

We make use of (55) to obtain the following initial conditions for u: 

u\t=o = 0(x); %-\t_o = /0(x) + V(*). (58) 

We finally get, on applying equation (47) for u and taking (55) into 
account: 
v (X) t) = | e ^ l& (x -at) + 0(x + at) + 

x+at 

+ 1 j [fi0 (a) + V (a)] I (± YaW-(a-z)*) da + 
x-at 

x+at 
+ %■ f . X -l' fyaW - (a - x)A 0 (a) da], (59) 

■v at

 x
 ' x-at 

where fx and c are as given above, and a = l/YLC-
We have here a definite velocity a of propagation of the excitation, 

as in the case of a vibrating string; thus, if the functions 0(x) and W(x) 
giving the initial excitation differ from zero only in a finite interval 
p < a: < q and we apply (57) at the point x vhere x > q, we must 
have v(x, t) zero up to the instant t = (x — q)ja. The essential 
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difference from the case of a string lies in the fact tha t v(x, t) 
does not vanish or become constant after passage of the rear 
front of the initial excitation, but is still a function of x and t. In fact, 
if t > (x — p)jaf the terms outside the integral signs in (59) vanish, 
whereas the integrals remain, the interval of integration being the con
stant (p, q). Nevertheless, the variables x and t appear as parameters 
under the integral signs. 

If, for instance, current is absent in the circuit a t t = 0, whilst the 
potential v is given by &(x), we have by equation (2): 

dv L--£*<*>• (60) 

If we take .4 = 0, i.e. neglect the leakage, the right-hand side is zero. 

187. Fourier's method for a finite circuit. Fourier's method may 
readily be used for integrating equation (51) with given initial and 
boundary conditions in the case of a finite circuit. Let the end x = 0 
be subjected to a given constant voltage Ef whilst v = 0 at the other 
end, so tha t the boundary conditions are 

u\^ = E, t>U., = 0. (61) 

Furthermore, let there be neither voltage nor current in the circuit 
at the initial instant t = 0, i.e. 

H- . 0 = o» *!*-o = o (6 2) 
for 0 < x < I 

Equations (1) and (2) show us that here: 

dv 
dt = 0 ®L 

1.0 ' dt 
= 0. (63) 

*=0 v ' 

We thus have to integrate equation (51) with boundary conditions 
(61) and with initial conditions 

, = 0 = 0 (0<x<l). (64) 

We start by constructing a solution of (51), v = F(x), which depends 
only on x and which would satisfy boundary conditions (61). We ob
tain as an equation for F(x): 

F" (x) - b°-F (x) = 0 (62 = BA). 
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We actually found the solution of this equation in the example 
of [182], which also satisfied conditions (61): 

' < * - * * % & * ■ < « > 

We now introduce a new required function w(x, t) in place of v(x, t), 
in accordance with 

w{x,t) = v(x,t) — F{x). (66) 

We have the same equation (51) for w(x, t), together with the homo
geneous boundary conditions 

«*lx-o = 0; Hx-/ = 0 (67) 
and the initial conditions 

dw 
H-o = - * ' ( * ) ; dt t=o = 0' <68> 

We shall simplify the writing by putting equation (51) for w in the 
form: 

d*w 9 d*w rt, dw y9 ,. / f i n v 

!&r-a-wr-2h-dr-bhV:=0> <69> 
where 

a2 = LC; 2h = LA + RC; b2 = RA. (70) 

We now proceed as usual with Fourier's method. We seek a solution 
of (69) as the product of a function of x only and a function of t only: 

We obtain on substituting in (69) and separating the variables: 

X" a*T" + 2hT' + b*T __ m*n* 
X ~~~ T ~~ Z2 ' 

where m2 is at present an arbitrary constant. We have two linear 
equations with constant coefficients: 

X" + ^-X==0 

a2T" + 2hT' + {b* + ^jp-\ T = 0. 

We now take the boundary conditions (67) into account and select 
the solutions 

m = 8 i n — — (m = 1 , 2 , . . . ) 
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of the first equation, where m is a positive integer. The equation for T 
has the general solution 

where Am and Am are arbitrary constants, whilst am and am are the 
roots of the equation 

aHW + 2hPa + (bH2 + mW) = 0, (71) 

the circuit constants i?, L, C and A being assumed to be such that this 
equation has different roots for any integral m. We thus obtain an in
finite set of solutions satisfying the boundary conditions: 

wm = (Am e°»< + A'm efr) sin ™SL (72) 

We take the sum of these solutions: 

w= 2(Ame°~< + A'me*) sin - ^ (73) 

and select the constants ^4mand A'm so as to satisfy the initial conditions 
(68). This gives us: 

2(Am + A'm)Sin~=-F(x) 
71=1 

oo 

2 («m Am + a'm A'm) sin - ^ - = 0. m = l 

(0<x<l) 

Having found the Fourier coefficients in the ordinary way, we get 
two equations for Am and A'm 

I 

Am + A'm=-^^F(x)sm^-dx 
0 (74) 

Having substituted for F(x) from (65), we can carry out the inte
gration and obtain: 

/ 
T\F(x)sm-rdx= wt + mW 

b 
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We have after solving simultaneous equations (74): 

m 62Z2 + m2 : i2 am-a'm ' m 62Z2 + m W a m - a ^ 

On substituting this in expression (73), we get: 

°° 2m7i a'meamt — amea'mf _.__ m^ra? 
W = £J > - 2—r ? S i n — j — . (75) 

- ^ 6*Z2 + m27i2 a m - a'm I v ' 

The roots of equation (71) are either real and negative, or complex 
conjugates with negative real parts. In either case, solution (75) is 
damped with increasing t. I t defines the transient process from the 
empty circuit to the steady state defined by function (65). Equation 
(66) gives us the final expression for the voltage: 

sinh bl ' -^r t 62/2 + m27i* am~am I v ' 
m=0 m ' 

Solution of quadratic equation (71) gives us roots of the form 

a m = - " + *m> < i = — * — *mt ( 7 7 ) 
where 

' = -&'> *»» = w Vm2 - a2 {W + m%2) • (78) 

On substituting in (76), we can rewrite this as 

___ ̂ smhb(l~x) __ 
sinhbl 

" ^ " " ^ W?T«M [coshhJ+isinhM s i n ^ F - (79> 
We now find i by the method of the previous section. Equation (2) 

gives us: 

-£- = -AEsinhb«-x) + 
ox sinh bl ' 

+ AEe-« 2 bH*+lw (coshhmt + XTsinhM s i n ^ + 

or, on observing that , by (78): 

p _ W + mW 
v Km~ a2/2 
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we can integrate with respect to x and use the fact that a2 = LC: 

AE coshb(l — x) 
i = sinh bl 

- 2AEle~« ^ wp + m V ( C ° S h *'"' + ~fc S i n h M C ° S ^ + 

m = l 

+ -if- e - - j ? ^ - sinb JfcJ c o s - ^ + 5 (t). (80) 

We find an equation for B(t) on substituting in equation (1): 

LB' (t) + RB (t) = 0, 
whence 

B(t) = B#-**'L, (81) 

where B0 is an arbitrary constant which has to be determined from 
the condition that i is zero throughout the length of the circuit at t = 0. 
We substitute expression (81) in (80) and then set t = 0 and i = 0, 
which gives us 

~ ,4JE7 cosh 6 (Z — a;) ^ A m ^ 1 ^ ^ . n / n _ v 
0 = - 6 TOT- - 2 ^ * ^ W + m W 0 0 8 - ! - + 5 « ' (82> 

m = l 

But the cosine Fourier expansion of the first term on the right in 
the interval 0 < x < I is 

00 i 

(0 < x < I), AE 
b 

cosh b (l — x 
sinh bl 

and condition 

) = _ 

(82) 

4# 
Z62 + 2AEI 

gives: 

Bo-

00 

m=l 

4J& 
Z62 

1 
62Z2 + m27r2 COS 

Vfinx 

so that 
E_ 
Bl B(t) = -4re-"«L 

Substitution of this expression for B(t) in (80) gives us the final 
expression for the current. 

A detailed discussion of the above method of solution can be found 
in A. V. Krylov's article "The propagation of currents along cables" 
(Zhurnal prikladnoi fizilci, Vol. VI, sec. 2, p. 66, 1929). 

188. The generalized wave equation. We considered the generalized 
wave equation in the linear case in [185], i.e. with two independent 
variables. We can use the same method for the generalized wave 
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equation with three or four independent variables. We shall take the 
velocity a = 1 in the equation, so as to simplify later expressions; 
these can be turned into formulae for any a simply by replacing t 
in them by at, 

We take the equation for the infinite plane: 

l^ = lw+W + cu (83) 

with the initial conditions 

u = 0 - **-
f=0 

= co(x,y). (84) 

We firstly consider a new problem, that of integrating the wave 
equation 

d2w _ d*w , d2w d2w 
~W~'dx2~ + ~dyr + "dzT 

with initial conditions 

dw 
co (x,y)ecz. 

The new problem is solved at once by Poisson's formula: 

w = -1— f [OJ (x + t sin 0 cos 9?, y + £ sin 0 sin 9) ec (z+*cos e) sin OdOdcp. 
0 0 

We can rewrite this in the form: 

w(x, y, z, t) = eczu(x, y, t), 
where 

u (x, y, t) = 
2 * at 

= - ^ J Jew (* + * sin 0 cos <p, y + t sin 9 sin 9) ect cos * sin 6 dd dep, (85) 
0 0 

I t can be shown, precisely as in [185], tha t this latter function satisfies 
equation (83) and initial conditions (84). We now simplify (85) by 
replacing 9 with a new variable of integration Q in accordance with 
t cos 6 = Q, from which we have: 

Js in0d0 = - dp, sin0 = j / l 
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The integral over 6 in (85) becomes with the new variable: 

+* 
~ f co (x + ]jt2 — q2 cos <p, y + ft2 — q2 sin y) ece dq , 

-t 

which may be written, if we split the interval of integration into (—t, 0) 
and (0, t) and replace q by (— q) in the first sub-interval: 

\a> (x + ][t2 — Q2 cos (p,y + Yt2 — Q2 sin <p) cosh CQ dq, 

so that (85) may be written as 

u (x, y, t) = 
t r 2n 

= g- ft) (a; + ]ft2 — Q2 cos 9?, y + ]/£2 — p2 M 9?) d<p cosh eg dp. 

The integration with respect to cp in this expression gives the 
arithmetic mean of the function co(x, y) over the circle in the xy plane 
with centre (x, y) and radius yt2 — q2. On denoting this arithmetic 
mean as Tyit _g l {co(x, y)}f we can write (85) in the final form 

u (x, y,t) = $ Typo? {<° (x> V)}cosh CQ d £-
0 

(86) 

We note that if c = cx i is pure imaginary, cosh cq = cos cxq. On 
differentiating our solution with respect to t, we get the solution 
u^ = du/dt of equation (83) satisfying the initial conditions: 

u, t=o 
= «>(*, y); -£ 

f=0 
= 0. 

Similarly, the integration of the equation 

with the initial conditions 

= 0 ; 
/«=o 

du 
t=o 

= co (x, y, z) 

(87) 

(88) 

requires the use of formula (822) of § 17 [173] with n = 4, co being 
replaced by co(#2, #3, x4) ecx\ After some simple rearrangements, we 
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obtain the solution of (87) with initial conditions (88) in the form: 

u = ^$Q*I0(icYv^)TQ{co(x,y,z)}dQ, 

where TQ {co(x, y, z)} is as usual the mean of co(x, y, z) over the sphere 
of radius Q and centre at (x, y, z). 

§ 19. The vibrations of rods 

189. Fundamental equations. Fourier's method is used for a number 
of problems of mathematical physics which lead to partial differential 
equations. We arrive at expansions of a given function into the 
functions originating from application of the method. We have had 
examples of such expansions in the series of problems worked out above. 

A further example is presented by the transverse vibrations of a rod, 
the equations for which we shall now deduce. 

A thin rod differs from a string in tha t it does work on bending. 
The required function is the ordinate y(xf t) of the axis of deformation 
of the rod with abscissa x and at the instant t. 

If M is the bending moment and F(x, t) the loading per unit length, 
we know [16] from the theory of flexure tha t 

«&-"■■ T£-' . <» 
so that we find on differentiating the first equation twice with respect 
to x: 

E I ^ = F{x,t). (2) 

Equation (2) would express the condition of equilibrium of the rod 
if the force F were independent of time and the rod remained at rest. 
To obtain the equation of motion, we have to include the inertia force 
per unit length along with the external force, in accordance with 
d'Alembert's principle. The acceleration of a section x can be reckoned 
constant at all points of the section and equal to d2yldt2, the inertia 
force being evidently found by multiplying the acceleration by QS, where 
Q is the volumetric density of the material of the rod and S is the cross-
sectional area of the section. We must thus replace F by F — oS d2yjdt2 

in equation (2), which gives us the fourth order equation: 

£ + »£=/<*.*>. (3) 
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where 
b2 = w>f(x>t^-kF{x't)- (4) 

Great importance is attached to the boundary conditions which must 
be satisfied at the ends x = 0 and x = Z of the rod, the form of these 
being dependent on how the respective ends are fixed. If an end is 
fixed rigidly, so tha t the rod has a horizontal direction at tha t end, 
we get the two conditions: 

2/ = 0 , |f- = 0 for x = 0 or x = L (5) 

If an end is merely supported, i.e. free turning is possible about the 
fixing point, the bending moment must be zero at this point, i.e. we 
have the conditions 

^ = 0 , ^ = 0 for a ; = 0 or a; = l. (6) 

Finally, if an end is free, both the bending moment and the shearing 
force dM/dx must be zero at tha t end, whereas y itself may now 
differ from zero. Hence in this case 

-g = °> U = ° to * = 0 or x = l. (7) 
In all these cases, we get a pair of conditions for each end, contrary 

to the string, where we had one condition per end. 
We also have to bring in initial conditions, of the same type as we 

had with a string: 

yLo=(p{xh ^fLo=<pi(x)- (8) 

As regards the free vibrations, we put f(x, t) = 0 in equation (3), 
which gives 

3+»-3J-o. <•> 
190. Particular solutions. As in the case of a string, we seek a 

particular solution of this equation in the form 

y = T(t)X(x). (10) 

We find by substituting in (9) that 

T" (t) X (x) + VT (t) Z<4> (x) = 0 , 
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or, as for a string: 
T'(t) _ xM(x) __ y 4 
b*T(t)~ X(x) ~~ 

where kA is constant, k being assumed real. 
This gives us: 

r w + w r w = o, (ii) 
X&(x)-k*X(x) = 0. (12) 

The general solution of equation (11) is 

T(t) = N sin (bhH + <p), (13) 
i.e. solution (10) is again a standing wave, such tha t points of the rod 
perform harmonic vibrations of the same frequency and phase but of 
different amplitudes NX(x) which depend on x. 

The general solution of equation (12) can also readily be found. 
I ts characteristic equation [30] is 

a4 — £4 = 0 

with roots k, —k, ik, —ik for k # 0, so that its general solution is 

X (x) = Cxekx + C2e~kx + Czcoakx + C^inkx, (14) 

which may be written alternatively, on expressing ekx and e~kx in terms 
of cosh kx and sinh kx and changing the arbitrary constants Cx and C2: 

X (x) = Cx cosh kx + C2 sinh kx + Cz cos kx + C4 sin kx. (15) 

We now distinguish the various cases of boundary conditions. 
1. If the rod is supported at both ends, we must satisfy conditions 

(6) at x = 0 and x = Z, i.e. 

X(0) = C1 + C?3 = 0 ; X"(0) = k*(C1-Cz) = 0 

X(l) = Cx cosh kl + C2 sinh kl + C3 cos kl + C4 sin fcZ = 0 

X"(l) = k* (C1 cosh kl + C2 sinh kl — C3 cos kl — CA sin H) = 0 , 

and these obviously give with fc ̂  0: 

^ = (73 = 0 ; (16) 

C 2 s inhH + C4sinkl = 0 ; C2sinh&Z — C4sin^Z = 0. (16x) 

The last system of simultaneous equations has the obvious solution 
C2 = C4 = 0, in which case all the constants C are zero and we get 
the trivial solution X(x) = 0. We neglect this case and assume tha t 
at least one of constants C2, C4 differs from zero. 
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If Qi = 0, it follows from (16x) tha t G2 = 0 since sinh kl # 0 for 
k ^ 0 [I, 177]. We must therefore take <74 # 0. We get C4 sin &Z = 0 
on subtracting the two equations (16J, so tha t we finally have the 
equation for k: 

s inH = 0. 

If this condition is satisfied, equations (16x) now reduce to C2 sinh kl 
= 0, so that G2 = 0; thus we obtain from (14), on writing 0 4 = C: 

X(x) = Csinkx. (17) 

Equation (17) gives the same values for k: 

71 271 7171 
T ' ~ ^ , • • • ' T " ' 

as in the case of a string, and the subsequent arguments and formulae 
are the same as in [167], the only difference being tha t the frequency 
a>n of the nth harmonic is given by 

^>n=~72—> (18) 

instead of by expression (44) [168]. 
With k = 0, equation (12) has the general solution: X(x) = Cf

1 + 
+ G2 x + 03 x2 + C± x3, and we find on attempting to satisfy condi
tions (6) tha t all the constants G must vanish. 

2. If the rod is rigidly constrained at both ends, we must satisfy 
conditions (5) for x = 0 and x = Z, which gives: 

X(0) = C1 + Cs = 0; X'(0) = k(C2 + Ct) = 0 

X(l) = C± cosh H -f- C2 sinh K + C3 cos fcZ + C4 sin kl = 0 

X'(Z) = fc (Oj. sinh fcZ + C2 cosh K - C3 sin fcZ + C4 cos kl) = 0 . 

Hence it is clear tha t 
C3 = — C^ ; c/4 = — C 2 , (19) 

and we get the system of simultaneous equations for Cx and C2: 

C1 (cosh kl — cos kl) + C2 (sinh kl — sin &Z) = 0 j 
C^ (sinh kl + sin&Z) + C2 (cosh H — cos kl) = 0. ) 

The necessary and sufficient condition for this system to have a 
solution differing from C± = C2 = 0 is that the coefficients of Gv G2 

are proportional: 
cosh kl — cos kl sinh kl — sin kl 
sinh &Z + sin kl cosh &Z — cos kl 
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In this case, the two equations (20) reduce to one, which can be 
written, on using the relationships: 

cos2 x + sin2 x = 1, cosh2 x — sinh2 x = 1, 

in the form: 
cosh Icl* cos &Z = 1. (21) 

We have obtained an equation for k analogous to (17) in the previous 
case. On writing 

kl = X, 

for brevity, we have a transcendental equation for A: 

cosh A cos A = 1. (22) 

FIG. 140 

On writing (22) as 

cos X = 1 
cosh A 

and drawing the graphs of the left and right-hand sides (Fig. 140), 
we find that (22) has an infinite set of real roots: 

o, ± K ± A2 , . . . , ± A„, ... 
where the difference 

- 2rc + 1 A 
An ^— n -> 0 as x -> oo. 

We shall only pay attention to the positive roots for the present: 

Av A2, . . . , / n , . . . (23) 

These correspond to an infinity of values of parameter k: 

Kv K2, . . . Kn, . . . , h,n r- (24) 
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Condition (21) is satisfied for these values of Jc, one of equations (20) 
is implied by the other, and we can put : 

C± = C (sinh kl — sin kl); C2 = — C (cosh kl — cos hi). 

On writing for constants C3, 0 4 their values given by (19), substitut
ing in (15) and setting 0 = 1 , which we can obviously can do without 
loss of generality, we obtain the solution X(x) as: 

X (x) = (sinh hi — sin hi) (cosh hx — cos hx) 

— (cosh hi — cos hi) (sinh hx — sin hx). (25) 

Strictly speaking, we get the infinite set of solutions, 

X1(x),X2(x),...,Xn(x),..., (26) 

found by substituting hn for k in general formula (25). 
We cannot make use of the negative roots, — Xv —- X2, . . . since they 

correspond with the values —hv — h2, . . . of the parameter, which 
yield the same sequence of functions (26) in view of the oddness of 
functions (25) with respect to h. 

On replacing h by its values (24) in (13), we find the corresponding 
sequence of functions T(t): 

Tx (t), T2 (t), ..., Tn (t), ...;Tn(t) = Nnsin (a*nt + cpn); con = bk*9 (27) 

and finally, the sequence of solutions of equation (9): 

2/i (x, t), y2 (x, t),...,yn (x, t),...;yn (xf t) == Tn (t) Xn (x). (28) 

We obtain exactly analogous results for all the remaining conditions 
for the ends of the rod: having expressed the function X(x) in the form 
(15) and substituted it in the boundary conditions, we get a system 
of four simultaneous equations with four unknowns Cv C2, C3, C4, 
which have a non-zero solution when and only when the parameter h 
satisfies a certain transcendental equation having an infinity of real 
roots. Substitution of a root k of this equation in the coefficients 
of the system gives a system in which one equation is a consequence 
of the other three, and constants Cv C2, C3, <74 are completely determin
ed except for an arbitrary common factor: thus we obtain the functions 
Xn (x) as linear combinations of ordinary and hyperbolic sines and 
cosines. 
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191. The expansion of an arbitrary function. We shall not stop to 
work out all the particular cases in detail but shall consider how to 
satisfy the initial conditions: 

t=0 = <Pii*). (29) 

We use the same method as in the case of a string and seek y(x, t) 
as a sum of particular solutions (28): 

V {X, «) = 2V* (*• '> = 2 T" ® X" (X) • (30> 
On setting: 

«n = Nn S l n <Pn> bn = ^n COS <pn, 
(30) becomes: 

00 

y (*> 0 = 2 ^n cos wn' + 6"sin ̂  Xn W> (30^ 

and conditions (29) give: 

2 *n *n {*) = 9 (X)l 2 hn °>n Xn (*) = <Pl (*) • (31) 

We see from this that the problem of finding the coefficients an, bn 

reduces to tha t of expanding the given functions ?>(#), 9>i(#) ^ o series 
in the functions Xn(x). These latter series are analogous to the Fourier 
series considered above. 

We shall follow the same method as for the Fourier series in [142] 
and merely show how to find the coefficients of these expansions; 
we assume tha t the expansions are possible and omit any discussion 
of their convergence or divergence. We also assume here that the 
boundary conditions of the problem are not necessarily those enume
rated in items 1 and 2 of [190], but are any of (5), (6) and (7) above. 

Let f(x) be a function given in the interval (0, I) and let it be 
required to expand this in the form: 

/(*)= 2AnXnW- (32) 
n = \ 

We assume that this expansion is possible and that series (32) can 
be integrated term by term. The coefficients An can be found by 
virtue of the orthogonality of the functions 

X1(x)i X2{x), . . . , Xn{x), . . . 
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in the interval (0, I); for we shall now show that 

f Xn (x)Xm (x) dx = 0, if n^m. (33) 
d 

We do this by first noting that the Xn(x) satisfy equation (12) by 
definition, if the k there is replaced by km i.e. 

XV>(x) = k*Xn{z). 
We now have: 

X«> (x) = K Xn {x); Zfi? (x) = JcfnXm(x). (34) 
On multiplying the first equation by Xm(x) and the second by 

Xn(x), then subtracting and integrating from 0 to I with respect 
to x, we get: 

(kfn~kfl)^Xn(x)Xm(x)dx^ 
0 

= j" [JW (x) Xn (x) - X«> (x) Xm (x)] dx, (35) 

After this, we only have to show, in order to prove (33), that 

f' [X® (x) Xn (x) - X$ (*) Xm (x)] dx = 0, (36) 

since the factor (lc%, — &*) does not vanish for m =£ n. 
Integration by parts gives us: 

J I W (x) Xn (x) dx = X% (x) Xn (x) - J X%[x) X'n (x) dx = 
= X% (x) Xn (x) - X'm (x) X'„ (x) + $X"m {x) X'n (x) dx, 

and similarly: 
f IW (*) Xm (*) ds = X^" (*) Xm (x) - X'n X'm (x) + $X'n (x) X"m (x) dx, 
whence we readily deduce that 

J [(!«(x) Xn (x) - XM (x) Xm (x)] dx = 
0 

= [X% (x) Xn (x) - X'" {x) Xm (x)] \r.'0 -

- [X'm (x) X'n (x) - X"n (x) X'm (x)] \?J0. 
The right-hand side of this last equation contains the values at 

x = 0 and x = I of Xm(x), Xn(x) and their derivatives up to and 
including the third order, and whichever of conditions (5), (6) or (7) 
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we take, a vanishing factor is found in each term of the right-hand 
side. Thus equation (36) is proved, and with this the orthogonality 
expressed by (33). 

With m = n, integral (33) becomes 

In = §X*(x)dz (37) 

and is a well-defined constant which can readily be found in each 
particular case. We have, for instance, in case 1 [190]: 

/ 
Jn = J s m 2 —— da? = y . 

i t follows that if we change the system of functions Xx(x), X2(x), 
. . . , Xn(x) into the system 

* i ( * ) * i ( * ) Xn(x) 

we obtain a normalized as well as orthogonal system [148], i.e. the 
integral of the square of each function is unity. We return to the 
determination of the coefficients An of expansion (32). On multiplying 
both sides by Xm(x)t integrating with respect to x from 0 to I, and 
taking account of relationships (33) and (37), we find at once that 

whence 

Am = 

^f(z)Xm(x)dx = AmIm, 

i i 
^f(x)Xm(x)dx ^f(x)Xm(x)dx 

j X'm (*) dx 

We thus arrive at an expansion resembling a Fourier series, of an 
arbitrary function f(x): 

i 
U(x)Xn(x)dx 

f (*) = 2 AnXn(x), where An= -°-_ . (38) 
J *2n (x) dx 
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After what has been said, the determination of the constants an 

and bn in equations (31) presents no difficulty at all; we have, in 
fact, on replacing f(x) by cp(x) and (px{x) in (38): 

f <p (x) Xn (x) dx f <px (x) Xn (x) dx 
an = —t , &„ = - j . (39) 

^Xh(x)dx (on^X2
n(x)dx 

Substitution of all these in series (30) gives us the final solution 
of the problem. 

The forced vibrations of a rod are treated precisely as in the case 
of a string, except that the function f(x, t) is now expanded in functions 
Xn(x) instead of in sines. 

I t is clear from the above tha t the standing wave method is applicable 
with equal success to the vibrations both of strings and of rods. 
Whilst the method of characteristics is very useful in studying the 
vibrations of strings and the equation of telegraphy, it has not yet 
been applied with real success to equation (9). 

§ 20. Laplace's equation 

192, Harmonic functions. We consider in the present article partial 
differential equations of the form 

^ + _ 9 ^ + _9!E. = 0 ( i ) 
dx2 ' By2 ^ Bz* 

where U is a function of x, y, z. As already mentioned, (1) is known as 
Laplace's equation. We have also seen above that the left-hand 
side is written symbolically as AC/, this being described as Laplace's 
operator on the function U. We saw in [87] tha t equation (1) must 
be satisfied by the potential of a gravitational force or of the inter
action between electric charges at all points of space outside the 
attracting bodies or the charges which produce the field. 

An equation of type (1) was also encountered in [114], where it 
was satisfied by the velocity potential of the irrotational flow of an 
incompressible fluid. We proved in [117] that (1) must likewise be 
satisfied by the temperature in a homogeneous body if the heat 
exchange is stationary, i.e. the temperature U depends only on the 
position of the point and not on time. Similarly, our investigation 
of [118] of a stationary electromagnetic field led to Laplace's equation. 
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If U is independent of one coordinate, say z, equation (1) reduces to 

ft* + dy* ~ 0 , W 

In this case, U has the same value on any line parallel to the z 
axis, in other words, the values of U show the same variational picture 
on any plane parallel to the xy plane, so that only the latter plane 
need be considered. 

A function which is continuous, together with its derivatives up 
to the second order, in a volume (three-dimensional domain) (D) 
where it satisfies equation (1) is said to be harmonic in (D). The 
same term is applied in regard to equation (2) for a domain in the 
xy plane. We elucidate below some properties of harmonic functions. 

A function [7, in addition to satisfying equation (1), has usually 
to be subjected to certain boundary conditions in problems of mathe
matical physics. Initial conditions are naturally absent in the present 
case. Boundary value problems for equation (1) amount fundamentally 
to the following: to find a function which is harmonic in a domain (D) 
and the values of which are assigned on a surface (S) of the domain. 
This is generally known as Dirichlet9s problem. When we speak of the 
values of U "on a surface (S) of the domain' ' we understand the 
limiting values attained by U on approaching points of (S) from 
inside (D). The problem may be formulated more precisely as: to 
seek a function U which is harmonic inside (D) and is continuous 
over (D) including its boundary (S), the values of U being specified 
on (S). The function specified on (S) must naturally be continuous. 
We shall assume for simplicity that the boundary of (JD) is a single 
closed surface (S). I t may be noted that (D) can be finite or infinite. 
In the latter case, it lies outside (S). With a finite domain, we have 
an interior Dirichlet problem, and with an infinite domain, an exterior 
Dirichlet problem. The latter problem requires the further condition 
tha t the function tends to zero at an infinite distance, or as we 
usually say, vanishes at infinity. The boundary condition for Dirichlet's 
problem is written as 

U\iSi = f(M), (3) 
where f(M) is a continuous function given on the surface (S) and M 
is a variable point of (S). The interior Dirichlet problem is similarly 
stated in regard to equation (2) for a plane domain, the boundary 
condition consisting of a specification of U on the contour of the 
domain. The exterior Dirichlet problem on a plane requires the 
function to have a finite limit at an infinite distance. 
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We shall mention one other type of boundary condition, when the 
normal derivative is assigned on the surface (S): 

dU 
dn m = nm- (4) 

The task of finding a harmonic function satisfying this type of 
boundary condition is known as Neumann's problem. It is met with 
in hydrodynamics when considering the motion of a rigid body in 
an ideal incompressible fluid. Boundary condition (4) here expresses 
the equality of the normal components of velocity of a point M of 
surface (8) of the body and of the fluid particle adjacent to M. 
Neumann's problem can likewise be stated for equation (2). 

We shall derive some necessary formulae before passing on to 
elucidate the properties of harmonic functions. 

193. Green's formula. Let (D) be a finite domain bounded by a 
surface (S), and let U, V be two functions which are continuous and 
have continuous derivatives up to the second order inside (D) up to 
its boundary (8). We consider the integral: 

(D) (D) 

On using the obvious identity: 

dx dx ~~ dx[U dx) U dx* 
and the corresponding identities for dfdy and d/dzy we can write the 
integral as 

'-;//[£("£)+*(*£)+*ra*-in"'*-
(D) (D) 

We transform the first term on the right by using Ostrogradskii's 
formula: 

I = $$[u^cos{n,X) + U^rcos{n,Y) + 
(S) 

+ U %■ cos (n, Z)] d/S - J J | V A V dv 

(D) 

(S) (D) 

or [102]: 
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where (n) is the outward normal in respect to (D) at points of the 
surface (S). 

We thus arrive at what is known as Green's preliminary formula: 

J ) J [dx dx "T dy dy "^ dz dz ) a V — 

= fJfgradl7.gradFdt> = ^U^dS - J J Jc /AFdv . (5) 
(D) (S) (D) 

The left-hand side of this equation remains the same on interchang
ing U and V, so that the same must be true for the right-hand side, 
i.e. we can write: 

(S) (D) (S) (D) 

whence Green's formula is obtained in its final form: 

^(UAV-VAUXlv^ fftug-V^W. (6) 
(D) (S) 

We sometimes use the inward instead of the outward normal, in which 
case we only have to change the signs of the derivatives with respect 
to the normal on the right-hand side; thus Green's formula reads 
with the inward normal: 

JJJ(^F-FAl7)di,= JJ(F^-l7^)dfl. (6l) 

where ni is the normal direction into (Z>). 
The domain (D) can be bounded by a number of surfaces (S). 

Green's formula is applicable in this case except that the surface 
integral on the right has to be taken over all the surfaces bound
ing (D). It should be noted that the outward normal (n) from (D) 
is now directed into the surfaces that bound (D) from the inside [63]. 

As we have remarked, it is sufficient to require the continuity of 
functions C7, V and of their derivatives up to the second order as 
far as the surface (S) when deducing Green's formula (6). Certain 
demands must naturally be imposed on (S). We may fall back here 
on the conditions for which Ostrogradskii's formula was deduced [63]. 
These conditions amounted to the following: the surface (S) can be 
split up into a finite number of pieces such that there is a continuously 
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varying tangent plane on each piece as far as its boundary. Such a 
surface is said to be piecewise smooth. The boundaries of the pieces 
of surface in question must be piecewise smooth lines. This condition 

imposed on the surface can likewise be 
expressed analytically. 

An important practical corollary of 
Green's formula expresses the value of 
the function at any given point M0 inside 
(D) as the sum of a surface and a volume 
integral. Let the function U{M) be defined 
in the domain (D) and be continuous 
along with its derivatives up to the 
second order as far as (S). 

We apply Green's formula to this function and to the function 
V = 1/r, where r is the distance from a given point M0 inside (D) 
to a variable point M. The function V = 1/r becomes infinite if 
the point M coincides with M0, and we cannot apply Green's formula 
to the whole of (D). We isolate M0 with a small sphere of centre 
M0 and small radius q, and write (EQ) for the surface of this sphere 
and (Dj) for what is left of (D) after removing the sphere (Fig. 141). 
The functions U and V = 1/r have the required continuity in (Dx) 
and we can apply Green's formula to this domain, which gives us: 

FIG. 141 

U w 
dn 

(S) 

dU 
dn dS + dn 

dU 
dn dS, (7) 

<*e) 
the integration being carried out over both the surfaces (S) and 
(2*c) bounding (Dx). But, as we have seen, V = 1/r satisfies Laplace's 
equation, i.e. A(l/r) = 0 [119]. Furthermore, the normal n is in 
precisely the opposite direction to the radius r on the sphere (ZQ), 
so tha t the normal derivative in the integration over (UQ) is taken 
with the opposite sign to the derivative with respect to r. On taking 
all this into account, we can write (7) in the form: 

(Di) (S) 
u '(T) 

dn 
1 

du 
an dS + 

UdS 
(2e> 

(8) 
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We now let the radius Q of the sphere tend to zero. In this case, 
the first term in the last equation tends to the volume integral over 
the whole of (D) [86], The second term is independent of Q. We show 
that the third term tends to the limit ±n U(M0). Using the fact that 
r has the constant value q on (ZQ), we can write: 

^-^U(M)dS = jr\$U(M)dS. 

The mean value theorem gives us: 

±U(M)&S = ±U(MQ).47iQ* = 47zU(MQ), 

where MQ is a point on the surface of (£Q). This point tends to M0 

as Q -> 0, whence it is clear that the above expression tends to 
4c7C U(MQ). Similarly, application of the mean value theorem to the 
last term gives us: 

-IW—rH 
(V <*y 

— dS = — — — dn Q dn MD 

4 ^ 2 = - -sr 
8£ 
dn M, 

4:7ZQ. 

The first order derivative of U with respect to any direction remains 
bounded as MQ tends to MQ, since by hypothesis U has continuous 
derivatives up to the second order everywhere inside (D). The factor 
4:71 g tends to zero as g-> 0. Hence it is clear that the last term in 
equation (8) tends to zero. The limit of equation (8) finally gives the 
required corollary of Green's formula: 

m^\ 
(D) (S) 

i du 
r dn dS + ±nU{M0)=0 

or 

*(*.)=£ i du L T
8 ( T ) 

r dn dn 
(S) 

We notice once more that this formula is valid for any function U 
which is continuous and has continuous derivatives to the second 
order in the domain (D) as far as (S). 

Similar formulae are applicable in the case of a plane. We shall 
state these without dwelling on their proof. Let (B) be a plane domain 
with contour (Z), and let n be the outward normal with respect to (B) 
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to the contour. In the case of a plane, Laplace's operator takes the 
form in Cartesian coordinates: 

u &r* ^ By* 

The formula for a plane corresponding to (6) runs: 

tf{UAV-VAU)dS = S(U%r-V™.)ds. (10) 
(B) (0 

There is no complete analogy in regard to expression (9) since it is 
essential for (9) that the function 1/r satisfies Laplace's equation. 
This is not true on a plane, and instead of 1/r we have to take a 
solution of Laplace's equation of the form log r or log (1/r) = —log r, 
where r is the distance from any fixed point of the plane to a variable 
point M. Thus instead of (9), we have the formula on a plane: 

U(M0)=i^[u^l-logr^]as + ^ ^ AU.logrd8, (11) 
(0 (B) 

where M0 is any fixed point inside (B) and r is the distance of a variable 
point M from M0. 

It may be noticed that the triple integral in expression (9) is 
improper, since the integrand becomes infinite at the point M0. The 
integral is obviously convergent, however, since the absolute value 
of the integrand is less that kfrp with p = 1. A similar remark applies 
in the case of expression (11). 

194. The fundamental properties of harmonic functions. We take a 
function U, harmonic in a bounded domain (D) with surface (S). 
On assuming that U and its derivatives to the second order are 
continuous as far as (S), we can apply Green's formula (6) to U and 
the harmonic function 7 = 1, and obtain, since AF = A(l) = 0 
and 8(l)/8 n = 0: 

(S) 

which gives us the first property of harmonic functions: the integral 
of the normal derivative of a harmonic function over the surface of the 
domain is zero. 
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If we apply expression (9) to the harmonic function U, we obtain, 
since Ai7 = 0: 

U(M0)= 1 
JJ lr dn U dn 
(S) 

(13) 

Hence we have a second property of harmonic functions: the value 
of a harmonic function at any interior point of the domain is expressed 
by equation (13) in terms of the values of the function and its normal 
derivative on the surface of the domain. 

We remark that the integrals in (12) and (13) do not contain second 
order derivatives of U. In order to apply these formulae, it is sufficient 
to assume continuity of the harmonic function and its first order 
derivate as far as (S). This may be seen simply by applying a slight 
contraction to the surface (8) and writing (12) and (13) for the con
tracted domain (D') in which there is continuity of the second order 
derivatives as far as the boundary surface; we then pass to the limit 
on expanding (D') back to (D). The contraction can be accomplished, 
say, by adding the same small length d to the inward normal at each 
point of (S). The ends of the added lengths form the new (contracted) 
surface. The surface (8) must be such that , for all sufficiently small <5, 
the operation described leads to a surface which does not cut itself 
and which is piecewise smooth [193]. This matter is treated in 
more detail in Volume IV. 

We shall apply (13) to a particular type of domain — a sphere 
of radius B and centre M0; we assume, of course, tha t the function U 
is harmonic in the sphere and tha t both U and its first order derivatives 
are continuous as far as its surface (2^). 

In this case, the outward normal n has the same direction as the 
radius of the sphere, so tha t we have: 

'(T) _ •&) 
dn 3r r2 ' 

and equation (13) gives: 

But r has the constant value B on the surface ER of the sphere, 
so that : 

(ZB) (ZB) 
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or, by (12). we can finally write 

II Uds 

This formula expresses a third property of harmonic functions: 
the value of a harmonic function at the centre of a sphere is equal to the 
arithmetic mean of its values on the surface of the sphere, i.e. is equal 
to its integral over the surface divided by the surface area. 

This leads us almost at once to a fourth property of harmonic 
functions: 

A function which is continuous as far as the boundary of a domain 
and is harmonic in the interior attains its greatest and least value only 
on the boundary, unless the function is a constant. We give a detailed 
proof of this proposition. Let U(M) attain its greatest value at some 
interior point M1 of the domain D where U(M) is harmonic. We draw 
a sphere EQ with radius q and centre M1 so that it belongs to D, 
then we apply (14) and change the integrand U to its greatest value 
[7<max) on ZQ. We thus get 

U {MJ < C7<G
max>, 

the sign of equality only being obtained in the case when U is con
stant on EQ and equal to U(M1). Inasmuch as U{M^ is the greatest 
value of U(M) in D by hypothesis, we must in fact obtain the sign 
of equality, so tha t we can say tha t U(M) is constant inside and on 
the surface of every sphere with centre Mx belonging to D. We show 
tha t it follows tha t U(M) is constant throughout D. 

Let N be any interior point of D. We have to show that U(N) = 
= JJ{M^). We join Mx and N by a line of finite length, say by a step-
line, which lies inside D, and we let d be the shortest distance from 
this line I to the boundary 8 of D (d is a positive number). By what 
has been proved above, U(M) is equal to the constant U(M^) on a 
sphere with centre M1 and radius d. Let M2 be the last point of 
intersection, reckoning from Mv of the line I with the surface of this 
sphere. We have U(M2) = ZJ(M^), and by what was proved above, 
U(M) is also equal to the constant U(M^) on the sphere with centre 
M2 and radius d. Let ilf3 be the last point of intersection of I with 
this sphere. As above, the function U(M) is equal to the constant 
U{M^) on the sphere with centre Mz and radius d, and so on. By con
structing a finite number of such spheres, we can verify that U(N) = 
= U{M^, which is what we had to prove. I t can also be shown tha t 
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U(M) can have neither maxima nor minima inside D. By using the 
demonstrated properties of harmonic functions, it is very easily 
shown tha t the interior Dirichlet problem, mentioned in [185], can 
have only one solution. In fact, if we suppose tha t two solutions UX(M) 
and U2(M) exist, harmonic inside D and having the same boundary 
values f{M) on the boundary S of D, the difference V(M) = U^M) — 
— U2(M) will also satisfy Laplace's equation inside D, so that this 
is also a harmonic function, with a boundary value of zero everywhere 
on S. Hence it follows directly from what has been proved above 
tha t V(M) is identically zero throughout D, since otherwise it would 
have to attain a positive greatest, value or negative least value inside 
D, which is impossible. Two solutions U^M) and U2(M) of Dirichlet's 
problem must thus coincide throughout D. The uniqueness of the 
solution of the exterior Dirichlet problem is similarly proved, on 
taking into account the vanishing by hypothesis of harmonic functions 
at infinity. 

Precisely analogous properties are obtained for harmonic functions 
on a plane. We have here, instead of (13): 

lW-iJ-(^--log,-g.)d8, (.5) 
/ 

whilst the mean value theorem takes the form: 

UiMo) = ^wjUds, (16) 

where XR is the circle of radius i? and centre M0. For the exterior 
Dirichlet problem, we require only the existence of a finite limit at 
infinity, and not vanishing, as in the three-dimensional case, whilst 
the proof of uniqueness is different from that given above. The 
required proof will be found in Volume IV, where we consider the 
Dirichlet and Neumann problems in more detail. 

We now notice that any constant is a harmonic function satisfying 
the boundary condition: 

whence it follows that the addition of an arbitrary constant does not 
affect the solution of Neumann's problem with given boundary 
values of dU/dn, i.e. the solution is defined to within an arbitrary 
constant. I t also follows from equation (12) that the function f(M) 
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appearing in the boundary condition of the interior Dirichlet problem 
cannot be arbitrary, but must satisfy the condition: 

S$f(M)dS = 0. 
s 

I t may further be [noted in conclusion tha t expression (13) still 
holds in the case when U(M) is a harmonic function in an infinite 
domain, consisting of the part of space outside the surface S. Here, 
we only have to make a hypothesis about the order of smallness of 
U(M) at infinity, i.e. when the point M becomes infinitely remote 
I t is sufficient (and necessary) to assume the validity at infinity 
of the inequalities 

R\U(M)\<A; R*\ dL'&) \ < A > (*} 

where R is the distance of M from the origin or any other fixed point 
of space, A is a numerical constant, and I is an arbitrary direction 
in space. To prove relationship (13) for an infinite domain with the 
conditions indicated, we simply apply it for the finite domain bounded 
by the surface S and by a sphere of sufficiently large radius with centre 
at say MQ. As the radius tends to infinity, the integral over the 
spherical surface tends to zero in view of the conditions stated above, 
and we obtain (13) for any point MQ lying outside 8. As we shall see 
in Volume IV, conditions (*) are certainly satisfied if U(M) tends 
to zero as M moves to infinity. 

195. The solution of Dirichlet's problem for a circle. We saw in the 
previous section tha t the solution of Dirichlet's problem is unique. 
However, we do not yet know if a solution in general exists. We shall 
confine ourselves to particular cases and shall not consider existence 
in the general case. Various methods of solution will be used, and we 
start with the plane case. 

Let it be required to find a function, harmonic inside a circle and 
taking previously assigned values on the circumference. Let R be 
the radius of the circle, and let the centre be taken as coordinate 
origin. The boundary values given on the circumference will now 
represent some known continuous function f(9) of the polar angle on 
the circumference. We take a variable point M with polar coordinates 
(r, 6) inside the circle. The required function must satisfy Laplace's 
equation [119]: 

dr [r dr ) + r 80* ~~ U 



195] THE SOLUTION- OP DIRICHLET'S PROBLEM FOR A CIRCLE 579 

or 
mj_ 8 £ + *IL = 0 (17) 

We apply Fourier's method here and seek the solution of (17) as 
the product of a function of 0 only and a function of r only: 

J7 = Z(0)-co(r) . (18> 

We substitute this expression in (17): 

r2to" (r) x(0) + r o>' (r) % (6) + X» (0) co(r) = 0 
or 

X"(8) __ r2a>" (r) + no' (r) 
X (6) «> (r) (18i> 

The left-hand side of this last equation contains only the inde
pendent variable 0, and the right-hand side contains only r, so tha t 
both sides must be equal to the same constant which we can writ& 
as (—A;2). We thus get two equations: 

X* {0) + k2X (9) = 0 and r2to" (r) + rco' (r) — k2co (r) = 0. 

The first of these gives, for k # 0: 

X (0) = A cos£0 + Bsinfcfl. 

The second is Euler's equation [92]. We seek its solution as a>(r) =■ 
rm: 

r2 • m (m — 1) rm~2 + rmr™-1 — k2rm = 0 , 

whence we obtain on cancelling rm : m2 — k2 = 0, i.e. m = ±&, so 
that the general solution becomes: 

co (r) = Crk + Dr~\ 

provided the constant k differs from zero. Substitution in expression 
(18) gives us for U: 

U = {A cos kO + B sin kd) (Crk + Dr~k). (19) 

With k = 0, we have the equations: 

f (Q) = 0 and rco" (r) + co' (r) = 0, 

from which we readily find that 

U = (A + BO) (C + Dlogr). (19x> 
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We now proceed to determine the constants A, BtC,D and k appear
ing in expressions (19) and (19x). We notice that the addition of 2n 
to the angle 9 is equivalent to a rotation about the origin, in the 
course of which the single-valued function U(rf 9) must return to its 
initial value. Thus the first factor of (19), depending on 0, must be 
periodic in 9 and of period 2n. I t follows that the constant k can only 
take integral values, k = ± 1 , ± 2 , ± 3 , . . . , ± n , . . . 

But if we substitute k = n or k = — ft in (19), the result obtained 
must be essentially the same in view of the arbitrariness of the 
coefficient B, so that we can confine ourselves to positive integral 
values of k (the characteristic numbers of the problem), i.e. k = n 
( n = l , 2, 3, . . . ) . 

The periodicity of solution (19x) requires the vanishing of the 
constant B. We thus arrive at the following solutions: 

Vn (r, 0) = (An cos nO + Bn sin nd) (Cnrn + Dnr-n) (n = 1, 2 , . . .) 

U0(r,0) = A0{C0 + D0logr), 

where the constants have been provided with subscripts since they 
can be different for different values of n. Turning now to the second 
factor, tha t depends on r, we notice that the solution has to be finite 
and continuous at the centre of the circle, i.e. for r = 0. This implies 
tha t the constant DQ and all the Dn have to be put equal to zero. 
On writing An for the arbitrary constants AnCn, and similarly Bn 

for BnCn and A0j2 for A0C0, we can express the solutions as 

Un(r, 0) = (An cos nd + Bnsmnd)rn (n = 1, 2, . . . )> 

Uo{r,0) = -£-. 
Since Laplace's equation is homogeneous and linear, the sum of 

these solutions will also be a solution, i.e. we arrive at the solution as: 

U (r, 0) = ^ L + J £ (An cos 6 + Bn sin nO)rn. (20) 

We now determine the arbitrary constants An and Bn in accordance 
with the given boundary condition: 

U{r,0)\r_R = f(6), (21) 

where f(6) is a continuous function given in the interval (— n < 9 < n) 
and f( — n) = f(n). 
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This condition gives 

/ (0) = 4f- + j? (An cos nd + Bn sin nQ) Rn. (22) 
n = l 

I t is clear from this that AnRn and BnRn are the Fourier coefficients 
of f(Q) in an interval of length 2TT, say in the interval (—jr, n). On 
evaluating these from the familiar formulae 

An = - ^ § f(t)eosntdt; Bn = - 1 - J f(t)amntdt (23) 

and substituting the values obtained in equation (2^, we get the 
required solution of Diriehlet's problem. 

On comparing Fourier series (22) with the solution as expressed 
by (20), we can state the result obtained as follows: the solution of 
Dirichlet9s problem for a circle is obtained by writing down the Fourier 
series for the boundary values f(6) and multiplying the(n + l)-th term 
by (rlR)n. 

The solution can be expressed as a definite integral instead of by 
the infinite series (20). We substitute expressions (23) for the coeffi
cients in (20): 

— n —n 
or 

U<r' 0) = i J f® I1 + 2 2 (IT) cos»(* - 0)] At. 

Formula (14) of [I, 174] gives immediately: 

l + 2 J ? r " c o 8 n y = r 2 _ 2
1

r - ; ' (0 < r < 1). ( 2 4> 
n = l T ' 

On replacing r by r/R and (p by (t — 0), we finally get the following 
expression for U(r, 6): 

U(r, 6)=^) f(t)Ri_2rZ:<;i_e) + r^, (25) 
— n 

I t may be pointed out tha t if we wrote (+k2) instead of (—k2) for 
both sides of equation (18^, we should have (Aeke -f- Be~ke) instead 
of (A cos k6 + B sin kO) in expression (19), and the exponential 
expression is not periodic for any real k. 
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We have assumed in deducing formula (25) that a solution of the 
Uirichlet problem, i.e. a function U(r, 6), exists. Moreover, we have 
made use of the Fourier expansion (22) of f(0), which is not necessarily-
valid, and we have substituted r = R directly in this expansion. 
All this obliges us to check formula (25), i.e. we have to show that 
the integral on the right-hand side yields a harmonic function inside 
the circle r < R and that f(9) gives the boundary values of this 
function on the circumference. We generally refer to the integral in 
(25) as a Poisson integral. 

196. Poisson integrals. We shall take the radius R of the circle as 
unity in this section so as to simplify the writing; in this case, (25) 
takes the form 

V(r,8) = ± ) / W _ _ L ^ _ _ d « . (26) 

The integral yields a function of r and 0, since the second factor of 
its integrand, 

1 — r1 

l-2r cos (t - 0) + r* (27) 

contains the parameters r and 0 in addition to the variable of integra
tion t. This second factor has a period of 2n with respect to 0, and 
the same is therefore true of function (26). I t follows from the obvious 
inequality 1 — 2r cos (t — 0) + r2 > 1 — 2r + r2 = (1 — r)2 that (27) 
and its derivatives of any order are continuous functions of r and 9 
for 0 < r < 1. This means tha t the integral of (26) can be differentiated 
with respect to r and 9 under the integral sign [80], and this can only 
concern the factor (27). But it is easily shown by using the expression 
for Laplace's operator in polar coordinates [119] tha t (27) satisfies 
Laplace's equation. I t follows at once from this that expression (26) 
defines a function U(r, 9) which is harmonic for r < 1. An important 
part of the proof still remains: to show tha t U(r, 9) is equal to f(9) 
on the circumference r = 1. 

We remark first of all tha t the harmonic function U(r, 9) is identi
cally equal to unity if we set f(t) = 1 in (26), in other words: 

1 - — f l~r* dt (28) 
1 "~ 2n J l -2 rcos (* -0 ) -{ - r 2 



196] POISSON INTEGRALS 583 

The proof is as follows. We have from (24): 

the series on the right being uniformly convergent in regard to t, 
since its terms do not exceed 2rn in absolute value. On integrating 
term by term with respect to t, we obtain (28). 

Function f(t) is defined on the circumference r = 1 and has period 
2TT, i.e. /( — n) = f(n). We continue it outside the interval (-— jr, n) 
in a periodic manner so as to get a continuous function f(t) of period 
2% in the interval - c o < t < + ° ° . 

We introduce a new variable of integration cp = t — 0 in place of t, 
so that £ = 9? + 0 and d/ = d<p. On taking account of the periodicity 
of f(t) and cos (t — 0), we can retain the original interval of integration 
( — Tty n) [142] and write: 

Let the point (r, 0) tend to (1, 0O) on the circumference. We have 
to show that, with this, 

l imt f (r , f l )= / (0 o ) . 

We carry out the change of variable in the integral of (28), multiply 
both sides of the equation by /(0O)> a n ( i subtract the equation obtained 
from equation (29): 

U (r, d) - f (0o) = - i - ) [f(9 + 0) ~ t (».)] 1 _ 2 ; c ^ + ra d*- (30) 
— n 

We now want to show that the integral on the right tends to zero 
as r —>■ 1 and 0 —> 0O, i.e. that its absolute value is as small as desired 
for r sufficiently close to unity and 0 to 0O. For any given positive e, 
an rj can be found such that in the interval — r\ < cp < r\, 

\f(<P + 0)-f(0o)\<i (31) 

for all 6 sufficiently close to 00. We divide the interval of integration 
in (30) into three parts: 

( — 71, —ri),(—y,v),(ti,n). (32) 
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We consider the absolute value of the integral over the second 
part: 

-n 

On noticing that the fraction in the integrand is positive, replacing 
the difference term by its absolute value, and using (31), we get: 

+ v 
I 7 I ^ € l f 1 ~ r* J 
l I * \ < - 2 ' ^ J l - 2 r c o s 9 , + r ' d ^ 

— 17 

or, on widening the interval of integration: 

— 71 

whence, in view of (28): 

1*2 I < i- (33) 

We now consider the integral over the first of intervals (32). 
We have cos cp < cos rj in this interval, so that 

1 — 2r cos cp + r2 > 1 — 2r cos r\ + r2 = (1 — r)2 + 2r (1 — cos rj) 

or 
1 — 2r cos cp + r2 > 4r sin2 4r. 

The absolute value of the difference [f{y + 0) — f(90)] does not 
exceed some fixed positive number M, since f(t) is a continuous 
periodic function. We can thus write for the integral over the first 
interval: 

\h\< M
 q ( l - I * ) ! * - 3 ) . 

Snr sin2 ~ 
Z 

whilst a similar inequality is obtained for the integral over the third 
of intervals (32). The right-hand side of this inequality tends to 
zero as r->- 1, so that the sum of the integrals over the first and 
third intervals has an absolute value less than e/2 for all r sufficiently 
close to unity. If we take into account (33) and the arbitrary smallness 
of e, we can say that the right-hand side of equation (30) in fact tends 
to zero as r -> 1 and 9 -*- 0O. 
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The connection between the integral expression (26) and the Fourier 
series for f(6) should be noticed. The Fourier series is of the form (22), 
where for the moment we put R = 1: 

4 1 + 2 (Ancosn0 + J3nsin7*0), (34) 

the coefficients being defined by (23) with R = 1. If, for instance, 
f(6) satisfies Dirichlet conditions [143], series (34) is convergent for 
all 6. We cannot assert this in the general case of a continuous function. 
We can always say, however, tha t An and Bn -> 0 as n -> oo, so that 
the series 

4r+ y> (Ancosnd + Bnsinnd)rn (35) 

converges for r < 1, and as is clear from [195], the sum of the series 
in fact gives function (26). I t also turns out tha t the sum of series (35) 
tends to f(6) as r - > 1, i.e. the sum tends to the function from which 
the Fourier series (34) originated, although this latter series may in 
fact be divergent. 

We apply this idea to any series, say 

j?«n- (36) 

If this series is convergent to the sum s, Abel's theorems regarding 
power series [I, 148] show that the series 

<o(r)=2unrn (3 7) 
n=0 

is convergent for 0 < r < 1, and in view of its uniform convergence 
in the interval 0 < r < 1 [I, 149], we have: 

lim a>(r) = s. (38) 
r^l—O 

I t may happen, however, tha t series (36) is divergent, whilst 
series (37) converges for 0 < r < 1 and a>(r) has a limit as r -> 1 — 0, 
i.e. (38) is valid. In this case, s is called the generalized sum of divergent 
series (36) in Abel's sense, and we refer to an Abelian summation 
of (36). I t follows at once from what has been said that the generalized 
sum exists for convergent series and is the same as the ordinary sum. 

The results obtained above in regard to Poisson's integral can be 
stated thus: the Fourier series of a continuous periodic function f(0) 
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has an Abelian summation for any 0 and a generalized sum equal to f(0). 
I t should be noticed that , in investigating the Poisson integral, the 
point (r, 0) has tended to (1, 0O) in any manner, and not necessarily 
along a radius. 

Let us suppose tha t r > 1 in integral (26). We may verify, exactly 
as above, tha t (26) yields a harmonic function outside the circle r = 1. 
We investigate its boundary values by rewriting it in the form: 

U ^ 0) = - i f /W 1 — TTV dL (26*> 
-* i-2TooB(*-e) + (i-J 

This new integral is the same as (26), provided we replace the r 
in the latter by 1/r, whilst we have 1/r < 1 since r > 1. Thus all 
our previous discussion is applicable, on changing r to 1/r, to the 
integral (26x), which therefore tends to /(0O) as the point (r, 0) tends 
to (1, 0O) from outside the circle. Hence we can say tha t the function 

+n 

V(r,e) = ±Sf(t) ^ ^ V ^ , * 
—n 

gives the solution of Dirichlet's problem with boundary values /(0) 
for the part of the plane lying outside the circle r = 1. As is evident 
from the last expression, the function V(r, 0) has a finite limit when 
the point (r, 0) becomes infinitely remote: 

lim F(r,0) = i j / ( ( ) d « . 

As we remarked above, the solution U{M) of the Dirichlet problem 
for an infinite part of the plane lying outside a closed contour I is 
unique if we assume tha t the required function tends to a finite limit 
when the point M is a t an infinite distance (cf. Volume IV). 

197. Dirichlet's problem for a sphere. Let R be the radius of a 
sphere (S) and let f{M') be the given boundary value of a harmonic 
function on the surface of the sphere, M' being a variable point of 
the surface. We assume that the function f(M') is continuous on the 
surface of the sphere. 

Let r denote the distance of a variable point M of space from an 
arbitrary fixed point M0 inside (E). In addition to M0, we take the 



197] DIRIOHLET'S PROBLEM FOR A SPHERE 587 

point Mx lying on the produced radius OM0 of the sphere and such 
tha t (Fig. 142): 

OM0.~OM1 = R*. (39) 
The point Mx outside the sphere is sometimes said to be symmetrical 

to M0 with respect to (E). Let r± denote the distance of the variable 
point M from Mv If M lies at M' on the surface of {Z)> r and rx are 
connected by a simple relationship which we shall now deduce. The 
triangles OM0 M' and OM1 M' are similar, since they have a common 
angle with vertex a t 0 and the sides ^ 
forming this angle are proportional 
by (39). I t follows from their 
similarity that 

\M0M'\ \OM0\ r _ \OM0\ 
\MXM'\ \OM'\ rx R 

whence 

■h-ir-r- <"°> 

FIG. 142 

where Q = | OM0 | is the length of 
the radius vector from the centre 
of the sphere to M0. Since M1 lies 
outside the sphere, l/rx does not 
become infinite inside the sphere and therefore represents a harmonic 
function inside it [119]. Equation (40) gives the boundary values of 
this function on the surface of the sphere. Let U(M) be the solution 
of the Dirichlet problem. Equation (13) gives: 

„ 1 

vW-iJM^-u^fas. (4i) 
On the other hand, we find on applying expression (6) to the harmonic 

functions U and V = \jrx: 

dU Ud-£-)dS. (42) - l i f e dn dn 

On multiplying both sides of (42) by the constant RJ^TIQ and sub
tracting from (41), we can eliminate dU[dn by using (40): 

U{M0)= l 

(2) 
JJ L e 3" 9w dS. 
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The given function f{M') represents the values of U on (27), so 
that we can write the above as 

U{M0) = 4:71 J f(M') 
<*> 

•ft) °t) 
dn dn as. (43) 

This is in fact the solution of the Dirichlet problem for a sphere 
since the integrand is known. We shall put the difference in square 
brackets in another form. We first remark tha t the surfaces r = const. 
are spheres with centre M0, so that grad r is a unit vector in the 
direction MQM> and consequently, 

dr_ 
dn = gradn r = cos (r, n) 

and 

Similarly, 
9n 

■ft). . 
9n 

cos (rx, n ) , 

where the r and rx in the cosines denote the directions M0M and 
MXM' This gives: 

-•ft) •£) . 
dn dn-^TrCOB^n) E 

OT r cos (r1? 7i). (44) 

On introducing ^ = | 0311 | = i?2/e> w e c a n w r i t e fr°m triangles 
OM'M0 and OM'M^. 

Q2=zs2 + r2 — 2Br cos (r, rc) ; g[ = B2 + r\ — 2Br1 cos (rv n). 

Having thus determined cos (r, n) and cos (rv n), substitution in 
equation (44) gives us, in view of (40) and the definition of QX: 

R •ft) »(r) 
JSr3 

Q dn dn 

so that we can now write (43) as: 

(X) 

(45) 
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Alternatively, if we bring in the angle y formed by the radius vector 
OMo with the variable radius vector OM\ the angular spherical 
coordinates (0', cp') of the point M', and the spherical coordinates 
(Q0, 0O, (p0) of M0 with the origin at 0 , we can write: 

0 0 

This integral form of U(M0) is analogous to the Poisson integral 
obtained in the case of a plane. To prove that the integral appearing 
in (45) yields a harmonic function, it is sufficient to show that the 
fraction (R2 — Q2)/r* is a harmonic function of M0 for fixed M'. 
We introduce spherical coordinates with the origin at M' and the z 
axis directed from M' to 0 and with the usual notation of 0 — L OM'M^. 
We now have: 

R* — Q2 _ 2R cos 6 _ J^ 

We find on substituting the right-hand side above in the spherical 
coordinate form of Laplace's equation that we in fact have a harmonic 
function of the point M0. We now show that, for any position of M0 

inside the sphere: 

We take spherical coordinates with the origin at 0 and the z axis 
directed from 0 to M0, with in this case 0 = L M0 OM' and r2 = 
= R2 — 2R g cos 0 + Q2. The integral in equation (*) becomes 

2?r n 
R* — Q2 f f ift sin 6 dO dtp _ 

±nR J J (R* — 2RQ COS 0 + Q*)*I* ~~ 
0 0 

— 2 J (#2 — 2gi? cos e + g2)»'a ~~ 
0 

= " ^ r ^ (R2 ~ 2eR cos e + e2)"1'211"° 
whence, if we take into account the fact that Q < R, we get expres
sion (*): 

-J-ffg-g,ag- *2-g2f * *-)-i 
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The further proof of the fact tha t integral (45) has boundary 
values f{M) on the sphere proceeds as in the case of the Poisson 
integral. 

The solution of the exterior Dirichlet problem with boundary 
values f(M') is given by: 

U <*•> = !kll\ttM')£^lS (45l) 
or 

2n n 

ufe,Kn)=^\ J7<«-,V) (J?i-2S7ofy+e»rsin6'd6'd(p'' (46l) 
0 0 

where g = | OM0 |, r = | M0M' | and y = L M0 OM\ whilst here 
Q > R, I t may be shown as above tha t the integral of (45x) yields a 
harmonic function outside the sphere. To verify that U(MQ) has the 
boundary values f(M), we rewrite (46x) as: 

u (e, 0O> %) = 

0 0 

where g' = g"1 and JB' = R-1. With this, we have g ' < R\ and 
when the point (q, 0O, cp0) tends to M(Ry Q, <p), lying on the sphere 
^> (£?'> ô> ^o) tends to (R'f 0, 99). We have, from the result obtained 
for the interior of the sphere: 

£ j J"/^ ̂  (*• - *£r~£v + e ^ slne'd9' W^f W' 
0 0 

and we can say, since p' —> R\ tha t the right-hand side of (462) in 
fact tends to f{M), as we wished to prove. I t should also be noticed 
that , by (46!), U(g, 0O, <p0) tends to zero when M0 is a t an infinite 
distance, i.e. when g -> 00. This follows from the fact that the numera
tor in the integrand of (46x) contains g2, whilst the denominator is 
clearly of order gz. 

198. Green's function. The solution of the general case of the interior Dirichlet 
problem for any surface (S) may be deduced from the above solution for the 
spherical case. Expression (13) does not give the solution directly since dU/dn 
appears under the sign of the double integral, in addition to U itself, the 
values of which are known on the surface. To solve the problem, we have to 
eliminate the derivative. Let M0 be a fixed point inside (S). Let QX(M; M0) 
be a known function with the following two properties: (1) considered as a 
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function of the variable point ikf, it is harmonic inside (S); (2) its boundary 
value on (S) is 1/r, where r is the distance from the variable point of {S) to M0. 
Let U(M) be the required solution of the Dirichlet problem. We can write, on 
applying (6) to the harmonic functions U(M) and Gt(M; M0): 

0-jj[u{M) 9 g ' ^ M°> -OAM; M 0 ) ^ ] d f i , 
(S) 

or in view of the boundary value of Ox(M\ M0): 

(S) 

On multiplying this equation by TI/4 and adding to (13), we get: 

U (Mo) = - iJ7u {M) "sr [T " Gl (M; M o ) ] d 5 , (47> 

This gives the solution of the Dirichlet problem, if GX(M; M0) is known. 
The difference in square brackets: 

G (M ; M0) = — — Gx (M ; M0) , (48> 
r 

is known as the Green Junction for the domain bounded by (S) with pole at M0. 
Two basic properties of Green functions follow from the definition of GX(M; M0): 

1. G(M; M 0) is harmonic inside (S) except a t the point M0 where it becomes 
infinite; whereas the difference G(M; M0) — 1/r remains finite and is harmonic 
everywhere inside (S). 

2. G(M; M0) has zero boundary values on (S). 
If we place a unit positive electric charge at M0 and look on (S) as a conduct

ing surface joined to earth, Green's function G(M; M0) gives the electrostatic 
potential of the field obtained inside (S). 

In the case of a sphere, QX(M; M0) is equal to (R/Q) • \jrx from (40), and Green's 
function becomes: 

0(M; M„)=i--4™ (49) 
r Q rx 

We have obtained (47) by using (13) and applying Green's integral formula 
to U(M) and QX(M\ M0). This procedure requires special proof, involving an 
investigation of the behaviour of the derivatives on approaching the surface 
(S). A rigorous proof of (47) with wide assumptions regarding the surface (S) 
and the function U(M) on (S) was first given by A. M. Lyapunov. 

We have a precisely analogous formula for the solution of the interior Dirichlet 
problem in the plane case: 

U (M0) = - ^ J u {M) <»<% *•> d. . (48J 
/ 

where the Green function G(M; M0) for the domain with contour I and pole a t 
M0 must have the following two properties: 
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1. 0(M; M0) is harmonic inside (I) except at M0, where it becomes infinite; 
whereas the difference 0(M; M0) — log 1/r is harmonic at all interior points 
including M0. 

2. Q(M; M0) is zero on the contour (Z). 
It may readily be seen that only one function can exist with these two pro

perties. If there were two, say 0^(M; M0) and 0^(M; M0), their difference 
would be harmonic everywhere inside S or I and would be zero on these bound
aries, i.e. it would be identically zero inside S or I. 

199. The case of a half-space. As an example of the application of (47), 
we consider the Dirichlet problem for a half-space. We require to find the func
tion U(x, y, z) which is harmonic in the half-space z > 0 and has known 
boundary values f(x, y) on the plane z = 0: 

U\z„0 = f(x,y). (50) 

Let r be the distance of a variable point M from the point M0(x0, yQ, z0), 
where z0 > 0, and rx be the distance of M from MQ(x0, y0, — z0), the symmetrical 
point to M 0 with respect to the plane z = 0. The fraction l/rx is a harmonic 
function of M in the half-space z > 0, since M0 lies outside this region. If M 
lies on the plane z = 0, obviously, 1/rj = 1/r. Green's function becomes here: 

G(M; M0) = - - = 

Y(x - xQY + (y- 2/0)2 + (z - z 0 ) 2 ft* - *o)* + (?/ - l/o)2 + (« + *o)2 

From the point of view of the half-space, the outward normal to the plane 
z = 0 is in the opposite direction to the z axis, i.e. d/dn = — 9/9z, and (47) gives: 

-f- oo - f °° 

U (x0, t/0, z0) = — j j / (x, y) - 7 g | -
— oo — oo 

Y(x - x0)* + (y — y0)2 + («—«o)f 

] dxdy. 
2-0 Y(X — XQ)2 + {y _ y o ) l + (JB + 2o)2 

We have to put z = 0 after differentiating the square bracket. Some simple 
working eventually gives us: 

-f- oo + °° 

— oo —oo 

We shall not verify that the right-hand side represents a harmonic function 
and has limiting values f(x, y) when (x0, y0, z0) tends to (x, y, 0). Infinitely 
remote points he on the surface of the domain in the present case, and it may 
readily be seen that the solution has the following property: iff(x, y) is continu
ous at infinity, i.e. has a definite finite limit a as the point (x, y) moves to 
infinity on the plane z = 0, U(x0, y0y z0) has the same limit a as (xQi y0i z0) 
moves to an infinite distance in any manner in the half-plane z > 0. 
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In other words, our solution has the required boundary values even for infini
tely remote points of the plane provided f(x, y) is continuous at these points. 

In the same way, solution of the Dirichlet problem for the half-plane y > 0 
leads to a Green function of the form: 

log log = l o g — = log , 
r r i Y(x - xQy + (y- y0y y(x-Xo)t + (y + yo)2 

and with boundary values 

U !,_„ = / (*), (52> 
(48^ gives the solution as 

U (x0y y0) ■■ n J (x — x0y + y% 

The detailed treatment of Neumann's problem is left over to Volume IV-

20(h Potential of a distributed mass. We take the non-homogeneous 
Laplace equation 

■ P " + -tyT + SJT = V 1*>V'*) (54> 

in a finite domain D with a surface 8. The general solution consists 
of the sum of some particular solution and a function harmonic in D. 
Let a solution exist to which (9) is applicable. Since the derivative 
of 1/r with respect to any fixed direction satisfies Laplace's equation, 
the integrand in the surface integral of (9) and the integral itself 
are harmonic in D. Thus the triple integral in (9) must satisfy equation 
(54). But by (54), the A£7 in the triple integral can be replaced b y 
cp(x, y, z), so tha t we have as a particular solution of (54): 

U{z,y,2) = -^JS*J^dv (55) 

r = Y(f - xy + (rj- y)2 + (C - z)2 . 

We have obtained this result on the assumption that (54) has a 
solution to which (9) is applicable. A full solution of the problem 
requires a more detailed consideration of the volume potential (55) 
with definite assumptions regarding cp(N). We write t*(N) = 
= —cp(N)l4:7i and consider the following distributed mass potential: 

Vm-fjjZipd* (56) 
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or 
V{x,y.z)^jjj^^dv. (66,) 

D 

Let fi(N) be continuous in D as far as 8. As already remarked, 
integral (56) is a particular solution if M lies outside D. In this case, 
V(M) has partial derivatives of any order. These derivatives can be 
obtained by differentiating under the integral sign, and V(M) satisfies 
Laplace's equation AF = 0. If M belongs toZ>, (56) exists as an impro
per integral and the integral obtained by differentiating the integrand 
e.g. with respect to x likewise exists. We have not shown, however, 
tha t this latter integral yields the partial derivative of V with respect 
to x. We shall prove two theorems regarding integral (56): 

THEOREM 1. If fi(N) is continuous in D as far as S, V(M) and its 
Jirst order partial derivatives are continuous throughout space and the 
derivatives can be obtained by differentiation under the integral sign. 

We shall carry out the proof for any position of M in regard to D. 
We replace 1/r by a new function which only differs from 1/r for r < e, 
where e is a given positive number, and which is continuous and has 
continuous derivatives with respect to the coordinates as far as r = 0. 
We do this by taking, for r < e, the polynomial: a + P r2 = a + 
+ P [(£ ~~ x)2 + (V — y)2 + (C — z)2]> a a n ( i P being chosen so tha t , 
for r = e: 

a + i 8 e 2 = = | a n d 2 i 3 e = - l . ; 

in this way, we obtain continuity of the derivatives at the meeting-
point of functions 1/r and a + /? r2, i.e. a t r = e. The equations 
written give: a = 3/2e, /? = — l/2s3, and we arrive at the function 
ge(r), defined by the equations: 

& ( * ■ ) = 7 - f o r r > e 

(57) g*(r) = i ~ i"r2 for r<£-
On replacing the 1/r in integral (56) by this function, we get instead 

of V(M): 
V9{M)=jjj/i{N)g9{r)dv9 (58) 

D 

which is continuous throughout space and has continuous partial 
derivatives which can be found by differentiating under the integral 
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sign, since the integrand of (58) is itself continuous and has con
tinuous derivatives for r > 0. We can write, for instance: 

dVe (M) =$$$/* (N)-^gt(r)dv. (59) 
dx 

We consider the difference: 

V {M) - Ve (M) = J J" J ix (N) [ | - g, (r)] dv (60) 
D 

Since 1/r and ge(r) are identical for r > e, their difference appearing 
on the right-hand side is zero for all points N lying outside the sphere 
a8 with centre M and radius e. If, for instance, M lies outside D 
and e is less than the distance of M from D, the integral on the right-
hand side of (60) is zero. 

In other cases, the sphere a6 can belong partly or wholly in D. 
If we write m for the greatest absolute value of fi(N) in D and 
remember tha t ge(r) is a positive function, we can write for the 
integrand in (60): 

Ik (N) [y - ge (r)] | < m [-L + gt (r)]$ (61) 

whilst the integrand vanishes outside cre, as already remarked. We can 
clearly write, on integrating the positive function on the right-hand 
side of (61) over the whole of ae: 

8 2n n 

| V (M) - Ve(M) | < m f f f [ i - + ge (r)l r 2 s in0 d<9d^dr . 
0 0 0 

We obtain on replacing ge(r) by the second of expressions (57) and 
carrying out the quadratures: 

\V{M)- Ve(M)\ <^me\ 

I t is clear from this tha t the continuous functions Ve(M) tend 
uniformly as regards the position of the point M to V(M) as e -> 0, 
so that V(M) is likewise a continuous function [I, 144]. We investigate 
the partial derivatives of V(M) by differentiating the integral of (56) 
with respect to x under the integral sign and writing W{M) for the 
new integral obtained: 
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As above, we now consider the difference: 

D 

On noticing tha t we have, for any function h(r): 

-h(r) dh (r) x — | 
dx 'v v ' dr r 

and tha t \(x—^r)\ < 1, we can write as regards the last integrand: 

I dQa (r) " ^ [ W ( T - ) - ^ . W ] | < » [ ^ + 
or, precisely as above: 

dr ]• 

W(M) dVe (M) 
e 2n n 

dx <^\ ^[i + l^lY^^ddcpdr. 
0 0 0 

Since, by (57), 
d&(r) 

dr 
for r < £, 

we obtain after carrying out the quadratures: 

dVe (M) I W(M)- dx < 57tme, 

whence it follows tha t as e -> 0, dV\{M)jd x -+ W(M) uniformly with 
respect to M. We proved above that Ve(M) tends uniformly to V(M). 
Remembering the theorem of [I, 144], we see tha t W(M) is the 
partial derivative of V(M) with respect to x, i.e. using (62): 

_9_ 
dx JJjM^>-JJjM^4r(^)d». 

The continuity of W(M) follows from the continuity of partial 
derivatives (59) and their uniform convergence to W(M), so that the 
theorem is fully proved. The derivatives with respect to y and z may 
be investigated in precisely the same way. I t may be noticed that 
our proof has made use only of the boundedness and integrability 
of /j,{N). 

201. Poisson's equation. We must amplify our assumptions 
regarding (̂iV") before finding the second order derivatives of V(M). 

THEOBEM 2. If the continuous function fi(N) has continuous first 
order derivatives inside D, V(M) has continuous second order derivatives 
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inside D and satisfies the equation inside D: 

AF (M) = - 47ift (M). (63) 

We take any fixed point MQ(x0, yQ, z0) inside D. Let o8 be a sphere 
with centre M0 and radius e lying inside Z>, and let Dx be the part 
of D lying outside a8. We split potential (56) into two terms: 

V(M)=$\$/t(N)±dv + 
D
l 

+ j j jf* (N)ydv = \\ (M) + F0 (M), (64) 

and, in view of Theorem 1: 

dV(M) -jjj't f f>i(i)d.+ 9a? 

_8_ 
dx 

We have: 

-(T) = --SF(T-); ( ^ F ^ - ^ + Cy-^ + l c - ^ ) 
and we can therefore write: 

'Wi(f) — ^ W f l + ̂ - T -
On substituting this expression for the integrand of the integral 

over a8 in (65) and applying Ostrogradskii's formula we get: 

+ J7 j ? " Tdt;-JJ/«(AT)co8(«,*)id8f, (66) 

where #8 is the surface of sphere a8 and n is the direction of the 
outward normal to S8 at the point N. The first term on the right-hand 
side of (66) is a proper integral for M lying inside a8 and has derivatives 
of all orders inside a8. The same can be said of the third term, consisting 
of an integral over the surface of ae. The second term is the volume 
integral over a8 with continuous density 8 /a(Ar)/3|, and by Theorem 1, 
has continuous first order derivatives throughout space. Hence we 
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can say that dV{M)jdx has continuous first order derivatives inside as. 
In view of the arbitrariness of choice of M0 in Z), we can say tha t 
dV(M)jdx has continuous first order derivatives everywhere inside D. 
On applying the same arguments to dV(M)/dy and dV(M)jdzy 

it can be asserted tha t V(M) has continuous second order derivatives 
inside D. I t now remains for us to prove (63) for any point M0 inside D. 

We turn to equations (64) and (66). As we know, the potential 
VX(M) of the distributed mass over domain D± is a harmonic function 
inside ae, since ae lies outside ~DV i.e. LVX(M) = 0 inside o6, so that 
AV(M) = &V0(M) inside ae. I t follows tha t AF(Jf) is simply 
obtained by first differentiating the terms of (66) with integration 
over o% and 8e with respect to # under the integral sign (using Theorem 
1), then obtaining analogous expressions for the second order derivat
ives with respect to y and z, and finally adding all three derivatives. 
I t must be borne in mind here tha t only the factor 1/r in the integrands 
depends on (x, y, z). Having thus found AF(Jf) inside aey we take 
its value at the centre MQ of sphere o8. If we write AV(M0) for this 
value, and r0 for the distance from M0 to the variable point of integra
tion, we get: 

AF(^f0)_J J J[-gg 3 - + - 5 j ^ - + 

+ ^ ^ cos (n, 2/) + - ^ cos (», z)l d^. (67) 

This expression is valid for any choice of e, provided the sphere ae 

lies inside 2), and the value of &V(M0) is clearly independent of the 
choice of e. We let e tend to zero, and show that the triple integral 
likewise tends to zero. I t is sufficient to take the integral of one of 
the terms. Let m be the greatest absolute value of the continuous 
function 8/z(iV)/3| in a sufficiently small fixed sphere a8o. Recalling 
tha t | ( | — x0)/r0 | < 1, we have for e < e0: 

On introducing spherical coordinates with origin at M0 and writing 
dv = r\ sin 6 d0 d<p dr0, it may be seen that the right-hand side is 
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equal to m * 4jre, whence it follows tha t the triple integral tends to 
zero as e -> 0. 

We now consider the surface integral of (67). Since the outward 
normal n is directed along the radius of the sphere, we have: 

1 = ^ cos («.. x) + - ^ L CoS ( n , y) + i = 5 L cos (n, z) = 

= "TT [cos2 (n, x) + cos2 (n, y) + cos2 (n, z)\ = -^-, 
' o o 

so that the surface integral can be written as 

^-JjV(tf)dS, 

or, on using the mean value theorem, as 

St 

where Ne is a point on 8e. As e -> 0, JVe tends to M0 and /u(A^) -> 
—>- fJi(M0)f and the surface integral of (67) gives in the limit 4tnix(MQ), 
which brings us to (63). We generally refer to (63) as Poisson's formula 
or Poisson's equation. 

I t follows at once from the theorem proved that , if (p(x, y, z) is 
continuous in a domain D as far as its surface 8 and has continuous 
first order partial derivatives inside D, (55) gives the solution of 
equation (54). We remark that , if cp{N) is defined throughout space 
and diminishes rapidly enough as N moves away to infinity, we can 
take D as the whole of space. 

Similar theorems may be proved for the integral over a plane 
domain: 

V(M)=^{*{N)log±&a 
B 

or 
V(x, JO = } ] ■ / * ( £ V) logy da; (r = / ( f - z)2 + (rj - y)2). 

B 

If ft(N) is continuous in B as far as its contour, V(M) is itself continuous 
and has continuous first order partial derivatives throughout the 
plane, these derivatives being obtainable by differentiation under the 
integral sign. If, moreover, ju(N) has continuous first order partial 
derivatives inside B, V(M) has continuous second order partial 
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derivatives inside B and satisfies Poisson's equation at every interior 
point of B: 

AV(M)= -2nix{N) 
In addition to integral (55), we consider 

Ux (M) = - - L J [ JV (iV) G (M ; N) dv , (55J 

where 0(M; N) is Green's function in domain D with pole N. The integration 
in (55) is carried out with respect to the point N. We can write, on taking into 
account expression (48): 

D D 

where Ot(M; N) is a harmonic function of M everywhere inside D and has 
the boundary value l/g on St Q being the distance from a variable point on S 
to the point N. Since M appears as a parameter in the integrand of the second 
integral whilst Ox(M\ N) is harmonic everywhere inside Z), it follows that the 
second integral is likewise a harmonic function of M inside Z>. Laplace's operator 
yields <p(M) from the first term on the right-hand side by what has been 
proved, so that the Ut(M) defined by (55x) satisfies equation (54). Further
more, in view of the fact that 0(M; N) has zero boundary values on Sy (55j) 
shows us that UX(M) satisfies the boundary condition on S: 

Ut(M)\s = 0. 

Equation (55x) defines the solution of equation (54) satisfying the boundary 
condition written. The boundary values of solution (55), obtained as values of 
the integral on the right when the point (x> y, z) lies on S, depend on <p(x, y, z). 
It should be remarked that the above investigation of function (55x) is not 
strictly rigorous; we require a further investigation of the dependence of 
0(M\ N) on the point N, a proof that we can differentiate under the integral 
sign and can pass to the limit under the integral when M tends to a point on 
the surface S (cf. Vol. IV). 

202. Kirchhoff's formula. Equation (13) gives the value at every interior 
point of a function harmonic inside a surface S as an integral over S. An 
analogous expression can be got for the function V(x, y, z, t) = V(M; t), satisfy
ing the wave equation 

±L- = a*AV. (68) 

Let V(M; t) be continuous together with its derivatives to the second order 
in a domain D bounded by a surface S, with all t > 0. Let M0 be a fixed point 
in D and let r = M^M denote the distance from M0 to a variable point M. 
We apply general formula (9) to the function 

U(x,y,z,t)=V (x, y, z, t - ~) , (69) 
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or more briefly, 

U (M, t) = V ( M , t - ±A • (70) 

If co(t) is a function of t, we write [a>~\ for the function obtained by replacing 
the t in co(t) by t — r/a, i.e. [co] = cu (£ — rja). 

We usually call [co] *Ae retarded value of the function co(t). The meaning of 
the term becomes clear if we take a as the velocity of propagation of some 
process. 

We can write (69) or (70) in this notation as: U = [F] . In differentiating 
(69) with respect to the coordinates it must be recalled that [F] depends on 
the coordinates both directly and indirectly via the r, appearing in the fourth 
argument. We thus get 

dn Idn j a |_ dt \ dn K ' 

Similarly, on using the expression for Laplace's operator in polar coordinates 
with centre M0 [119]: 

1TJ =&U , 2 dU , 1 9 ( . 8E7-| 1 82C7 
8r2 "*" r dr + r2 sin 6 80 [8m 80 J + r2 sin2 0 d<p* 

and bearing in mind that 
dU

 = T dv I 92 7̂ _ [ 8 2 F 1 82C7 [ 82F1 
"60 ~ L 80 J ; 802 "" L 802 J ; V ~" L 8<p2 J 

8E7 = ["87] 1 r9F"l 82£7 _ [82P ] _ _2_ r 8 2 F ] 1 |"82F] 
8r L 8r J a |_ dt J ; 8r2 ~~ [ 8r2 J a [dt dr\+ a2 L &2 J ' 

we get: 

But we have, by (68), [AF] = , 1/a2 [82F/8*2] and therefore: 

2 ri r8*Fi r 82FI I r8Fi) 
U ~ a \a L 8*2 J L dt dr J r [ 8* JJ " 

It may readily be shown that 

r ~ a jar L 8*2 J r [ dt dr J r2 [_ 8* Jj ( ] 

is the divergence of a vector: 

- ^ = d i v {M^] g r a d ( l o g r ) } - (73) 

We have in fact by the formula of [112]: 

div (/A) = / div A + grad / • A. 

In the present c a s e , / = 2 [8F/8«]/o, and A = grad (log r) is a vector of length 
\ir directed along the radius vector from M0. The scalar product grad/. A is 
the product of | A | and the projection of grad/ on the direction of A, this latter 
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term being the derivative of/ with respect to the direction of A. Thus we have 
in the present case: 

div {4 Rr] g r a d (log r)) = 1 [ir]A log r+i 4F [IT] • 
If we use (72) and differentiate [dV/dt] in accordance with the rule for func

tions of a function, (73) is in fact shown to be valid. If we now apply Ostrograd-
skii'sformula and take into account the fact that gradn (logr) = (l/r xdrjdn), 
we get: 

(S) (S) 

On substituting this expression and expression (71) in the right-hand side 
of (9) and noting that U(M0, t) = V(M0, t), since r = 0 at the point Af0, we 
obtain KirchhofPs formula: 

(S) 

This expresses V(M 0, t) in terms of the retarded values of V, dV/dt and dV/dn 
on the surface (S). As in the case of (9) for harmonic functions, the presence 
here of dV/dn prevents us from using the formula for solving wave equation 
problems directly. The Kirchhoff formula is closely related to Huygens principle. 

Suppose that (S) is a sphere of radius r with centre M0. Here, d/dn = 9/3r, 
and (74) becomes: 

(5) 

or, on setting dS = r2 sin 9 dO d<p — r1 dco: 

(S) (S) 

If we take the radius r = at, we have < — rja = 0, i.e. the retarded value 
reduces to the value of the function at t = 0, and (75) gives Poisson's formula 
(76) of [171], i.e. the solution of the problem of an oscillation propagated in 
unbounded space with given initial conditions: 

V (M0, 0 = i J J (^)o *» + i "a" H J (Ho d»} , (7G) 
(5^) (Sat) 

the zero subscript indicating that dV/dt and V have to be taken at t = 0, 
whilst the integration is over the sphere of radius at with centre M0. There is 
a close connection between the form of Kirchhoff's formula and the concept 
ofretarded potential. We saw above that, for any choice of a)(t), having continuous 
derivatives to the second order, the function 

(77) 
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is a solution of equation (68). Here, r is the distance from any fixed point of 
space to a variable point [175]. 

Precisely as above, we can construct a Kirchhoff formula for any solution 
of the non-homogeneous wave equation 

d*V =a*W+f(x,y,zyt) (78) 
dt2 

in a domain Z>, though the solution obtained contains a triple as well as surface 
integral: 

♦^W^*- (79) 

On applying this formula to a sphere of radius at with centre M0 for the solu
tion satisfying zero initial conditions at t — 0, we arrive at (91) of [174], 

§ 21. The equation of thermal conduction 

203. Fundamental equations. We have seen tha t the equation of 
thermal conduction in a homogeneous sphere has the form: 

dt a [dx* + dp + 9 2 s ) ' { ' 
where 

— f (2) 

k is the coefficient of internal conduction, y is the specific heat of 
the body and g is the density. In addition to equation (1), we have 
to bear in mind the initial conditions, giving the initial distribution 
of temperature at t == 0: 

u ^ = / (z, y, z). (3) 

If the body has a boundary surface (S), we also have boundary con
ditions on (#), which may vary according to physical factors. For 
instance, (S) may be held at a definite temperature, which may be 
variable with time. In this case, the boundary conditions imply 
specifying the function U on (S), this U being possibly dependent on 
time. If the temperature of the surface is not fixed and there is 
radiation to the surrounding medium of given temperature C70, the 
flow of heat across (S) is proportional by Newton's law (admittedly 
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far from accurate) to the temperature difference between the medium 
and the surface (S) of the body. This gives a boundary condition of 
the form: 

| £ i + ^ ( t 7 _ C 7 o ) = 0 (on 8), (4) 

where the coefficient of proportionality h is the coefficient of outward 
thermal conduction. 

For the heat distribution in a body of linear dimensions, i.e. in a 
homogeneous rod, which we assume to be located along the x axis, 
we have instead of equation (1): 

- 8 r = a 2 - 9 5 r ' W 
This form of equation does not take into account, of course, the 

heat transfer between the surface of the rod and the surrounding 
space. 

Equation (5) may also be obtained from equation (1) by taking U to 
be independent of y and z. The initial condition becomes for a rod: 

ff|,_, = / ( * ) . (6) 
If the rod is finite, we have boundary conditions for both ends. 

An end can be subject to a given temperature, as above. With 
radiation, boundary condition (4) takes the form: 

- ^ =F h (U - U0) = 0 (at the end), (7) 

the (—) sign being used for the left-hand end, with minimum abscissa x, 
and the (+) sign for the right-hand end, whilst h is a positive constant. 

204. Infinite rod. We start with an infinite rod, for which we only 
have to satisfy initial condition (6) in addition to equation (5). 
We follow Fourier's method and first seek a particular solution of (5) 
in the form: 

T(t)X{x)9 
which gives us 

f («)Z(*) = a 2 r (0X f ( a j ) , 
or 

a* T (t) X (x) 

where A2 is a constant. We thus obtain: 

T\t) + KaP-T (0 = 0 ; X"(x) + A2 X(x) = 0 , (8) 
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whence, neglecting the constant factor in the expression for T(t): 

T (t) = e - ^ 2 ' , X(x) = A cos Xx + B sin Xx ; 

the constants A and B can depend on X. 
Since we have no boundary condition here, the parameter X is 

completely arbitrary, and all values of X are of the same importance 
when we form the function u(x, t) as the sum 

2 e"A2fl2/ [A (X) cos Xx + B (X) sin Xx] 
(A) 

I t naturally follows that we replace the summation over separate 
values of X by the integral with respect to X from ( —°°) to ( + ° ° ) , 
i.e. we put 

u \x, t)= § e-A2fl2/ [A (X) cos Xx + B (X) sin Xx)] dX. (9) 
— 00 

We can easily verify that the function written is in fact a solution 
of equation (5) by using the formula for differentiation under the 
sign of the definite integral. We now turn to initial condition (6), 
which gives us 

H = o = /(*) = J [A(X)cosXx +B(X)sinXx]dX. (10) 
— 00 

On comparing the integral on the right with Fourier's formula for 
the function f(x): 

00 00 

/(*) = i J c t t J / ( | ) c o s A ( f - x ) d £ = 
— CO — OO 

00 CO 00 

= -gj- J [cos lc J / ( | ) cosA£d£ + s in^r J /(£) s h U f d f ] dA, 
CO CO — 00 

we see tha t condition (10) can be satisfied by putting 

00 OO 
^ W = i J / ( f ) c o s « d f . 5(A) = - ^ J / t f ) sintfdf. 
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Substitution of the expressions obtained for A(X) and B(X) in (9) 
gives us: 

CO 00 

u (x} t) = f / (f) d£ f e~k%aH [cos A{ cos Xx + sin A| sin As] d l = 
— oo — o o 

oo oo 

= - ^ J / (f) df J e - " * cos A (f - x) dA = 
— 00 —OO 

00 OO 

= i j / ( | ) d f j V ^ ' c o s A ^ - a ^ d A , (11) 
— 00 0 

where we have used the fact that the integrand is an even function of / . 
Though the solution of our problem is given by equation (11), 

this may be simplified on recalling [81] that 

Je-a2A,cos)3AdA = | j e 

whence 

± f e - * a a 2 ' c o s ; i ( f - z ) ( U = — \ = e "4fl*" 
(£-x)2 

2 a / ^ 
0 

so that (11) may be written: 

*(*,*) = f / ( £ ) — ^ - e "" df. (12) 
J 2a f jtf 

We naturally assume that t is positive in the above and later work
ing. The form of the solution has an important physical significance. 
We first of all remark that 

e u* , (13) 
2a Yrt 

considered as a function of (x, t), is likewise a solution of equation (5), 
as is evident from the method by which it is obtained, and as may 
be verified by direct differentiation. Now what is the physical meaning 
of this solution? 

We distinguish a small element of rod (x0 — d, xQ -f d) about the 
point xQ, and let f(x) be zero outside, and a constant U0 inside the 
interval (x0 — &, x0 + 5). This is equivalent physically to com-
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municating a quantity of heat Q = 2dcgUQ to the element at. the 
initial instant, thus causing a temperature rise of U0 in the element. 
The temperature distribution in the rod at subsequent instants is 
given by equation (12), which becomes in our present case: 

f U0—^— e " " i a r d f = ? — — f e 4fl2< d£. 
J 2a ^ 2c^aK^ 25 J M 

x0—<3 x,—o 

If we now let d tend to 0, so that the amount of heat Q is distributed 
over a constantly diminishing section of rod and is communicated 
in the limit to the point x0, we arrive at the case of an instantaneous 
source of heat at the point x = x0 of intensity Q. The presence of such 
a source in the rod leads to a temperature distribution given by: 

X. + 6 {J_^2 

lim %==- — f e Aa2t d£. 
6-+Q 2cQaynt 2d J 

x9—d 

Since by the mean value theorem: 

28" J e 4a2' d£ = e 4a2/ , where z0 - (5 < £0 < *0 + (5, 
x.-<3 

and £0 -> #0 as 6 -> 0, the above expression is equal to 

Q 1 (*o-x)g 
: e 4a»/ 

eg 2a /jrf 

I t follows that function (13) gives the temperature distribution result
ing from an instantaneous heat source of intensity Q = eg located at 
the point x = £ of the rod at the initial instant t = 0 (replacing #0 by £). 
We can now see the meaning of solution (12). To give the section £ 
of the rod a temperature /(£) a t the initial instant, we have to distribute 
in the small element d£ about this point the amount of heat: 

. dQ = q>/(£)d£, 

or what amounts to the same thing, we have to locate at £ an instan
taneous heat source of intensity dQ; the temperature distribution 
resulting here is, by (13): 

/ (£ )d£ e **n 
2aYnt 
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The total effect of the initial temperature /(£) at all points of the 
rod is the sum of these separate effects, which gives us solution (12) 
obtained above: 

00 

— 00 

Let the temperature f(x) a t the initial instant t = 0 be zero 
everywhere outside an interval (av a2), where it is positive. Solution 
(12) now becomes: 

" ( ^ - / / ( f l ^ e - ^ d f , (14) 

If we take an arbitrarily large x and arbitrarily small t, i.e. consider 
a point as remote, and an instant as near the initial instant, as we 
wish, (14) gives us a positive value for u(x, t), since the integrand is 
positive. Solution (12) thus implies the fact tha t the heat is propagated 
instantaneously, and not with finite velocity. This is where the thermal 
conduction equation differs essentially from the wave equation which 
we obtained when considering the vibrations of rods. 

In the case of heat propagation in a non-bounded three-dimensional 
medium, we have differential equation (1) and initial condition (3), 
and instead of (12), we get the solution: 

u (x, y, z, t) = 

+
r°° + " + " j (g-x)2+07-:y)2+(:-z)2 , , , f a 

= J J J / <*• * « S ^ s * e Ta<~ d*d^ «■ (lfi) - o o — oo —oo 

We shall verify that the function given by (12) satisfies equation (5) 
and initial condition (6). The first statement follows immediately 
from the fact tha t the integrand of (12) satisfies equation (5) and from 
the differentiability of the integral of (12) with respect to t and x 
under the integral sign, if, for instance, f(x) is continuous and absolutely 
integrable in the interval ( — oo, -foo). As regards the initial condition, 
we bring in a new variable a instead of | in accordance with 

I - x 
2a it 

Equation (12) now becomes: 
-foo 

u{x9t) = ± f / (x + a2a Y~t)e~a2 da. (16) 
¥71 J 
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We recall from [78] tha t 

l = i ) e - d « . (17) 

On multiplying each side by f(x) and subtracting from (16), we 
have 

u(x, * ) - / ( * ) = ! j[f(x + a2aft)-f(x)]e~a2da. 

whence 
+ 00 

\u{x,t)-f{x)\<±zj\f(z + a2a ft) -f{x)\ e~*2 da, (18) 

We shall assume tha t f(x) is bounded as well as continuous and 
absolutely integrable, i.e. | f(x) | < c, so tha t we have for any x, tf 

and a: | f(x + a 2a J/j) — f(x) | < 2c. Let e be a given positive number. 
We can fix a large positive N, such that 

-N °o 

^ f e - a , d a < - and ^ f e- f l8da < -L. 
in J 3 J ^ J 3 

With this, it follows from (18) tha t : 

+ N 

\n(x, t)-f(x)\ < —« + -p f |/(a; + a 2 a ) / 7 ) - / ( x ) | e - a 2 d a . 
- A T 

Since /(a;) is continuous, we can say that , for all t sufficiently near 
zero and for | a \ < N: 

\f(x + a2aft)-f(x)\<±-e, 

so that the previous inequality can be written: 

\u(x, t)-f(x) | < | £ + JL . JL J e - * a d a , 

or all the more: 
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i.e. we have by (17): | u(x, t) — f(x) | < e for all t sufficiently near 
zero. I t follows from this, in view of the arbitrariness of e, tha t 

\imu(x, t) = f(x)y 

which amounts to initial condition (6). I t may be remarked that t 
tends to zero through positive values. If m and M are the bounds 
of /(#), i.e. m < f{x) < M, it follows from (16) tha t 

%= f e-Q8 da < u {x, t) < ^= { e~<" da, 
Y71 J V71 J 

— oo — o o 

Thus we have, by (17), m < u(x, t) < M, i.e. the temperature u(x> t) 
lies between the same bounds as does the initial temperature for all 
positive t. Similar methods may be used to verify expression (15). 

205. Semi-infinite rods. Let the rod be bounded at one end, say x = 0, 
so that x > 0. We shall assume that there is radiation from the end into the 
surrounding medium at temperature 0°. 

We now have, in addition to initial condition (6), the boundary condition 

du I , 
ox x=o (1 9) x=0 

whereas solution (12) is at once seen to be unsuitable since, in view of the 
Initial condition,/(x) is only defined in (0, co). It follows that f(x) must be con
tinued into the interval (— oo, 0) before we can use (12). 

To this end, we rewrite (12) in the form: 

1 °r r <*- *>' _ (x-g)g-. 
u (x, t) = ~-= J [/ (f) e "« + / ( - f) e «* j df, (20) 

0 

- f oo 0 + o o 

which is readily justified on splitting J into j* and j* , then replacing £ in 
— oo —oo 0 

the former by ( — 1). In order to substitute in (19), we evaluate 

-*-- * f f / («,L=-e-^- / (-0ei±£.-^W 
ox 2a YTU J [ 2aH 2aH J 

Hence we deduce that, with x = 0: 

2a ynt J 

at* 
8a? 

gdg 

0 
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Integration by parts gives us:f 

7 - - £ - tdfi 7 ( -JL\ *a 

/ (£)e 4011^21 = — /({) die 4 a » i l = - - e * « / ( | ) 
J 2a*J J 
0 0 

£-oo 

£=0 

I 2 

+ J /'(£)e *" d£ = /(+0) + J /' (() e~ «■*#, 

and similarly, 
oc 

J/(-|)e"^-|^-=/(-0)-Jf(-|)e~^'d|. 
0 0 

We assume that f(x) is continued continuously into (— oo, 0). Clearly, then 

/ ( + 0 ) = / ( - 0 ) = / ( 0 ) , 
and 

£
2 

du 
fa lx-o 2a 

J=rfe 4a8'[/'(f)+/'(-f)]df; 
yM J l 

condition (19) becomes 

— — f e " " {[/' (fl + r ( - *)] - h [f (*) + / ( - I)]} df = 0 , 
2 a r Tit J 

0 

which is certainly satisfied if we put 

/'(-*) +/'(« = M/ (-» + /(»]. 
or, using for the present the notation 

if we determine the unknown function # ( | ) from the differential equation 

*'(« + * * ( « - n f ) - * / ( f l (*>o), 
We find by integrating this equation: 

* (£) = e"« JO + f e" [/' (£) - hf (*)] d£j. 

We find the constant G by setting £ = 0: 
C = *(0) = / ( 0 ) , 

f W e assume that e-W4"*'f({) — 0 as S — oc. 
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and since 

f e"/'(*) « = /(*) e w - h \eh!f($)dS = ehif(S)-f(0)-h f e « / ( f ) d f , 
o |£=o 6 6 

we have 

. / ( - f l = 0 t f ) = / ( 0 — 2 t e - * * f e w / ( * ) d * . 

Substitution of this expression for/( —|) in (20) gives us the final solution of 
our problem. We remark that it follows from the last expression that, as {-*+()> 
/(—0) = / ( + 0 ) , i.e. f(x) is continued continuously into (— oo, 0), as we assumed 
above. 

If, for example, the initial temperature is constant: 

f(x)=u0 x>0, 
we have 

x 
/ (— X) = w0 — 2he~hx J u0 e** dx —1/0 (2e~/lX — 1), 

0 
and (20) gives 

1 °° __ <*-*>a °° (g+x)2 

fe * * d | - f e ' 4a" d{ + 
0J 0J 

°° <{+x>
s
_ _ A. * 

+ 2j*e iatl d « . (21) 

It may readily be shown by the reader that this solution can be expressed 
in terms of the function 

@(x) = A {e't'dx 

as follows: 

M ( x ' / ) = M o 0 ( ^ r ) + M o e a V m x [ 1 - 0 ( i ^ r + a ^ ) ] - <22) 

A simpler result is obtained in the case when there is no radiation at the 
end x = 0, this being held at a temperature of 0°. We now have the boundary 
condition 

« l x - . - 0 , (23) 

which can be obtained from (19) by dividing by h then passing to the limit with 
h -*■ oo. The solution can be found from (22) by letting h -+• oo, but a simpler 
method is to continue f(x) directly into ( — oo, 0) in such a way as to satisfy 

u x-o 
1 7 - -^ -

2aYjU -
— fe *" [/<fl+/(-*)]d* = 0, 



206] SEMI-INFINITE EODS 613 

which simply means putting 

i.e. continuing f(x) in an odd manner. 
We now obtain instead of (20): 

2aynt J 
(24) 

and if 
W |,-o = /(*) = wo-

the solution becomes 

2aVr 
(25) 

2aVF 

TFe not^ consider a rod bounded at the end x = 0 and subjected to a given tern-
perature u = <p(t) at this end. 

We first suppose that the initial temperature is 0°, i.e. 

"|,-o = 0 , (26) 

and we start with the particular case <p(t) = 1, i.e. 

« l x - o = l . (27) 

We can easily find the solution of equation (5) satisfying conditions (26) 
and (27). We do this by setting 

u = v + 1 ; 

function v is likewise a solution of (5), but has to satisfy the conditions 

v Ix-o = 0 5 *>i-o — — ! » 
so that v and therefore u is obtained directly from (25) by putting u0 = — 1 
there: 

v (X> t) = — 9 (—^—1 and u (a?, *) = 1 — 0 [ X,_ 1 
I 2 a / * J V 2 a / t J 

(28) 

We now find the temperature distribution if the end x = 0 is held at 0° 
up to the instant T then raised to 1 °. Let the distribution be denoted by ux(x, t). 
We obviously have ux = 0 to the instant t — T; thereafter ur is the same as 
the solution found above if we agree to reckon t from T instead of 0, i.e. if we 
put t — T for t in (28); this gives us 

' 0 for t < T 
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But it is now clear that, if the end x = 0 is held at a temperature of 1° 
only during the interval (T, T + dr) whilst being 0° throughout the rest of the 
time, the corresponding distribution becomes 

uT (a, t) — ux+dx (x, t) = - - ^ - dr ; 

whereas if it were subjected to a temperature y( T) instead of 1 ° during the interval 
(T, T + dr) , the solution would be 

hence it is evident that, if the end x = 0 is subject to the temperature q>(r) 
for all T > 0, we obtain the full effect as T varies from 0 to t by summing all 
the elementary effects, which gives us the required solution in the form 

t 

0 

or, since we have for t > T: 

2aV*-r 
3"T = 9 e( x | = J L J L f 0 - * ' d x = * 0 " 4*5=5 

the solution is finally 
xa _ 

(29) 

0 

B ( I | , » J W e *»<<-*> dr. 
2a /S J (*— T)8,2 

We evidently get the solution which satisfies, in addition to the boundary 
condition 

wlx-o = 9?(0 
an initial condition of the general type 

u \twm0 = / ( * ) , 

[nstead of the particular oondition (26)] simply by adding to solution (29) the 
solution that we previously obtained, given by (24). 

206. Rods bounded at both ends. W e e x a m i n e one of t h e m o s t 
typical cases, when t h e t e m p e r a t u r e a t t h e end x = 0 is 0 ° : 

Hx-o = 0; (30) 
whilst heat is radiated from the end x = I into the surrounding medium 
with zero temperature: 

du 
ox 

= — hu 
x-Z 



206] BODS BOUNDED AT BOTH ENDS 615 

and the initial temperature is 

H - o = /(*) (0<x<l). (32) 
This problem is solved very simply by Fourier's method. 
Since boundary conditions are present here, we subject the solution 

found above: 
e~*a2t X (x) = e-A2a2' [A cos Xx + B sin Xx] (33) 

to conditions (30) and (31), which give us 

X (0) = 0 , i. e. A = 0 ; X' {I) = - hX(l), 

FIG. 143 

whence we obtain, neglecting the constant factor B: 

X(x) = sinAa; (34) 
and 

X cos XI = — h sin XI. (35) 

On substituting XI = v, we obtain the transcendental equation 

tan v = av, where a = —-ry- • (36) 

This equation has an infinite set of real roots (Fig. 143). We shall 
only take into account the positive roots: 

vv v2) vz ...,vn9 . . . (37) 

corresponding to which we have an infinite set of values of X: 

Av X2, A2, . . . , Xn, . .. , where Xn = -̂ L , (38) 
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and to which, in turn, there corresponds an infinite set of particular 
solutions of equation (5): 

jBne-*»if sinA„a; (x = 1, 2, 3, . . . ) , 

satisfying the boundary conditions. 
In order to satisfy the initial conditions, we seek u as 

u (x, t) = j? Bn e~x2*att sin Xjc, (39) 
n = l 

and obtain with t = 0: 

« |,-0 = / (*) = 2 Bn S i n V = 2 Bn Xn (*) - (40) 

where we have written Xn(x) = sin A„ #. We shall prove that the 
functions Xn(x) are orthogonal. 

We write down the differential equations corresponding to two of 
these functions: 

X'm(x) + X*mXm(x) = 0 ; X'n(x) + PnXn{x) = 0. 

On multiplying the first equation by Xn(x) and the second by Xm{x), 
subtracting the equations obtained and integrating over the interval 
(0,1), we have: 

j [X'm (x) Xn (x) - X"n (x) Xm (x)] dx + 
0 

+ (^-^)JXm(x)Xn(x)dx = 0. 
0 

On integrating the first integral by parts, we get 

X'm (I) Xn (l) - X'n (I) Xm (l) + X'n (0) Xm (0) - X'm (0) Xn (0) + 

+ ( ^ - X\) j " Xm (x) Xn {x) dx = 0. (41) 
o 

But Xm(x) and Xn(x) satisfy boundary conditions (30) and (31), i.e. 

Xm(0)=Xn(0) = 0; X'm(l) = -hXm(l); 

X'n(l) = -hXn(l)-
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In view of these equations, the term outside the integral in (41) 
vanishes, and if we bear in mind that A^ — A* ̂  0 for different m 
and ft, we get 

J Xm (x) Xn (x) dx = 0 for m # n. 
o 

Having established orthogonality, we proceed as usual to show 
that the coefficients Bn in expansion (40) are given by: 

Bn = ^f(x)Xn{x)dx: SX<(x)dx. 
0 0 

This solves the problem of expanding f(x) in functions Xn(x) and 
at the same time gives the solution of our main problem in the form 
of series (39). I t will be shown in Vol. IV tha t the Xn(x) obtained, 
as above, as a result of applying Fourier's method to typical problems 
of mathematical physics form a closed system, and that , with certain 
assumptions regarding f(x), this latter can be expanded in the base 
interval as a uniformly convergent series in Xn(x). I t may be noted 
that , if we took boundary conditions u = 0 for x= 0 and x = I, instead 
of (30) and (31), we should get Xn(x)=-sin nnxjl, and arrive at the 
usual Fourier sine expansion. 

When investigating the propagation of heat in a ring, in addition 
to the boundary conditions, we have to stipulate periodicity of the 
temperature [cf. 195]. If we take the radius of the ring as unity, so tha t 
its total length is 2TT, and let x denote the length along the ring meas
ured from a given point, we arrive at a solution of the form 

oo 

u (x, t) = -— + J£ (an c o s nx + bn sin nx) e~a2nt, 
n = \ 

where 
a a 

-y- + ^? (an cos nx + bn sin nx) 
n=\ 

is the Fourier series for the initial temperature distribution f(x) 
on the ring. 

Sufficient conditions for the series obtained for u(x, t) to be the ac
tual solution of our problem will be found in Vol. IV. 

207. Supplementary remarks. We take the general equation for thermal 
conduction: 

dv d2v 
w = a*i&—cv' < 4 2 ) 
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obtained on the assumption of radiation from the total surface of the rod to 
the surrounding medium, the temperature of which is taken as zero. 

We can easily verify that equation (42) reduces to equation (5) for u by 
the simple substitution 

v = e~c/ u. 

In the case of an infinite rod with zero initial temperature, i.e. with the condi
tion u = 0 for t = 0, the non-homogeneous equation 

£-*£-+»*.> «» 
has a solution of the form 

t +°o ^ (g-X)2 

ti (*,*) = f [ F(6,r) j-± e 4 a 2 ( / - T , d|dr . (44) 
0 —oo 

It can be found either by the same method as was used in [174] for the non-
homogeneous wave equation, or by superposition of the basic elementary solu
tion (13), in which we replace t by (t — T) then multiply by F((, T) and integrate, 
from — oo to + oo with respect to £, and from 0 to t with respect to T. The 
physical significance of these operations is obvious. The solution of (43) is found 
by means of superposition of sources, distributed throughout the rod with 
intensity F($, r), and starting to be effective at the instant T. Superposition 
of the sources is also carried out with respect to time. 

Fourier's method is applied to two and three-dimensional cases exactly as 
for the wave equation, except that the time-dependent factor is now an 
exponential function. 

For instance, the equation 

du nfd2u . d2u \ 
dx* + dy*) 

leads in the case of a rectangular lamina to a solution of the form 

u = e-°>2' U (x, y) , (45) 

where we have written co2 in the exponent so as to be able to use the expressions 
of [177]. Let the boundary condition be u = 0 on C and the initial condition 
u s=s <px(xy y) for t = 0. The solution takes the form of the series: 

4r» ~ w £ T' . <^7tx • T:*y u ess > o_ e ' sin sm , ^d *>* e r a 
< T , T = 1 

where the co* T are given by (113) of [177], and the aa%x by the first of formulae 
(114). 

In the case of a circular lamina [cf. 178], substitution (45) leads to the fol
lowing solution: 

« = J £ a m , n e ~ W ™ " ' c o s n e J n ( 0 ) + j ^ m , n e~^- n ' s inneJ n ( fcE>') . 
n=0 n=l 
m=l m = l 
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where the am, n and pm, n are given by the same formulae as the a^n and 
/$}>,„ of [178], and the comy n by (128). 

208. The case of a sphere. We give a parallel treatment of the wave equation 
and thermal conduction equation for a sphere: 

-J£=a«Ati; (46) 

-£-«■!*, (47) 

with the assumption that the initial data depend only on the distance r of a 
point from the centre of the sphere: 

t-o m i - 0 
<pt (r) ; (48) 

»lf-o = V(r). (49) 

We take the boundary conditions: 

| ^ = 0 r=R; (50) 

%L + hv = 0 r = R, (51) 
or 

where R is the radius of the sphere and h > 0. In view of the central symmetry, 
the solution will be independent of the polar angle and will be a function of 
r and t only. On setting: 

u = (A cos cot + B sin cot) U (r) ; (52) 

v = Ae-"2* V (r) , (53) 

we obtain the same equation A IT + k2W = 0 for U(r) and V(r), where h* = 
= co2/a2. On writing Laplace's operator in spherical coordinates and using the 
fact that W depends only on r, we get: 

We bring in a new unknown instead of W, given by 

R (r) = rW (r). 

On substituting in the equation for W, we get the equation for R : R"(r) + 
+ k1 R(r) = 0, whence R(r) = Gx cos kr + C2 sin AT, and consequently: 

wtf-Ot coskr + 0 , - ? ^ . 



620 THE PARTIAL DIFFERENTIAL EQUATIONS OF MATHEMATICAL PHYSICS [ 2 0 8 

In view of the solution remaining finite at the centre of the sphere, i.e. with 
r = 0, we must write Cx = 0, and substitution in (52) gives us the solution 
as 

u = (A cos cot + B sin cot) ; (54) 
r 

v = Ae-*>*t smifer. ( 5 5 ) 

Boundary conditions (50) and (51) give us the constant k, and consequently, 
co = ak. 

Application of the second of these to (sin kr)jr results in the following equa
tion for k: 

kRcotkR = l — hR. (56) 

With h = 0, we arrive at the equation obtained from boundary condition 
(50): 

tan kR = kR. (67) 

On putting kR = v, we see that equations (56) and (57) are analogous to 
equation (36). Let klt k2, . . . be the positive roots of (56). On using (55), we 
get for v(r, t): 

/ *\ ^ -a*k*t sinknr v (r> 0 — 2* ane ~ ' (58> 
n = l 

Initial condition (49) gives: 
oo 

rtp (r) = £ an s i n V - (59) 
n = l 

Precisely as in [206], the functions sin kn r are orthogonal in the interval 
(0, R)t and the coefficients of expansion (59) are therefore given by: 

R R 
an = § rtp (r) sin knr dr : J sin2 knr dr. 

[0 0 

Turning to the equation for u, we first write kn (n = 1, 2, . . . ) for the positive 
roots of equation (57). We have to include here the root k = 0, corresponding 
to a zero frequency co. With this, we have to write A + Bt instead of (A cos cot + 
+ B sin cot), the equation for R(r) becomes R"(r) = 0, and W(r) = R(r)/r 
is constant, so that the corresponding solution of equation (46) becomes a0 + 
+ b01. This clearly satisfies boundary condition (50) for any values of constants 
a0 and 60. We finally get for u\ 

oo . , 

u (r, t) e=s o0 + 60 t + Jr (an cos ak„t -f bn sin A;̂ ) —̂ • 
n = l r 

On differentiating with respect to t and setting t = 0, we get the expansions 
for the functions appearing in initial conditiosu (48): 

oo oo 

r<Pi (r) = a0r + J£ an sin knr ; r<p2 (r) = bQr + J? knbn sin knr. 
n=l n = l 
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It may easily be seen by using (57) that the sin kn r are orthogonal to r in 
the interval (0, E) as well as to each other, i.e. 

R R 
j" r sin kn r dr = 0 and j* sin km r sin kn r dr = 0 , for m ^ n , 

0 0 

and the coefficients in the last expansions are given by the usual rule: 

R R R 
ao = r29?i (r)dr : r2 dr = -^ \ r2<pt (r) dr , 

6 0 
R R 

an = r<px (r) sin kn r dr : sin2 knr dr. 

Similar expressions are found for coefficients bn. We remark that the solution 
v = const, is obtained for equation (47) with co = 0, but this solution does not 
satisfy boundary condition (51), since h > 0 by hypothesis. 

We can interpret (46) as the equation for the velocity potential u of the 
vibrations of a gas, where boundary condition (50) expresses the fact that the 
velocity of a gaseous particle situated on the surface of the sphere has a zero 
normal component. 

Boundary condition (51) for the thermal conduction equation (47) expresses 
the fact that the surface of the sphere radiates to the surrounding space, the 
temperature of which is held at zero. 

209. The uniqueness theorem. We now pass to the question of the 
uniqueness of the solution of the thermal conduction equation with 
given initial and boundary conditions [cf. 179]. We take the one-
dimensional problem, i.e. the equation: 

-w = a2iw l«o) 
for a finite rod, € < a? < Z. We draw a domain G on the xt plane, 
bounded by the lines x = 0, x = Z, and situated above the segment 
0 < x < Z of the x axis (Fig. 144). We also draw a line t = Z0, t0 > 0, 
parallel to the x axis, and cutting a finite rectangle OAQP from the 
domain 0, the rectangle being denoted simply by H. We prove the 
following theorem: 

THEOREM. Let the function u(x, t) satisfy equation (60) inside G and 
be continuous as far as the contour of G. The greatest and least values 
of u(x, t) in H are now attained on the part I of the contour of H, formed 
by sides OP, PA and AQ. 

We confine the proof to the greatest value and assume the theorem 
false. Let the greatest value of u(x, t) be attained in H or within the 
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side PQ at the point (x, y'), so that the greatest value on I is less than 
this first greatest value M. We construct a new function v(x, t) as 
follows: 

v {x, t) = u (x, t) — k(t — t0), (61) 
where k is a positive number which we now fix. We have in the rect
angle H: 

u (x, t) < v (x, t) < u (x, t) + kt0 , 
and k can be fixed near enough zero for the greatest value of v(x, t) 
on I to be, as in the case of u(x, t) also, less than the value of v(x% t) 

FIG. 144 

at the point (#', V). With this choice of k, v(x, t) will take its greatest 
value in H inside H or within the side PQ, and not on I. We consider 
these cases separately and prove that each leads to a contradiction. 

Let v(x, t) take its greatest value at a point C(x1, tx) situated inside H. 
The fact that we have a maximum of v(x, t) at C implies that, at this 
point [I, 58]: 

> 0 

whence it follows that 

or, by (61): 

dv = 0 

dt 

and 

a da 
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But u satisfies equation (60) inside G, and the inequality written 
leads to the absurd result: — k > 0. We now let v(x, t) attain its 
greatest value in H a t a point N(xv t0) situated within the side PQ. 
On considering the variation of v{x, t) along Nx N, parallel to the t 
axis, we arrive at the inequality dvjdt > 0 at N, inasmuch as the 
value of v(x, t) a t N is not less than its values throughout N± N. 
By now considering the variation of v(x, t) along PQ, we arrive at the 
inequality d2v/dx2 < 0 at the point N, since v(x, t0) has a maximum 
at N (x = xx). Thus dvjdt — a2 d2vjdx2>0 at N, and we arrive a t the 
same contradiction as above, so that the theorem is proved. 

I t immediately follows from this theorem that , if u(x, t) vanishes 
all along the contour I, u(x, t) also vanishes throughout the rectangle 
H, which leads us very simply to the uniqueness theorem. 

Suppose that , in addition to equation (60), we have the following 
initial and boundary conditions (specifying the temperature a t the 
ends): 

u\t-0 = f{z)(0<x<l); u\x„0 = a)(t); u\Xmml = a^t). (62) 

These conditions amount to specifying u(x, t) on the piece I of the 
contour of 0. We assume tha t these boundary values represent 
functions continuous throughout the contour of G, including points 
0 and A, i.e. co(0) = /(0) and co^O) = f(l). With conditions (62), let 
there exist inside G two solutions of equation (60), u^x, t) and u2(x, t), 
continuous as far as the contour of G. Their difference, u{xy t) 
= v^x, t) — u2(x, t), is now a solution of (60), equal to zero on I. 
It follows at once from the theorem proved above that u is zero every
where inside G} i.e. u^x, t) coincides with u2(x, t). We remark tha t the 
uniqueness theorem is preserved if, instead of demanding continuity 
of u(x, t) a t points O and A, we only require boundedness of the 
function in the neighbourhood of these points. In this case, the bound
ary values likewise do not need to be continuous at 0 and A. 

The solution for an infinite rod is given by (12). We suppose that 
the given function f(x) is continuous and vanishes outside the segment 
(—6, +6) , so tha t 

«(*.«> = 1 ^ . f / ( f ) e - < « d * . 

I t is easily shown by using this formula that u(x, t) -> 0 uniformly 
with respect to t as x -> + ° o o r x - > — oo, i.e. for any given positive e 
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there exists a positive N such tha t | u(x, t) | < e for | x | > N and 
for any positive t. We prove that only one solution exists with this 
property for a given initial condition (6). I t is sufficient to show, as 
above, tha t u(x, t) takes its greatest and least values on the x axis. 
We do this by reductio ad absurdum. Let u(x, t) take its greatest value 
i f at a point C(xv ^ ) , where t± > 0, i.e. f(x) < M in the interval 

— oo < x < + oo.In view of the fact that f(x) = 0 outside the interva 
(—6, 6), we can say that M > 0. We draw the two lines x = d and 
x = —d, choosing d sufficiently large for the inequality | u(x, t) | < M 
to be valid on these lines, then we draw the rectangle H formed by 
these lines, the x axis, and the straight line through C parallel to the 
x axis (Fig. 145). The function u(x, t) has a greater value at G than on 
the piece I of the contour of H, consisting of the three sides: x = d, 
x = — d and t = 0. Thus u(x, t) attains its greatest value in regard 
to H either inside H or within the side passing through C, and this 
leads to a contradiction, as above. Hence we have proved the unique
ness of the solution having the property stated above and with the 
assumptions made regarding f(x). 

FIG. 145 
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in n-ple integral 295 
in triple integral 189 

Characteristic(s) 486 
equation 85, 90 

Circulation 227, 228 
Clairaut's equation 28 
Closed 

set 279 
system of functions 451—455 

Closure, equation of 409, 421, 451 
Collinear plane flow of fluid 155 
Completeness, of system of functions 

423 
Connectivity, of domain 228 
Continuity, equation of 326 
Convergence of Fourier series, nature 

of 455 
Coordinate 

lines 174, 337, 368 
surfaces 337 

Coplanarity of vectors 307 
Cotangent expansion in partial frac

tions 409 
Curl, of vector 318 
Curvature 

centre of 351 
of curve 350, 358 
Gaussian 380, 386 
lines of 380 
of line on surface 373 
mean 380, 388 
radius of 350, 358 
vector 358 

Curve 
Gaussian 380, 386 
plane 358 
simple 286 
spatial 358 

Curvilinear coordinates 174, 188, 337 
Cyclical constants of function 228 — 

230 
Cylindrical 

coordinates 182 
waves 510 

625 
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Darboux's theorem 289 — 290 
Derivative 

local 343 
particle 343 

Developable surface 394 
Differential equation 

Bernoulli 9 
Bessel 136 
Clairaut 28 
Euler 119 
first order ordinary, system of 
6 8 - 6 1 , 66 
Lagrange 30 
linear 

first order 9 
homogeneous 5 

of higher order 82 
with constant coefficients 90, 
113, 116 

homogeneous second order 77,129 
with constant coefficients 84, 86 

non-homogeneous second order 80 
with constant coefficients 86 — 
88 

partial 68 
with constant coefficients 121 

ordinary 1 
partial 1 
reducible 

to Bessel equation 139 
to lower order 54 

Biccati 15 
total 233, 238 
variables separable 2 

Differentiation 
in case of variable field 343 — 348 
of integral with respect to para

meter 247 
of vectors 310 

Directed element of surface 321 
Direction of circuit round curve 217, 

221 
Dirichlet 

conditions 402 
integral 438-442 
problem 

exterior 569 
interior 569, 577 

solution 
for circle 578 — 586 
for sphere 586 — 590 

theorem in Fourier series 402, 
442 

Displacement vector 324 
Distance between sets 281 
Divergence 316 
Domain 279 

measurable 284 
Dupin's theorem 383 

Elementary 
area 

in curvilinear coordinates 175 
directed 321 
in polar coordinates 173 
in rectangular coordinates 171 
of surface 193 

volume 
in curvilinear coordinates 188 
in cylindrical coordinates 184 
in spherical coordinates 186 

Elliptic 
coordinates 385 
point of surface 375 

Envelope 
of family 

of curves 32 
of lines in space 393 
of surfaces 391 

normal 352 
Error, root mean square 413 
Euler 

-Cauchy method of approximate 
construction 19 
differential equation 119 
form of hydrodynamical equation 
330 
formula 378 
number 411 
problem of "longitudinal bending*' 
106 

Even 
continuation 407 
function 403 

Evolute 351 
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Flow 
field of 315 
steady 211, 231, 234 

Forced vibrations 
of string 498-505 
of system, one degree of freedom 
9 7 - 1 0 1 

Fourier 
integrals 464, 470-472, 534 
method 

for Dirichlet problem, mathema
tical physics 579 

heat propagation 
in finite rod 615 
in infinite rod 604 

for membrane vibration 520, 524 
for oscillatory current 552 
for thermal vibration in sphere 
618 
for vibration of rod 561 

finite 492-493 
series 397 

coefficients of 401, 412 
in complex form 472 
generalized 419 

coefficients of 419 
multiple 473 

Frenet's formula 362 
Fresnel integral 262 
Fundamental vectors see Unit vectors 

Gauss differential form 
first 370 
second 371 

Gaussian curvature of surface 380, 386 
General 

integral of differential equation 
first oder 22 
higher order 40 

solution of differential equation 
first order 71 
of system of 59 

Generalized sum of divergent series 585 
Geodesic 365 
Geometric interpretation, differentials 

equation in 239 
of first order equations 71 

Gradient of scalar field 312 

Graphical integration of differential 
equations 43 

Gravitational field 274, 314 
Green's 

formula 216, 570-572 
function 590 — 592 

Harmonic 
analysis, practical 423 
functions 568, 574 
oscillations 95 

Heat flow vector 315 
Helix 364 
Huygen's principle 488 
Hydrodynamic equations for ideal 

fluid 329 
Hyperbolic point of surface 375 — 376 

Incompressibility, condition for 231, 
328 

Independence of line integral from 
path 221, 229 

Indicatrix (Dupin's) 376 
Indical equation 134 
Integrable functions 290—292 
Integral 

curve 2 
depending on parameter 242 — 255 
Dirichlet 438-442 
double 168-177, 290 
equation, Fourier 470 
Fourier 464—475 
general, of differential equation 

first order 2, 23 
higher order 40 
system of 59 

improper, multiple 269 
of discontinuous function 255 
with infinite limits 258 

iterated 166 
Laplace 243 
line 205-210 
multiple 295 
non-absolutely convergent 259 
Poisson 582 
surface 195 
triple 178-182 
uniformly convergent 262 
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Integrating factor 233, 239 
Integration 

with aid of power series 128 — 136 
with respect to parameter 242 

Interior point of set 279 
Involute 355 
Isoclines 26 
Isogonal trajectories 37 
Isolated point of set 280 

Jacobian 176, 189, 240, 295 

Kirchhoff's formula 600 

Lagrange 
equation 30 
identity 305 
method of variation, arbitrary 

constants 
for first order linear equations 10 
for higher order linear equations 
83 
for second order linear equations 
81 

Lamellar field 319 
Laplace 

equation 276, 329, 333, 337, 568 — 
594 
operator 323 

in cylindrical coordinates 342 
in orthogonal coordinates 337 
in spherical coordinates 341 

Limit-point of set 279, 281 
Line integral 205 — 210 
Linear 

differential equation 
first order 9 
partial 68 
higher order 82 

with constant coefficients 90, 
113-117 

second order 77, 80 
with constant coefficients 84, 
8 6 - 8 8 

independence of solutions 82 
Lipschitz condition 150 
Logarithmic decrement of damping 

543 

Maxwell's equations 334 
Mean 

square error 414 
value theorem 

for multiple integrals 191 
second 434 

Measurable set 284 
Measure, theory of 

for w-dimensional space 288 
for plane 284 

Membranes, vibration of 519 — 531 
Meusnier's theorem 374 
Moment of vector 309, 310 
Moments of system of points 200 — 202 
Multiply connected domain 226 

Natural, equation of curve 356 
Neumann's problem 570, 577 
Normal 

principal 358 
to surface 369 

Order of differential equation 1 
lowering 54 

Orthogonal 
coordinates 337 
trajectories 37 

Orthogonality of trigonometric func
tions 399 

Oscillation, of current in circuit 
550-556 

Osculating plane 363 
Ostrogradski's formula 195 

Parabolic point of surface 375 
Parallel curves 356 
Plato's problem 389 
Point, of set 

isolated 280 
limit 280 

Poisson 
equation 278, 594 
formula 505 
integral 582 

Potential 
field 319 

of distributed mass 275, 593 — 596 
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retarded 516 
of simple layer 279 
of velocity of flow 232, 329 

Principal 
directions 379 — 380 
radii of curvature 379—380 

Propagation, wave 483, 609, 511 
Pseudo-scalar 307 

Radius 
of curvature 350, 358 
of torsion 359 

Reflection of wave 
displacement in string 492 
excited in circuit 543 

Resonance 101, 502 
Riccati's equation 15 
Right-handed system of axes 304 
Rod 

propagation of heat in 604 
strength of on compression 106 
vibration of 559 

Rodrigues* formula 382 
Rotating shaft 108 
Rotation of rigid body 308 

Scalar 298 
field 312 
product 302 

Second mean value theorem 434 
Series, Fourier 397 

generalized 419 
Set 

boundary 280 
bounded 280 
closed 279 
complementary 280 
derived 280 
diameter of 282 
open 279 

Singular 
points 162 
solution of differential equation 25, 
41 

Solenoidal field 320 
Solid angle 188 

Sound, equation for propagation of 
330 

Source, point 517 
Spherical coordinates 185 
Standing waves 496 
Steady state processes 537 
Stokes' formula 218 
Stream 

function 231 
line 155, 234 

Strength of vector tube 320 
String 

finite 488-505 
generalized equation of vibration of 
546 
infinite 480-488 
vibration of 477 

Successive approximations, method of 
141, 149 

Summability of series, Abel 586 
Surface 

coordinate lines on 369 
developable 394 
minimal 389 
parametric equations of 367 

Symbolic 
factor, method using 109 
method, for Euler's equation 119 

for linear equations 113, 116 
for system of linear equations 122 

System of linear equations, constant 
coefficients 121 

of ordinary differential equations 
58, 66 

of orthogonal, normalized, functions 
419 

Tangent 
to curve on surface 369 
plane to surface 368 

Tangential unit vector 350, 358 
Telegraph equation 536 — 556 

for finite circuit 552 
for infinite circuit 550 

Theorem, existence and uniqueness 
149 

for two linear equations 147 
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Thermal conduction equation 
derivation of 332 

for finite rod 614 
for infinite rod 604 
for semi-infinite rod 610 

Torsion 
of curve 359 
radius of 359 
vector 359 

Transient processes 540 
Triad, fundamental, for curve 359 
Tube, vector 316, 320 

Umbilic 378 
Undetermined coefficients, method of 

18, 130, 134 
Uniform convergence of improper 

integral 262, 273 
Uniqueness theorem 

for thermal conduction equation 621 
for wave equation 531 

Unit vectors 302 
field of 366 

Variation of elementary area 388 
Vector(s) 

addition and subtraction 298 — 300 
coplanar 307 
differentiation 310 
field 315 
product 302, 306 

Vectorial lines 315 
Velocity 

of propagation of disturbance in 
circuit 542 

of transverse vibrations of string 
484 

of wave-front 509 
Vibrations 

of rod 
forced 568 
free 559-568 

of string 
excited by concentrated force 501 
forced 498 
free 476-498 

of system, one degree freedom 
excited 

by impulse 102 
by sinusoidal external force 97 
by statical external force 103 

forced 97 
free 94 

Wave equation 332, 476 
generalized 556 
non-homogeneous 513 — 517 
solution in case of string 480 

in plane case 509 
in three-dimensional case 505 

Weierstrass's theorem 444 
Work done by field of force 209 
Wronskian 78, 83 




